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press, iind especially to tlio Rev. [f. C. Watson, of CMifton 
CoMege^ wlio added these services''kind .assistance 
in the revision of proof-slieets. 


Ft'hruanj, J-'-JS'). 

/ 


II. S. JIALI/, 

R. JI. STEVEXS. 



PREFACE. ■ 

This ed^-tion of the first Four Books of Euclid's ’Ele¬ 
ments contains in additiofi to thie text a lar^e and cprefully 
chosen collection of exei-cises together with Appendic^ 
giving the most important elemcfitaiy de^^elopments - of 
Euclidean Geometry. ' *■ ^ 

The text has been carefully i^evised, and special atten¬ 
tion given to those points’"which experience has shown to 
present difficulties to beginners. 

In the course of this revision the enunciations have 
been altered as little as possible ; and very few departures 
have been m.^de from Euclid's proofs : in each cate changes 
hafr»e been adopted only where the old text has been gene¬ 
rally found a cause of difficulty ; and such changes are for' 
the most part in favour of well-recognised alternatives. 

For example, the ambiguity'has been removed from the 
Enunciations of Propositions 18 rnd 19 of Book I.: the 
fact that Propositions 8 and 24 'establish the complete 
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identicfil equality of the two triangles conskloretl lias been 
strongly (Urged; and tlH3 redni^liint step has been 

removed from Proposition* 3*1. In Hook 11. Sftiison's ar 
rangernent of Pi-oj'osition 13 has been ^bandonocl for’a 
well-known altoi'nati ,'e pr*oof. In Hook 111. ^^rc^iosition 
35 is not given at lengtli, and its place is taken Ji)y a 
simple eijuivalent Pj'opositions 35 and 36 liave *^)ee*i 
treat(‘d generally, and it has not boeii thouglit necessa.j’y 
to^jlo Jiiore tlian call aitention in a note kj the special 


cases» 


These are the chi(*f de^iations from the ordinary ti^xt 
as regards meljiod and arrangement of })roof: they an* 
points fainiliU’ as dilHcuIties to most ti'acliers, and to 2 tame 
tlqvii indicates sufluieiitly, witliout furtlier enumm’atio'n, 
tlie general princijiles which have guided our revision. 

A few aU(',i*native pi‘Oof|,s of dillicult jiropositions are 
git>n* for tlie con venience"of those teacljers ,who <.*are to 
ifse thpm. *■ ■» * 

* /)nc purpose of the book is to gradually familiarise the 

stssdent Avitl(^ the use V>f legitimate symbols a-fid abbrevia- 

ticyas 'i for ap geometi'ical ai^umcnt^iimy thus bethrowji into 

a form which is 2iot only more readily seized by an ack ancect 

remler, but is use as a guide t?o*tlie way in wliieh KucHd's 

- * * 

propositions may be bandied in written woik. On the 
other handj we think it very desirable to defer the int ro- 
ductk>d of symbols until tfief beginner lias learnt that they 
only# tie properly Ui?ed in Pure Geometiy as abbrevia¬ 
tions for verbal* argument ; and we hope thus to pre/reiit 
tl\p sloveidy and inaccui'ate habits wliicli arc vgry apt to 
arise tlieir emplbynient before this principle ^is fully 

rt^ognised. . * 

Accordingly pi l>o©k J. we have iise^ no contractions^ 
or syj;iibols^of an|^ kind^though we liave introduced* verba^ 
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;ilter;itiojis into the text wherever it n,pj>e;ired tliat con- 
ci.senes.s or eleai'ncss be gainetl,-» t ^ 

In JJoololl. abbreviated forms of constantly recurring 
words ai*e used, and the plirases therf'Jore and is equal to 
are replaced J)y the usual symbols. j 

a tlio Tliild and Fourtli Books, a.n<l in additional 
niatiCi' tlirougliout tlu^ whole, we Iia\'(j employed all such 
signs and abbreviations as avc believ(^ to add to tlio clear¬ 
ness of tlie reusoning, care being taken that the synib< 3 ^, 
chosen are compatible with a rigorous geometrical in^tliod, 
and are recA)gnis('d by tlie majority of teacliers. 

It inust bo understood that our use of .syyibols, and the * 
removal of unnec('ssary verbiage and re})etitioJi'^ by no 
m 4 .‘ans im[)]ies a desire to .socun^ brevity at all ]»a/.ai*d^. 
On the eojitiviiy, nothing appears to us inore ipischievous 
than an abi’idgeinent which is ;j,ttained by onvittiug stei)s, 
ot* condensing, two or more stops into oiy\ Such lis.-s 
spring fi'om tlie pressui'O of examyiiatioiis ;»bt\^ an e>yami-" 
nation is not, or ought not to be, a mt're race ; and while ^ 
W(; wisli to indicate generally in tlie latter b(joks liow 
geometrical argiuiieiit may be ablpevkited for tlie purp'^'’'>s 
ot writt'.'Ji Avork we have not thought well to reduce the 
])rop(\sitions to tlu^ bai*e skeleton so often pi’ese-ntod to an 
Examiner. Indeed it does not follow J:hat the f 9 rm most 
siiitahle for the jiage of a text-book is also best adapted 
to examination j’ui poses; for the object to bo attayied 
in each ease io entirely ditlerent. The text-bo<ifc shouM^ 
prosc'i^t the argmnent in the clearest possible' manner to the 
mind of a rt^ader to wliom it is new: the written proposition, 
need onl;^' convey to tJie Examiner tlie assurance thn,t the 
])ropo.sition lias been tliorouglily j^rasped and jemembered 
liy the pupil. - , , 

Eroiii first to last we liave kept ill mind) the yndoulited 
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fact that a ^ ery small j)roportiou of those who study Ele¬ 
mentary Geometry, rtitd study it avIIdU jrrofit, ai;e destined 
to become matluimaticiaiis in any real sense ; '“and that to 
a lar^e majority 6f students, Euclid is‘ intended to serve 
not so iiiiicli as a'fu st lesson in viatltematiaU reasonini;, 
•as the^lir.st, and sometimes the only, model of fonmil and 
rigid argument presented in an elementary education*. 

This coiisicler'ation has determined not only the full 
. l«^atmeiit of thfe' earlier Hooks, but the r^ejitioy of the 
formal, if somewhat cumbrous, methods of Eu<-li(J in many 
places where proofs of greater brevity and mathematical 
elegance are available. • 

AV e *l^^e that the additional matter introduced into 
tiie book will pr-ovide siilHcient exm’cise for jmpils whose 
study of Euclid is preliminary to a mathematical edu¬ 
cation. 

'' The (piestions distribiited through the text follow very 
easily from the i^Foposioious to which they are attached, 
and we think that teachers an; likely to find in them 
Vll that is needed for an a^■el■age pnjal roadiflg the subject 
f64--4he fii'kt time. * ^ 

The ^Theorems and ^Examples at the wid of e»ch Hook 
contain question^ of a .slightty jiioi’e dillicult type :* the^ 
have been very caretiilly classilied and arranged, and brought 
into closg ccnnectfbn with typical examples worked out 
eitker partially^or in full;‘and it is hoped that this section 
itff the b®ok, on whicK much thought hasH>eeii expended, 
will do something towards rcTiioving that extreme want of 
freedom in solving deductions that is so coniv-ionly found 
even •among students who have a good knowlecjge of the 
^xt of Euclid. 

In the coiMvse oi our work wc hjfvo made ourselves 
^cquaint^Ll with most^modern English books on Euclidean 
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IX 


CileoiJietry: finioiig these we have to express our special 
indebtedness to tlje ,tC;xt-book recently published »by ithe 
Association *iOr the Tniproveinent of Gepnietrical Teach¬ 
ing;' ancf we nuisv also mention the hklition of Euclid’s 
Kfeinents prepared by Mr J. S. Mackf:y, whose historical 
notes fyut frequent references to original authorities ha\e 
been of the utmost service to us. 


•Our Treatment of M.axiina and ]\liniina 'onqiage 239 is 
based uj^on supj^estious derived from a 'discussion of tli§ 
subject which took place at the annual meeting of the 
(leometrical Association in January 1887. 

An appejidix containing -xn elementary a^*count of the 
properties of Pole and Polar •iiul Kadical Axis appears at 
thf end of the A’olume. ^ 

Of the llidei'S and deductions some are original; but 
the gi’eater part have been drawj,i from that lar<^e store of 
tloating materiy-1 which has furniifhed Examuiation Paf>ei^ 
for the last 30 yoars, and iiAist netiessarily 'folxii tlie l)asis* 
of any elementary collection. Proofs which have been 
found in twift or more books without acknoAylcdgemenif 
have been regarfled as c'»mmoii prrjperfey. • - » 

As K'gards iigures, in accordc'^ice with a itsage not 
ancoiiimon in recent editions of Euclid, ..we have made % 

<listinction between ijiven lines and linps of constriiction. 

... * . 

Throughout the book we have italicised those c^eductions 

* 

on Avhich we desired to lay specull stress as^being in Ihfiii- 
seh’es important geometrical results : this arrangement . 
think^Avill be usciful to tcaehers who liave* little time to 


devote to risers, or who wish to sketch out a suitable course 
for revision. , . 

VVe have in conclusion to tender our thanks^to many of 
our friends for the^valuable criticism find advice which w'e 
received •from them as the book»wal passing th^'ough^the 
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Proposition 30. TuifOREM. 

St'faight Ihwb which arc parallel to fh^. same sirulght line 
a 7 'e pai'aUel to another. 

E/ 


C 

P 



•B 


D 

Q 


Let tlie straiglit lines AB, CD be each parallel to tlie 
straight line PQ: 

then shall AB and CD bo parallel to one another. 

Construction. Draw any straight line EF cutting AB, CD, 
and PQ in the points G, H, and K. 

Proof. Then because AB and PQ ai’O parallel, and EF 
meets them, 

therefore the angle AGK is equal to the alternate angle GKQ. 

I. 2i). 

And because CD and PQ are parallel, and EF meets them, 
therefore the cxtei’ior angle GHD is e<|ual to the interior 
opposite angle HKQ. i. 29. 

Therefore the angle AGH is equal to the angle GHD; 
and those are alternate angles; 
therefore AB and Cb are parallel. i. 27. 

NoTE. j^Jf PQ lies between AB and CD, thtj Proposition may be 
estS/Vlisneu in a similar manner, though in this case it scarcely needs 
proof; for it is inconceivable that two straiglit lines, whieh do not 
meet an intermediate straight line, should meet one another. 

* The truth of this Proposition may be readily deduced from 
Playfair’s Axiom, of which it is the converse. 

For if AB and CD were not parallel, they would meei; when pro¬ 
duced. Then there would be two intersecting straight lines both 
parallel to a ^hird straight line: which is impossible. ^ 

Therefore AB and CD .never meet; tha^ is, they are parallel.j 
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BOOK I. 


Definitions. 


• 1 . 

iiitudo 


point is llijxi xvliicli lias position, Imt no mag* 


2. A line is tliat which has tongtli without liroadtli* t 

Tho extremities of a line are joints, ^nd the intersection of two 
lines is a point. 


ii. A straight line is tliat which lies ovonly liotwocn 
ts oxtn'ino points. • • 

Any po’ition cut off from ft straij^dit Ihie is called a segiftent of it. 

4. surfacS is that wliich hats lonuth and V>*eadth, 

but no tliickness. * 

« 

The “boundaries of a surface are lines. 


4 


h. ‘' A plane surface is one in, which any tiro points 
.being taken, tlio straight line between them^li(‘s wholfy>*in 
tJiat surface. * * • * 

A pl^nc surface is frequently referred to simply as u plane. 

Note. Euelid regards a point merely as a 7 /iark o/position, and* 
he therefore attaches to it no idea of size and shape. 

; Similarl;f he considers that the jiropeitjlcs of a line arise cfnly’from 
ts lentjth and position, without reference to that minute bieadth whieh^ 
ery line must really^ave if actually draion, even thoii^h the most’ 
jrfect instruments are used. ^ * 

‘ The definition of a surface is to be understood a similar wa^. 


II. K. 



o 
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G. A plane angle is the inclination of two straig]>'t 
lilies toi one anotiun’^ vwliidi meet t’6gether, biit^are not in 
the same sti'aMt line. * 


_ ^ 

Tlje point at which the straiglit lines meet is called the 
the angle, and the straight lines themselves Ihe arms of t.lu» nn/rL., ' 

X-_ ✓ -- .W 

t 

WliAi several angles are at one ])oint O, any one 
of them is expressed hy tliree letters, of nhich the 
letter that refers^ to the vertex is ])iit l)etw('eu tlio 
other two. Thus if tlio straight lines OA, OB, OC 
. I'^eot at the poin^«0, the angle contained hy thg* 
straight lines OA, OB is named tlie angle AOB or 
BOA f and the angle contained by OA, OC is named *0 
the angle AOC or COA. Winilarly the angle con¬ 
tained ])y OB, OC is referred to as the angle BOC , 
or COB. 13ijt it there he only one angle at a poinl, 
it maybe expressed by a single letter, as fZ/c 

iit O. 





o 


Of the tjvo straight lines OB, OC shewn in the 
adjoining ti^nre, ne re'cognize that OC is moir in- 
l^ined than OB to the straight line OA : this we 
exprt^ss hj' sa,Tiiiig that the aijgle AOC is gic.ohui. 
than the /\OB. T^ns an ‘angle must he 

regafded as having' marnuUule. 


/ 


/C 


/ 




0 


^ It should be ol)se\^jed that the angle AOC is 4ho sum of tlio 
angles AOBIind BOC; and that AOB is the dilfereneu of the angles 

AOC and BOC. • * • 

• * 

The l^ginu< r is cantioiTed against siip)K)King*that the^izo of.au 
Angle is altereti-ciilg'r by iur,reasim^*or dimiuixhing the length of its 
arms, ’V • 

• ^ • 

[Another view of an angle is recognized in many branches of 
inatliomatirs ; and though ito^ cmjiloyed liy Euclid, it is here given 
because it fuini.sl#‘s moic eleaily than any*)thor a conception of wliat 
ifi meant the nuiipiitm/t' of an angle. 

Suppose that thHi straight lino OP in tlie figure 
is capable of revolution about the point O, like tlio 
Jiand of a watch, hut in the opposite direction ; and 
suppose that in tlii.s way it has passed successively 
from t}ie*position OA to tlm iiositions occupied by 
pB and OC. . ^ -- 

Such a Iflie must have undergone viore fvri^uu) ^ ^ 

in passing from ^A tolOC, than in pas.sing from OA to OB; and 
coQ^iequenyy the ^gle ACfb is said to be greater than theaagle AOB.}, 
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7. ‘‘When a straight line standing on 
another straight lin^ makes the Adjacent 
angles *equa4 to one another, each o£ the an¬ 
gles is called a right angle ; and the rftroj^it 
line which stands on the other is cayed a 
perpendipuli^r to it. • - 

• 8., An obtuse angle is an angle which 
is greater than one right angle, hut less , 
than two right angles. ^ 

0. *An acute angle is an angle whicli is 
less than 'a right angle. 


[In the adijoining figure the siraight line Bv 

OB may be supposed to have airived at 
its present position, from the position occu- 

pied by OA, by revolution about the jioint O • 

in either of the two directions indicated by 

the arrows: thus two straight lines drawn ( q • ' 

from a point may be considered as forming ^ 

two angles, (marked (i) and (ii) in the figure) • « * 

of which the greater (li) is said to be refi%x.') , ^ ^ 

If the arms OA, OB are in the snnie-* 'umm .—<m..j 

fitraiglit lino, the angle formed liy them ® 0 

on either aide called a straight angle.] > * « 

^ 10. •Any portion df ;i p)l;iiu<\sur^ii(*c bourufed by one 
or inorc^lines, stS’aight or curved, is*called a pl^afiB’.figure. 

The sum of the bounding liiiAs is called the narlmeter of the figure. 

Two figures are said to be fqual in area, when tliey enclose equal 
portions of a plane .surface. • # * 


m 

11. A circle is a plane llguro.contained -- 

by one line, vy^iich ft called the circum- * 

ference, and is such that all straiglit lines / y 

drawfl fj*om a certain point within the -1 

figure t J the circumference are equal to one \ j 

another i^this point is called the cent re of \. • • y 

the circle. • - 

A radius of a»circle is a straight line ^rawn from the 

centre to the circumference. • . 

• • • 

1 —^ 


%> 
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12. A diameter of a circle is a straiglit line drawn 

tliro^gli <■ tlie centre, ^iMid terminatchJ, botli ways by tlio 
circiiinfereiice. ' ’ r 

r 

13. A semicircle is the figure bounded by a diauietor 
of a circle and the part of tlie (*ircuinfercnce ci’)t ojj’ by the 
'diameter*. 

14. segment of a circle is the figure boun(h‘d liy 
a sti-aiglit line and^ the pai't of the (5ircuiiifereiico which it 


15. Rectilineal figures are those which are bounded 

-by straiglit lines. 

r 


IG. A triangle is a plane figure bounded by iliTee 
stj’aight lines. 

Any one of the angular points of a tiiangle may he rogardod as its 
vertex; and fhe opposite side is then called the base. 


^ T7. A qil^drilateral is a plain' tigurii^ bounded by 
D'O-nr straight liit#^s. < 

T)ic straight line wliioh joins opposite angular points in a qnadii- 

lateral is called a diagonal. 

L • 

C 

IS. A polygon ¥? a plane figure boundi'd by more 
than four .straight lines.^ 


% 

' I 

19. An equilateral triangle i.s a triangle 
wliose tlirfeq sides ant equal. 



20. An ispscqles triangle is a triangle two 
of whose sides are equal. 



■ 21. A scalene triangle i.s a triangle which 
has three unequal sidtfe. 
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5 ' 


22. A right-angled triangle is a triangle 
which lias a right angie. 

The side opposit# to the right angle iir a riiflit-angled 
(^llcd the hypotenuse. 

ft 

• . 

23< All obtuse-angled triangle is a 
triangle which has an obtuse angle. ^_ 



triangle is 



24. An acute-angled triangle is a fvftmgh* 

which l*ias thrw acute angles. ,, 

• • 

[Et will bo seen liereal’tor (book I. I’roposition 17) 
triaiijjlc viustJiavc at least two acide ai\<fh's.'[ 



that everij 


25. ^'Parallel straight lines arc such aKS, jicing in the 
same plane, do not meet, however fai* tiicy are produced 
I'itlicr direction. 


20. A Parallelogram is a four-sided 
ire 
rallcl. 


lA, jr P_r ---- 

figure wliicJi *]ias its oEijiosite sides pa- • i 

^ A 


/ 


/ 


✓ 

./ 


r 


27. A Rectangle is a para!ledograip whicli 
lias one of its angles a ri'^it angle. 

• * . " 

2S. • A square is a four-sided f’lgure whicli 

has all its sides ecpial aiid*a]l its angles ^riglit 
. iglcs. • ^ 

[Jt may easily be shewn that if a quadrilateral , 
lias all its sides equal and one angle a right angle, i 
then all its angles will b«5 right angles.] 

2^. /A rhombus is a four-sided ligure 
which has all its sides equal, but its 
luigles are hot riglit angles. 





30. i/A trape|:ium is a four-sided figure 
which has two of its sides parallel. ' 
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ON THE J*OSTULATES. 


« 


In order to diVjct the constructions iiceessai'y to^ the ^itiidy of 
geometry, it mus6 be, supi)OKe(l that eerhYii iii.striii^icnts arc 
available; but it lids always been hold that such instruruenj:;s 
should be as few iu» number, and as simple iiij.character as 
^possible. * ■'* ' 

For Uie i)urjH)ses of the first 8i\ Hooks a strahfht riih“r ahd 
a pair of compas.ses arc all that arc needed; and in the follow¬ 
ing Postulates,' or rcrpiests, Euclid demands the use of such 
instruments, and nhfsunies that they sutiicc, tlicvrctioally as w'cll 
•a?»^practically, to carry out the iirocesses nientidncd )>eldw. 


Postulates. L'. 

♦ - I ■ ' 

Let it 1)0 granted, 

f in 5 i 

t J. TJiat a straigiit lino may be diawn from any ofie 
point to any other jioint. 

Wlien we*draw a straight liiiu from tliu point A to the point B, wc 
ale stiid to^’ohi Ap. w » 

ll! 'That ',i Jinilc, that is to say, a tm niinaied straight 
*iiifc may lio 2>roduced to any lengtli in that straight line. 

• 1 ^ 

o. That a circle«maj^'^ lie d(\scriLed from any centn', at 
any distance, from tha.t i^aiiitre, tliat is, witl; a radiv?* e.ipihl 
to any /iiiite straight line drawn,from the centre. 

It is impel taut to notice that thciPostulates include no means of 
(liirct mcusiircmenl; hei.ee the straight ruler is not supposed to Jie 
tjniduuted; itiid the eom])asses, in aocordaneo with Euclid’.s use, aie 
not to be enJploycd for traiisfo riiKj distances from one 2 >urt of a figuie 
to another. 


ON THE AXIOMS. 


The scicijce of Leometry is based uiioii certain simide state- 
ments*thb truth of which js assumed at the outset to he self- 
evident. 

Those sclf-cvideut t^^ith-s, called by Euclid Common Notions^ 
are npw kiigwn asetho Artioms. «• 



GENERAL AXIOMS^ 


The iiccG.ssjity cluiriicteristicy of iui Axiom are 


(i) That it shoiih^ he self-evident^^ that is, that ^ts tjL-iitli 
,shouhl*l)e t Honied lately aceepted without pr(K)S # 

.(ii) at it sl^ould ho fundamental*; that is, that its truth 
sjiould not ho derivahlo from any other tru\h more simple than 
itbol i- , » * 

(iiiT ^riiat it should supply a basis for the estahlisluneiit o<> 
hwther truths, ' 

^riiesc characteristics may he summed up m tlio following 
definition. * » 


1/ 

i-(‘(pi 

tlOJl 


CI^KFiNiTioN.*# All Axiom is a sclf-cvident*triith, which ueitWi* 

ires nor is capalilo of iiroot, but which serves as a tbimda- 

for flltur(?rcasollill^?.^ 

/ 


Axioms arc of two kinds, ge),cml and f/comctnenl. 

((Cncral Axioms apply to iwajit^udes of all /ffnds. (leonietri- 
«al Axioms ndcr exclusively to (^eometnad. such as 
h^i\A been already indicated in the dcliiiitioiis. 


<jl ENE RA L Axioms. 

* . . ' ' 

I. Tiling^ which are equal to the samo'tiiiiig are oqiia^ 

to one another. * • ' <i 

1 

II. Jf equals be addetl to (upials, tlu^ wholes are equa4. " 

d. If equals he takc’ji from (‘qiials, the re'iuaindcrs ar’fi 
‘'qual.|^ > * 

1. •!£ ('(puds he added to unequals, the wholes aro un¬ 
equal, tlio greater sum Ixurt^ that xvhieh yicludes tlie greater 

of the uneciuals. » 

. . * • . 

h. If equals he t.iken from une((iials, tlio* remainders 

a,re unecpial, the greatei* I'eniaindvr being that xv^iicl^ is left 
from the greater of the iineipials. ' ^ ^ 

0. Things whieli aro doiilde of the same ^tiling, 
of eqVial things, arc equal to one aiiotlier. 

7. Things which aro halves of the same thing, or «»£ 
equal things, are cipial to one another. 

9.* The whole is greater than its part. 

* To preserve tluf classification of penerM and geometrical axioms, 
we liavc^ilaocd Euclid’s ninth axiom befo/e the ei'jghth. 
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(I KOMETRKJAL Ax/OMS. 

<■ » '■ 

8. Magiiiiudes M hicli can be made ^..o coincide Nsdth one 

another, arc equal’. < 

I 

This axiom affords I’le ultimate test of the equality ) geome- 
■ trical iv.agnitudes. It implies that any line, aiij^le, or figuro, may be 
feupposod to he iaUen up from its position, and without ebangb in 
size or foim, laid down upon a second line, angle, or figure, for the 
purpose of comparison. 

This process iS* called superposition, and the, first ma,gnitude is 
said to be applied to the other. 

4 

10. Two straight lines cannot enclose a space. 


11. All right angles are (‘((Ufil. 

[The statement that all right angle.s are equal, adniits of proof, 
dnd is therefore iicrhajis out of idace as an Axiom.] 

¥ 

- ll:!. a straiglit lin(\ mecit two .straight lines so as to 
Inakc the interior angles, on one side of i| togetlio]’ h‘-ss 
I than two ri^ht angles, those straight lines will meet if con- 
tinuhlly producod oti the side on which ar(5 the angles which 
'afe together less than two right angles. 


That is*to say, if the two straight» 
lines AB and CD are met by the stiaight 
line EH F and G, in siicii a way that 
the angles BFG, D(JiF arc together less 
than two right angles, it is asserted that 
AB and CD will meet iP’continually pro¬ 
duced in the aircction of B and D. 


i 


-_ ,B 


it 




[Axioin^l2 has been objected to on the double grcejiid that it cannot 
be considered self-evident, and that its truth may be deduced from 
simpler principles. It is employed for tJjc first Inue in the 2irth Pro¬ 
position of Book I., where a short discussion of the difficulty ^YiU be 
found. 


Th8 odnverse of this Axiovi is proved in Book I. Proposition 17.] 
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introductory! 


Plimo (xconicii’y deals ^villl the la’operiies of all lines and 
figuro^f that may be drawn upon a plane surface. 

Kuclid in his first Six Rxioks confines himself to the properties 
of straight lilies^ rectilineal figures, and circld';.’ 

The DiJini^io)}s indicate the subject-matter of these books: 
the l*ostiilates and Axioms lay down the fundamental principles 
■which regulate all investigation and argument relating to this 
subject-matter. • 

Kuclid’s method of ex})osition divides the subject into a 
immber of separate discussions, called propositions; each pr»- 
])osition, though in one sense coniph.te in itself, is derived from 
results previously obtained, and itself leads up to subsequent 
jiropositions. ^ ^ , 

Propositions arc of two kinds, Problems an^ 'i'Jheoroms. •• 

^ -'I 

^ jfA Problem proposes to effect some geometrical constructi juf 
sumi as to dmw some particular line, or-to construct some rc/ 
quired figure.| 

I • , ' ' 

' •] A T]|}eorem proposes to demonstmjte some geometrical truthA 

’A Projjosition consists orthe following pp,rts: -* 

t 

The General Enunciation, the Particular lilnunoiatioii, the 
Construction, and tlie Demonstration or Proof. 

» 

| (i) The General Enunciation is a ])reliT\iinary statement, 
describing in gc’^cral terms the purpose of the iiroposij^on. 

Ir^ ii jjf'odlefjt the Enunciation states the construction which 
it is proposed to effect: it therefore names first the Data, or 
things given, secondly the Quaesita, or things required. 

In a dieorem the Enunciation si/ates the property which it 
is proposed to demonstrate: it names first, the Hjrpothesis, or 
the conditions assuhied; secondly, the Oonclulion, or the asser¬ 
tion to Ve proved. 
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(ii) S[The Particular Enunciation repeats in si^ecial term?- 
the.statement already,i^iado, and refer,>r'it to a diagram, which 
enables the reade?' to follow the reasoning more ca,si]y. * 

... t < . . . ' . 

(iii) i The Construction then directs tla; drawing of siadi 
straight lines and circles as may bo required to effect the purpc.^c 
of a problem, or to prove the truth of a theorem.'^ » 

• f 

(iv) ^ Lastly, the Demonstration proves that the object |/ro- 
]»oscd iri a problem has been accomplished, or that the property 
stated ill a theorem is ti’ue. | 

r y , ^ 

. Euclid’s rca.soning is ,said to be Deductive, ,bccau.se })y a con- 
ncctcil chain of argument it deduces new truths from truths 
already pi’ovcd or admitted. ' 

The initial letters q. e. i-’., placed at the end of ;i problem, 
.stand for Quodf erat Faciendum, trldrk was to be done. 

n’he letters q.e. i). arc appended to a theorem, and stand for 
Qliod erat Demonstrandum, w/iick was to bo proved. 

t 

A Goroil.ary ivS a .statement the truth of which follows readily 
^•oiy, an established iiropo.sitioii^. it is therijforo ajipended to the 
iroposition as^au iufcreiice or deduction, which'usually requires 
"|io further pr(i if. 

^ 1 » ■ 

^ 'riie following .symbols and abbreviations ni.i.y be employed 
111 V riting out the propositions of JJc ok 1., though their u.be is not 
recommended to beginrfers. f 


for therefore, 

p.u’* (or 

Ilj for parallel, 

„ i.s, or are, e<pial tn, 

^ j)ar'“ 

, ]xirallelogrrim 

^ angle, p 

U 

.sq. 

, square, 

I't. L „ light angle. 

recti 1. 

rectilineal, • 

. ,, triangle, ' c 

st. line 

straight lino. 

jieij*. iierpendiculai'. 

lit. 

„ u point; 


and all obvious.contractions t>f words, .such as opp., adj,,^diag., 
&c., for oiipositc, adjacent, diagonal, &c. 
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• To dcscnOc 
atrao/hUl'mG. * 


i^ECTlON I. 

PjiOPOSlTlON 1. I’llOBLEAl., 

iii 6 equilateral tnauyle^ on a yiceti finite 



Lot AB bo tlie given straight Jiiic. 
lt*is required to describe an equilateral triangle on AB. 

Comlnictlon. From eenti’c A, with I'adius AB, describe 
the circle BCD. 3. 

From centre B, witli radius BA* describe the circle ACE. , 

• • *1 Post 3. ^ 

From tlie i)oint C at whicli the Mj'cles cut ^ue another, 
ilraw the .straight lines CA and CB to the points A and 

• PoaL 1 .0 

Then shall ABC bft an equilateral triaii^e. 

J*rooJ. ] lecause A is the centre the circle BCD, 

therefore Ap is e(|ual to AB. •Pg/. 1^. 

And because B is tlu^ centre of the fircle ACE, 

therefor(5 BC is (Mpial t(f BA. t Pe/. 11. 
-Hut it has been shewn that AC is equal to ; 
therefore AC and BC are*each equa^to AB. • , 

Jlut things ivhich ?ire equal to the .same thing^ft*e equy.! 
to one another. ^ Ax. 1 . * 

* Tlierefore AC is equal to BC. 

Therefore CA, AB, BC are equal to one another, 
yherefore the triangle ABC is equilateral • 
and it is described on the giveii straight line AB. (^.kf. 
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Proposition 2. Problem. 

Front, a (jtv'ii ‘po'ittl to dm to a straiijhi li*i6 equal to a 
given straight Ikne. . ^ 


F 


Let A l>c tlie iL;iveM ))oiiit, ;iiid BC tlie _i;iven straight Jine. 

Tt is required to divxw froui tlic 2)oint A a straight line 
equal to BC. 

ConstruHioji. • JoiuAB; I'o.tt. J. 

r and on AB doscri))C an etjuilatoral triangle DAB. 1. 1. 

Froi. 7 , ccaitre B, with radius BC, describe tJie circle CGH. 

* >- Post. 3. 

* « Produce DB to nnuit the circle CGH«at G. Post. 2. 

Froiu ceu(«’e D, with radius DG, d(‘scribe the circle^GKF. 

* Produjo DA to meet the circle GKF at F. Post. 2. 

‘ Then AF shall bo e(|ual to BC. 

Proof. ' Pecause B is the centre of the cii'chj CGH, 

therefore BC is e(iual to BG. J)(f. 11. 

And })ecausc D if4 the ccuitre of the circle GKF, 

< ’ tlu'refore DF isfcVqual to DG ; Def. 11. 

and DA, DB, pai’ts of them are etpial; Pef. 19. 

therefore tlie remainder AF is equal tp the remainder BG. 
'• Ail'. 3. 

'* And it luw been shewn that BC«is c<nial to BG ; 

' ilierefore AF and BC are eacli o(|u/il to BG. 

Put tilings which arc equal to tlie same thing are equal 
to one another. Ax. 1. 

Therefore AF is equal to BC; 
and it has been drown from tlie given point A. q.e.p. 

[This Proi)OKilion i.s rendered nece.ssary by die restriction, tacitly 
imposed by Euclid, thal compasses shall not be used to transfer 
dUtancesA < 

-■ t 
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Ptiop(J??ition 3. Prq^lkm. 

* ' f 

Froifi^the of two given straight Fines to cut off a 

pa^rt equal to the less. 



L(^b AB and C bo tlic tAvo given straiglit linos, of v liich 
AB is tho gre?itor. •. 

It. is I'oqiiirod to out ofl'froiii AB a pa?’t equal to C. 

A it 

“ Construction. Prom tho point A draw tliO straight line 
AD equal to C; » * I. 2. 

and from centre A, with radius AD, describe tho ^i^rclo DEF, 
nu^eiijig AB q.t E. , ^ posP. 3!' 

Then AE shall bo equal to C.^ 

« $ 

#) 

Proof Because A is the centre of the circle DEF, 

• therefore AE is ecjual to AD. ^ Def 11.^ 
But p is equal^to AD. t Constr. 

Therefore AE and C arc each equal to AD. 

Therefore /\E is equal to C; *. 

and it has been cut off from the given {Straight line AB. 

Q.KF 


EXERCISES. 

1. Du a given straight line describe an isosceleif triangle having 
each of the equal sides equal to a given straight line. 

f 

2. On a given base describe an isosceles triangle haviyg Qach of 
the equal si^es double of the base. *> 

3. In' the hgure i. 2, if AB is equal to BC, she'^ that D, the 
vertex of the equilateral triangle, will fall qn*^ the eifeumferenoe of the 
circle CQH. 
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Euclid’s elements. 


Ohs. >^very triangle has six parts, namely its three sides 
and threo*angle^ ‘ 

trianglj^Hf) are said to be equal in all rqspecus, when 
they can he mad^, to coincide with one another by superposition^ 
(see note on Axiom S), and in this case each part of tlie one is 
equal, to a correspoialiiig part of the other. 

Proposition 4. Theorem. 

Jf two triapgJ’^s have two sides of the one equal to two 
ildes of the othei\ each to each^ and have also the a^igles 
contained hy those sides equal; then shall thelv bas'^s or third 
sides he equals and the triangles shall he equal in area, and 
their remainii^ng angles shall he equal, each to each, rmviely 
those to which the equal sides are opposite: that is to say, the 
triangles shsJl he equal in all respects. 



Let ABC, DEF be two'*triangles, which Jiave the side mB 
equal to,the side DE, the side Ap equal to the side DF, and 
t‘ne contained angle BAG equal'to the contained angle EOF. 

'hen shall the basef BC be equal to the base EF, and the 
triangle ABC shall be equal to the triangle DEF in area; 
an^ the remaining angles shall be equal, each to each, to 
^ which ^4ie equal sides are opposite,* ♦ 

namely the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE.V 

^ Fot-if the triangle ABC be applied to the triangle DEF, 

* »30 that the poinj A may be on the point D, 

and the straight line AB along the straight line DE, 

then because AB is equal tcf* DE, Syp. 

thArofore the^ point G must coincide with the point E. 
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And because AB falls along DE, 
and the angle is equal to tlje angle EOF, • Hyp. 
^ therefore AC must fall along 6^. 

• And*because AC is equal'to DT^, Hyp. 

• therefore the point C must coincide with the point,F. 

* *Thf.^i B coinciding with E, ainl* C with F, 
the base BC must coincide with the base EF; , 
for* if ftot, two straight linos would enclose a sjmce; Avhich 
is iiupossible. ^ Ax. ^0. 

Thus the base BC coincides with the* J)ase EF, and is 
ilierefort? equal i?o it. * Ax. S? 

And ike i*iangle ABC coincides with the triangle-DEF, 
and is tliercfore equal to it in area. Ax. 8. 

And the i emaining angles of the one coinci^le with the re- 
luaining angles of the other, and are therefore equal to them, 
namely, the angle ABC to the angle DfiF, 

and tJie angle ACB to the angle DFE. «. 

'riiat is, the triangles ar(‘, equal in all respects^ Q. E. D. 


Notk. It folj^ows that two tiiatipjes which are equal in Aei# 
.st'veral parts are 0 (iual also in nu>a; hut it should*b| observed that 
oquahiy of area in two triangles docs not*nccessai'iM in^ly equality in 
their scv(3ral j)artfi: that is to say, triangles maybe equal in art'u, 
without being of the same \liap(’. 


I Two triangles which are eqiSal in all respect 
and vuujmtudey and are therefore aaub to he 

congruen^ 






Lg iipplicalion of I'roposifioii 
|flty of Proposition 5. 

(dos AB, AC (^f an isoj^elos irian{de 
Xi^nd*Y are taken, so that 
^1^ and CX are joined, 
eqtaal to CX. • 

Po t^angles XAC, YAB, 

XA is equal to YA, and AC is equal to AB; llyp. 
that is, the two sides XX, AC are equal to the two 
sides YA* AB, each to each; • 

and the angle at A, which is contained by these 
sides, is common tc^both triangles: 
therefore the triangles are equal in all reSpects; • 

• so that XC is equa^o YB. • 


The folh 
tlie chief dil 

In the equal 
ABC, the poini 
la equal to AY ; 
8liew that 
' * In the 


4 anticipates 


A 



1.4, 

q.E.o 
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. PllO POSITION 5. Ti^eorem. 

i < 

27ie auf/le^at the base of an isosceles triangle are equal 
to one another '; and if the equal side^ he 'produced^ the 
angles on the other i^lde of the base shall also he equal to one 
another. t 



Let .'BC be an isosceles triangle, having t^ie side AB 
to the side AC, and l(^t tlio straight lines AB, AC be 
^ produced to pt and E : 

Irfien shall \iie angle ABC be e<inal <0 tlie angle ACB, 
«Mid the angle CBD to the angle BCE. 

^ Construditlon. In BD take any point F; 
and from AE tlie greater cut oil* AG equal to AF the less. i. a. 

loin FC, GB. ^ . * 

» Pq'oo}'. Thenju the triangles FAC, GAB, 

( ^FA is equal'bo GA, Constr. 

I find AC is equal to AB, digp, 

also the contained angle at A is common to the 
tvfo triangles; ^ 

. therefork* the triangle FAC is equal to tlie triangle GAB in 
all respects** i. 4. 

that is, the base FC is equal to the base G B, 

‘ and the angle ACF is equal to the angle ABG, 

*■ also the angle AFG is equal to the angle AGB. 

Again, because the whole AF is equal to the whole AG, 
of which the parts AB, AC are equal, 
therefore (he remainder BF is'equal to the remainder CQ. 
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Then ill tlic two trijinglof? BFC, CGB, 

BF IS equal to CG,» i^'ov^d, 

JJec'iiiKe J * ^ equal to GB, • Provfid. 

* ^ ‘ ^ "jalso tlie, contained angle BFC eiiual to the 

contained angle CGB, Pivyced. 

thci*efor<^thc«tiiangles BFC, CGB are, equal io all respects; 
so^liat the angle FBC is ecpial to the angle GCBf 
• • and the angh^ BCF to the anglcj CBG. l. 4. 

Now it has been sln'wn that the whole angle ABG is equal 
to the AN'liole qngle ACF, • • ^ 

and that'parts of these, namely the angles CBG, BCF, are 
also eipial; « 

th(‘reforc the remaining angle ABC is e<pial to the remain¬ 
ing angle ACB ; • 

' and these are the angles at tin; fias(5 of iluj triangle ABC. 

Also it has been shewn that the angle FBC is equal to the^ 
angle GCB ; 

^ ^ • • 

and these aee the angles on Mu'! other side of the bas^ q.bl.lx 

• ^ 

(\)ROiii..vuY. if a Iriavtfjlc is eqnglatercd it ts 

also cquiafupdar^) • 


. KXFKlCrSES, 

o 

f • 

jT AB w a "ivt ‘11 straight lino and C agifon jtoint outside, it : show 
how to f^n^l any ])oints in AB snc]i*thnt their distance ivoin C*shall be » 
equal to a given leiigtli L. Oaii sycfi points ahvayi^bc found ? 

2. If the vortex C and one oxireinity A of the base of .tn isosceles 

triangle arc givo,n, find the other cxto'inity B, supposing it 1% lie on a 
given straight line PQ. * 

3. Describe a rhombus having given two opposite angular points 
M and C, {ind the lengtli of each side. 

4. AMNB is a straight line ; on AB describe a triangle ABC such 
^hat the side shall be equal to AN and the side BC to MB.* » 

5. In Prop. 2 the point A may be joined to cither extremity of BC. 
Draw the figure and pro^ the proposition in the case nihen A is joined 

to C, • • 


H. E. 


O 
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The following ])roof is sometimes given as a substitute for the first 
par^ of I’ropositioii 5 . 


Proposition 5. 


Alternative PROt)F. 




>Let an isosceles triangle, having AB equal to AC : 

then shall the angle ABC be equal to the angle ACB. 

Suppose the triangle ABC to be taken up, turned over and laid down 
again in the position A'B'C', where A'B', A'C, B'C' represent the 
new po^iCions of AB, AC, BC. 

Then ^'B' is equal to A'C’ f and A'B' is AB in its new position, 

^ therefore,AB is equal to A'C' ; 

/ in the same way AC is equal to A'&'; 
aiul*Lhe incluued*(ingle BAG is equal to the included angle C'A'B', for 
^ they are the same angle in different positions ; 

^ therefore the triangle/^BC is equal to the tiiangle A'C'B'iii all respetds : 

so that the angle ABC is to the angle‘A'C'3'. I, 4. 
But the angle A'GfB' is_the angle ACB in its new jiosition ; 
therefore the angle ABC is equal to the angle ACC. ^ 

. * • Q E.D. 

EXERCISES. 

* ^ CHiEFtiY ON Propositions 4 and 5. 

1. Tvo ciicles have the same cell treO ; OADaiidOBE arestiaight 
likes drawn to ci^t the smaller circle in A and B and the larger circle 
jn D am^E : prove that • 

(i) AD-=BE. (li) DB = EA. 

'iii) The angle DAB is equal to the angle EBA. , 

(iv) The angle ODB is equal to the angle OEA. 


2t ABCD is a square, and L, M, and N arc the m^dle points off 
AB, BC, and CD Throve that 

' <i) LM = t (ii) AM = DM. 

) ANi:A».i. *(iv) BN = DIVI. 

^Draw a separate figure in each case]. * 
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3. O is the centre of a circle and OA, OB are ra»lii ; OM divides 

the angle AOB into two ftc^ual parts and cuU the line AB m ^ : ^jrove 
that AIN^ = v ^ . 

4. ABC, DBC *arc two isosceles tri.ingics inscribed on the same 

]>^s(‘. BC but on Oj)posito sides of it: prove tliat the angle ABD iff 
equal to the aj]glo ACD. * 

• • . * . > 

5. (ABC, DBC are two isosceles triangles described on »the same 

b.ftic Bp, but on opposite sides of it prove that if AD be joined, each 

of the angles BAG, BDC will be divided into two equal parts. 

• 

G. PQR, SOR are two isosceles triangles described on the same 
base QR, and oib the same side of it : show tl/ht the angle PQS»isr 
equal to the angle PRS, and that the line PS divides the angle 
QPR into two 3qual parts. 

7. If ill the figure of Exercise 5 the line AD mc^ts BCin E, prove 
that BE = EC. * 


8. A BCD is a rlioiubus and AC is joined : jirov* that the angle 

DAB is equal to the angle DCB. a. • 

9. ABCD is a quadrilateral having the opposite sides BC, AD 

equal, and also the angle BCD equal to the angle ADC : prove that 
BD is cquaj to /^C. , ^ * 

\ r'* 

10. AB, AC are the equal sides of an isoscelei^ triangle ; L* M, N 
are the middle points of AB, BC, and CA respectively : j)rove that 

LM = MN. 

Prove also "that the angle ALM is C(iual th the angh^ANM. 

c “ * 

• Definition, ^'ach of two Theorems is said to be the Con- 
Vers.e of the other, when tlic,hypotliesis of each is the conclusion 
of tlic oilier^ ^ ' • 

Q,t will be seen, on comparing the hypotheses and c/mclusioris of 
Pr^s. 5 and 6, that cacli proposition is the converse of the othe]|;^ 

Note. ^Proposition 6 furnishca the first ins<|incc of an inJirect 
•thud of pm/, J[jcquenCIy used by Euclid. It consists she^vjng 
that ail absurdity niiist result from supposing the theorem to 
otJier\vise than true. This form of domoiistiation'is known as tho 
Beductio ad Absurdum, and is most commjmly employed in establish* 
iiig the converse of some foregoing theorem^ * 

It must not be supposed that the converse ofi " true/,thei)rem 
itself necefisarily true : for instance, it i^'ill be seen j Prop. 8, O 
that if two triangles liave their sides equal, each t then tfe ir 

angles will also be ec^al, eacli to each ; bntjit may,easily be shewn by 
means of a figure that the converse of thia theorepi is not necessarily 
true. # 

9 9 
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• Pkoposivion G. Theorem. 

w ■ 

If two angles of a "trlauAjlc im equal to v tie anoUiM’, then 
tjic mlc<s u'hich subtend, or are oj^j^osile to, Ike equal 
angles, shall he equal tc one another. 


A 



‘ Jji't ABC Im; a triangle, having tho angle. ABC ecjiial to 
the angle A.OB : 

then shall the side AC*l)e (M|ual to the side AB. 

f 

Co untrue fhfjn. For if AC be not (;([ual to AB, 
one of tlimjj must be gi eater than the other. 

' 7f possible, let AB b(5 greater-; 

•aval from it eiit off BD.tHjual to AC.’^ i. 3. 

Join DC. 


Because 


Proof, Then i)i the triangles DBC, ACB, 

t DB is ecpial to AC, (Joristr. 

and BC is eonimou to l)oth, 
aKso the contained angle DBC is equal to the 
^ contained angle ACB ; ^iyp- 

thereforecthe tiiangle DBC is equal iinarca to the triangle 
- Acb, * 1.4. 

the j)art equal to the whole; which is absurd. Ax. 9. 

• Therefore AB is not unequal to AC ^ 

« (. that is, AB is equal to AC. q.K.l>. 

Corolla5V. Hence if a triangle is equiangular it is 
also equilatei’al^, < 
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Proposition 7. I^jjeorkm. , 

« 

On the same base, and, on the ,sam(\ side oj' there 
cannot %e two triangles having their sides which, are termi- 
suited at ovp extremity of the base equal io one another, and 
likevliSk those which are terminated *at the other fxtremity^ ‘ 
(MiuaC to QUA another. 



If it be possible, cn the same base AB, and Vn the same 
side of it, let there be two triahgles ACB, ADB, havini'ili^ir 
sides AC, AD, whit;h are terirrinated at A. equal to oii^ 
another, and likewise their side^ BC, BDy wiiich are#termi- 
nated at B, equal to one another. 

Case I. When the *vertex of each trian^e is without 

the otlier triangle. > c '* 

* • • - . ^ 

Construction. ■ .Join CD. Tost. 1. 

Proof. Then in'»the triangle a6d, 

« because AQ- is equal l!^ AD, , * 

therefore the angle ACD is equal to the angl^ ADC. i. 5. 

l^ut the whole angh^ ACD is greater tliKn its jpart,* the 
angle BCD,'* • * •• 

therefore also the angle ADC is greater than*the angle BCD; 
still more then is the angle BDC greater than the angle * 

BCD. 

• Again, in the triangle BCD, '* 

because BC is equal to BD, ,, 
therefore the a^igle BDC is equal to the angle BCD: I. 5. 

. but it was shewn to be greater f whicit is imjpossible. 
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KUCLTD’rt ELEMENTS. 


Cask JT. AVlion one of tlie \eriioes, as D, is within 
tlie ftthef trianiifle ACE.^ * 



Cooisir}ii'fion. As before, join CD; * Po^t. 1. 

and produce AC, AD to E and F. , Post. 2. 
Then in tlie tjiani^le ACD, because AC is ecjiial to AD, Ihjp. 
tlierefore tlie an<^les ECD, FDC, on the other side of the 
base, are equal to one another. i. 5. 

!l5ut the an.^le ECD is sfreater than its part, tlie ani'le BCD; 
therefore »t,he .aiiffle FDC is also greater than, the ani;h‘ 
.ftCD: 

still more the,n* is tin* an<;]e BDC greater than tbe angle 
BCO. ‘ ‘ 

.. Again, in the ti’iangle BCD, 

^ because BC is equal to BD, ^hfP’ 

therefore^ ^hc angle BDC is equ.a'i to the angle BCD : J. o. 
but it has been shewn to jV givater ; whicrh is impossible. 

The case in wdiicli fhe Aertex of one triangle is on a 
side of the otlier nec'ds no demonstration. 

Tlierefore AC cai>not lie eijn.M to AD, and at the. same 

ilme^ BC eqlial to BD. Q.E.i). 

c 

The sid^^ AC, AD are called conterminous sides ; similarly 
the sidi's PC, BD are conterminous. ^ 

/ Proposition S. Theorem. 

% 

J/\twQ triangles have two sides of the oyie equal to tux) 
sides of the other, each to P.ach, and have likewise their bases 
equals then the angle which is contained hp the two sides of 
the one shall hef equal ^o the angle which is contained by 
the two sid^s of tlie other. 
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Let ABC, DEF be two triangles, luwing tlie two sides 
BA, AO equal !iO the two sides ED, DF, eabh to eacli, nainjpiy 
BA to EQ, ayd AC to DF, and also the base BC equ.at to the 
base EF: 

then shfill tlie angle BAC be equal to th^ angle EDF. 

]*roof. For if the triangle ABC be ajq)li(‘d to the 
triangle DEF, so that the point B may be on E, and ^he 
“Straight line BC along EF; 

then because BC is equal to EF, 
therefore the point C must coincide with the pointy* 

* Then, BC coincicfiqg with El^,% 
it follows that BA and AC must coincide *vith ED and DF : 
for if not, they would have a dithu’cnt situation, as EG, GF: 
then, on tlte same baseband on the*same sijo of it the^ 
would b<i two triangles havii^ tUeir coritery^hiotfd sides 
• ocpuip. , 

Tlut this is impossible. 7. 

Therefoi’e the sides BA, i^C coincide wiffli the sides ED, DF. 
That is, the angle BAC coincides will? the angle £DF, and is 
therefore equal to it. At. 8. 

t Q. K. 1). « 

• ^ 

Note. In this Proposition tlie three sides of one ^lianglc* ar« 
uven eiiual res|M^ctively to the tliroe. skies of tha other; and from 
diia it is shewn tliat the two triangles may be made to coincule with 
)ne another^ « 

Henc^we are led to the following important Corollarj'# » 

Corollary. Tf hi two triamjhs the thre^ sides of the 
one are equal the three sides of the olkei\ each to eachf 
then the triangles are equal in all respects.* ^ 
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Euclid’s elements. 


The following proof of Prop. 8 is worthy of attention as it is inde- 
pendent ft' l*rop. 7, which frequently presents difficulty to a beginner. 



A 


ABC and DEF be two triangles, which have the sides BA, AC 
equal iespectiv<i*y to the sides ED, DF, and the base BC equal to the 
baseEF: 

then shall the angle BAC be equal to the angle EDF. 

For apply the trianj^e ABC to the triangle DEF, so that B may 
lall on E, and, 3C along EF, and so that the point A may be on the 
side of EF r<,unoto from D^ 

then C must fall oif F, since BC is equal to EF. ' 

Let A'EF be the new pos'^tion of the triangle ABC. 
i. If neither DF, FA' nor DE, EA' are in one straight line, 

join DA't 

f 

Camu T. 'When DA' intersects EF. « 

u 'I’hen because ED is equal to EA', 

r therefore Ific angle EDA' is equal to the angle EA'D. i. 5. 

Again because FD is equal*to FA', 
therefore the angle FDA' is equal to the angle FA'D. i. 5. 

Hence the wlft)le angle EDF is equal to the whole angle EA'F; 
that is, the angle EDF is equal to the angle BAC. 

Twg ct^ses remain which may be dealt with in a similar manner: 
namely, • 

Case II. When DA' meets EF produced. 

Case HI. When one pair of sides, as DF, FA', are in one straight 

line. * 



BOOK I. PROP. 9. 


23 


Proposition 0. Problem. 

* # (T 0 * 

To \>isec^a given angle^ tiuit isj to divide it into two equal 
parts, 

A 



I. 3. 


Let BAG be the given angle; 
it is required t(» bisect it.* 

Construction. In AB take any point Dj 

and from*AC cut off AE equal to AD. ^ 

Join DE: 

% ^ 

and on DE, on the side leinote from A, describe an 
'lateral triangle DEF. ^ . I. 1.^ 

Join AF. ' 

Then shall the straight line AF bisect the angle BAG. 

Proof. For in the t^o triangles^DAF, EAF^, 

• * ( DA is equaFto EA, Comtr, 

^ I and AF is comnior/to both; 

ecause third side DF is equjil to the third sWe 

I EF; * » ^ 19. 

therefore the angle DAF is equal to the angle* EAF. i. 8. 
Tlierefoi'c the given angle BAG is Insecte^ by ttie straight 
line AF. Q.e.p. 


EXERCISES. 


1. Of in the above figure the equilateral triangle DFE were de¬ 
scribed oip the same side of DE as A, what different cases wquid arise? 
And under what circumstances would the construction fail^ 

2. ^u the same figure, shew that AF aj^o bisects tlie angle DFE^ 

3. Q)ivide an angle into four equal p^s^ 
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Euclid’s elements. 


Proposition 10. Problem. 


I 

To hispct a (j\pen finite, efraight llne^ tint v.s% to divide it 
into two equal jnirfs. * 


C 



LA‘t AB be the £;ivoii stra.i'^lit liiu*: 

it, is required to divide it into tw’^o ecjiinl parts. 

% 

Qonslr. On AB dosciibo an (‘quilateral triangle ABC, J. 1. 
and bisect the angle ACB by the straight line CD, meeting 
ABatb. r I. 0. 

Tlien sliall AB beJ)isected at tlie point D. 

Ji-roof in the triangles ACD, BCD, 

AC is ecpial to BC, Dif. 10. 

aiuV CD is common to both; 

|p,fso the coqtained angle ACD is ecjual to tbe eon- 


UL\, 


Because 


tained angle feCD; 

Therefore tlu* triangles are ef[ual in all respects; 

* so that theibase AD is e(iual to th(‘ base BD. I. 1. 


Therefore^ the straight line AB is bisected at the pcint D. 

‘ Q. r. f. 


EXERCISES. 


* 1. Shew that the straight line whicli bisects the vertical angle of 

an isoaqele^ triangle, also bisects the base. ^ 

# ^ 

2. On a given base describe an isosceles triangle such that the 
ium of its equal sides may^ bo equal to a given straight line. 
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Proposition 11. Problem. 

• ' f I 

To draihm, stiraight line at right angles 1^ g given straight 
line^Jrov\a given ^)oint in the same. • • 


A D 


B 


Ij<‘t AB bn tho gi^'nn sirai^lit lino, and C tbo oivnn 
point in it. 

ft is required to draw from +]je point C str ai;L;Iit line 
at right angles to AB. ^ 

(kntstruetion. In AC take any point D, •. 

and from CB cut ofl’CE equal to CD. • t. .‘b 

On DE describe the equikiteral triangle DFE. l. 1. 
* Join CF* , 

'Dion shall tho straight line CF be at right aligleft to AB. 

• ^ 

Proof. Poi* in the triangles DCF, ECF, 

*■ DC is equal to EC,* 

and CF is common tojjoth ; 
and the third side DF is equal to the third side 
I EF: , * Def.A^. 

U’lierefore the angle DCI^ is equal to thi* angle ECF: i. 
and these are adjacent angles. 

But when a straight line, standing on anotfiy straight 
line, makes tlie adjacent angles equal to ofe another, qfich 
of these angles*s called a right angle; Def.J, 

therefore each of tho {Higles DCF, ECF is a/ight angl(». 
Thertdoro CF is at right angles to AB, 
and has been drawn from a j^oint C in it. q.k.f.# 


Ilecause* J 


Const}'.* 


EXER(TSI-:. 

In the figure of flue above proposition,* shew /.hat any point in 
FC, or FC produced, is equidistant from D and E, 
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EUCLID’S ELEMENTS. 


/ Proposition 12. Pi^oblem. 


To draw a siraigJit line perpe'ndicular to a iiveii straight 
ItTie of unlimited lerxgth^ from a given point without it. 


/G B 


Let AB be tl^e given straight line, which may be pro- 
' luced in either direction, and let C be the given point with¬ 
out it. 

It is required to draw from the point C a straight line 
perpendicular to AB. 

Construction. On the side of AB remote from C take 
any point Dj 

\«nd from centre C, with radius CD, describe the circle FDG, 

meeting AB at F and G. Fost. 3. 

Bisect FG at H ; i. 10. 

and join CH. 

Then shall' the straight line CH bo perpendicular to AB. 

Join CF and CG. 

Proof Tlien ii:^ the triangles FHC, GHC, , 

FH is equal to GH, Constr. 

and hC is:!common to both; 

I and the third side CF is equal to the third side 
CG, being r.adii of the circle FDG ; Def 11. 

therefore the angle CHF is eq&al to the angle CHG; i. 8. 

• , and ttese are adjacent angles. 

But when a straight line, standing on another straight 
linie, makes the' adjacent angles equal to one another, each 
of thes^ (angles is called a right angle, and the straight line 
which stands on the other is called a perpendicular to it. 

Therefore CH is a perpendicular drawn to the given 
straight line AB from the given point C without it. q. E. F. 


Because 


Note. The given straight line AB must be of unlimited length, 
that is, it must be capable of production to an indefinite length in 
either direction, tb ensure Jts being intersected in two points by the 
circle FDG.^ * 
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KXEKGI8KS ON PROPOSITIONS 1 TO 12. 

.9 ' , t 

1. Shew tl#it the BlraiKht line which joins*the vertex of an 

Isosceles triangle to the middle point of the^ base Is perpendicular 
to the base. * • 

2. Shew thj^ the straight lines which join the extremities of the 

base of aft ^osccles triangle to the middle points of the opposite sides, 
arc equal <to one another. t 

3. Two given points in the base of an isosceles triangle arc equi¬ 

distant from the extremities of the base: shew that they^rc also equi¬ 
distant from the vertex. • 

4. If tlic opposfte sides of a quadrilateral are equal, show that the* 

opposite angtes are also equal. • 

/>. Any two isosceles triangles XAB, YAB stand on the same base 
AB: slu'AV tliat the angle XAY is equal to the angle XBY; and that 
the angle AXY is equal to the angle BXY. 

J>. Bhew that the opi)()site angles of a rhombus arc].»iBCcicd by the 
diagonal which joins them. ^ 

7. Shew that the straight lines which bisect the base angles of an 
isosceles triangle form with the base a^triangle which is also isosceles. 

ABC is aniisoscelos triangle having AB cqual^to AC; and 
angles at B and C are bisected by straight lines whiirh meet at O : 
shew that OA bisects the angle BAG. , • 

I 0. Shew that the triangle formed by joining the middle points of 
the sides of an dfjuilatoral trian^de is also equifateral. ^ ^ 

10. Tile equal sides BA, CA of an jjisoscelos triangle BAC arc pro¬ 
duced beyond the vortex A to the points E^nd F, .so that AE is equal 
to AF^ and FB, EC are joined :^shew that FB is equal to EC. 

11. Shew that the diagonals of a rhombus Wscct one another at 

right angles. * 

12. In the equal sides AB, AC of an i.sosceles triangle ABC two 

points X and Y are taken, so tliat AX is equal to A^; and tJX and BY 
are drawn intersecting in O: shew that * 

(i) the triangle BOC is isosceles; 

(ii) AO bisects the vertical angle BAC; ♦ 

(iii) AO, if produced, bisects BC at right angles. 

13. Describe an isosceles triangle, having given the base and th^ 
length of the perpendicular drawn from the vertex to the bade. ^ 

H. In a given straight line find a point that is equidistant from 
two given points. • * 

In what case is this impossible ? 
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Euclid’s elements. 


f PkOPOSITION 1.‘J. TlfEORKM. 

Jf one straiyht line stand xqmn another’^straighl 
then the adjacent angles shall he cither two right angles, or 
together equal to two right angles. 


A E / 



Lot tJio .sLruiglit line AB sLaiicl upon the straight line DC; 
then the adjacent angles DBA, ABC sliall be either two rigJit 
angles, or together equal to two i*iglit angles. 

Case 1. For if the angle*. DBA is equal to the angle ABC, 
each of them is a right angle. . JJrf. 7. 

Case JI. But if the» angle DBA is not ecjual to the 
tingle ABC' % 

from B di-aw BE at right angl(‘s to CD. J. 11. 

I*roof. Kow the angle DBA is made up of the two 
angles DBE, EBA; . 

to eaoli of th(‘se equals aVld the angle ABC; 
then the two angles' DBJ\, ABC are together equal to the 
three angles DBE, EBA, ABC. Ax. 2. 

‘ Again, the angle EBC is made iq) of the two angles EBA, 
ABC; * 

W each of tluise ecpials add the angle DBE. 

Tlum th(^ two jingles DBE, EBC are together equal to tlie 
three angles DBE, EBA, ABC. • Ax. 2. 

’’ But the two angles DBA, ABC have been shewn to be equal 
to the same three angles; 

itherefore the angles DBA, ABC are together equal to the 
angle^, DBE, EBC. Ax^ L 

But the angles DBE, EBC are two right angles; Corwtr. 
therefore tfie angles DBA, ABC are toge/ther equal to two 
right angles. \ q.e.d. 
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Dkfinition.s. 

()) ^J’lio complement <^1* im acuto an^lc is its defect from 
a angle by which it falls short of a right 

!an"lc. • i 

^riiiis two angles circ complementary, when their sum is a 
bright angle. ^ 

(ii) The supfyiement of an angle is its defect from two righ*# . 
angles, thaj isj^ the angle by which it falls short of two .right 
iUigles. 

Thus two angles are supplementary, when their sum is two 
right angles. • 

CoiioLLAitv. Anyles which are conipletncnldtry or 
metUary to the same anyle are eqaal to one another. 


MXEIICISKS. 

1. If tlio two exterior angles formeef )y i)rodiic*ng a side of a tri¬ 
angle both waj^are equal, shew that the fcriaiyjle is isosceles. 

2. The hisertura of the adjacent inujlcn tchich one*itra'njht line 
makes ivith another contain a right angbi. 

Nors. In the adjoining ligwie AOB 
is a given angle; and one of it!:^arms AO 
is produced to C: the adja<!ent angles 
AOB, BOC are bisected by OX, OY. 

Then OX and OY arc called respect¬ 
ively tlKidntemal and external bisectors_ 

01 the angle AOB.* ^ ^ , 

Hence Exercise 2 may be thus enunciated: » 

The internal and external bisectors of an angle are at right angles 
to one another. * 

• ^ • 

8. Shew that the angles AOX and COY are complementary. 

4. Shew that the^ngles BOX and 00\ are su|)plementary; ana 
also that the angles AOY and BOY are supplemei^jiary* 
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; l^KOPOsrrioN 14. Tjikouem. 

Jj\ at a jmirvu in a straifjht two other \ftanjht Hues, 
on opposite sides of,ity vuike the adjacent angles together* 
equal to two right (oigleSy then these tvx) straight lines shall 
be in one and the same straight liv,e. ^ 



C B D 


j\t Uh*. jjoiiit B in t.lio straight lijio AB, Jpt the two 
straight linos^^BC, BD, on tlio o])posito sides of AB, niako. 
the adjacent angles ABC, ABD togetlu'r to two riglit 

angles: * 

^ then BD shall ho in tlic .same. straigJit lino with BC. 

Proof. For if BD ho not in tlio same straight lino 'with BC, 
< iiif possible, let BE ])(? in tlw^ same stiviight lino with BC. 

The?i‘hooauso AB nn^ots the straight liu<‘. CBE, 
ther't^foi’e the ac^acent angh'S CBA, ABE are togethei* equal 
to two right angles. I. 13. 

Hut the angles CBA‘, ABD aie ahso together equal to two 
right angles. « . Ugp> 

Therefore the angles CBA, ABE ai(i together equal to iho 
, angles CBA, ABD. Ax. 1^. 

From each of these equals take the eoiinnon angle CBA; 
then the reiuaining aiigle ABE is 0 (jual to the remaining angle 
ABD; tjie part equal to the whole; which is impossibh^ 
‘Therefore B^ is not in the same straight lino with BC. 

^ Anticin the same way it may he shewn that no oi 
line but BD can be in the same straight line with BC. 
Therefore BD is in the same straight line with BC. Q. 

t 

KXERCISE. 

ABCD is ^ rliombus; and the diagonal AC is bisected at O. If O 
is joined to the ar^ular {joints B and D; shew<>that OB and OD Are 
in one straight linu - * 
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Obs. ( When two straight lines intersect at a point, four 


angles are fo^ed; anA any two of thcs^ anj^l 
adjacent^ ar6 laid to be vertically opposite to < 


es which • are hiot 
Qiie anothor.S 


Proposition 15. Theorem. 

* 

Iftivo straight lines intersect one another^ then the vertically 
opposite angles shall be equal. 



Let the two straight lines AB, CD cut oiie another at 
the point E: 

then shall the angle A EC be equal to the ai^le DEB, 
and the angle CEB to the angle AED 
Proof. Because AE makes with CD the adjacent angles 
CEA, AED, 

therefore tliese angles arc together equaj to two right! 
angles. i. 13. 

Again, because DE makes with AB tlie adjaoent angles A ED, 
DEB, 

tliercfore thelSe also are together equal *to two rigJit angles. 
Tlierefore the angles CEA, AED e^re together equal to the 
angles AED, DEB. « 

Froiji each of these equals*take the common angle AED; * 
then the remaining angle^CEA is equal •to the remaining 
angle DEB. ^. Ax. 3. 

In a similar way it iiiay be shewn thaLtlie ajngle CEB 

is equal to the angle AED. ^ Q.B.Df 

. • ... •*. - 

Corollary 1. From this it is manifest thaty if two 

straight lines cut one another^ the angles which they make 
at the point where they cuty are together equal to fou/r right 

angles. ^ 

* • 

Corollary 2. Consequentlyy when any numb^ of straight 
lines meet at a painty the sum of them angles made by con¬ 
secutive lines is equal to four right*angles^ 


H. E. 


3 ^ 



32 


Euclid’s elements. 


P^toposrTioN 16 . The/orem. 

If one side of (,*j triangle he 'produced^ ihey^ the exterior angh 
shall be greater than either of the itUerior opposite angles. 

A F 


D 


Let ABC 15e a triangle, and let one side BC be prodiic(‘(l 
to D : then .sliall the e.vterior angle ACD be greater tliaii 
either of the interior opposite angfes CBA, BAG. 

• • Construction. Bisect AC at E : i. 10. 

Jpin BE; and produce it t6 F, making EF eqiial to BE. i. .‘1. 
• • Join FC. 

Proof Then in the triangles AEB, CEF, 

• AE is equal i^o CE, ^ (\)nstr. 

^ • ani*. EB to EF; Constr. 

ecause - angle AEB is equal to the v(*rti(;aHy 

« ( opposite angle CEF<j i. 15. 

therefore the triangle AEB is eq^al to the triangle CEF in 
all respt^c^s : i. 4. 

so xjiiiit the angle BAE is equal to the angle ECF. 

But the angle ECD is greater than itjf part, tlie angle ECF; 
therefeh*© the angle ECD is greater than tlie angle BAE; 
that is, tliCr angle ACD is greater than the angle BAC. 

, In a similar way, if BC be bisected, and the .side AC 
produced to G, it may be shewn that the angle BCG is 
greater tlian the angle ABC. 

But tiie angle BCG is equal to tlie angle ACD; 1.15. 
therefore also tke angle ACD is greater than the angle ABC. 

, ‘ ^ Q.E.P, 
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Proposition 17. 

Amj amjles of a triamjld 
Tight angles. 


THKOREar. 

ai^e’ togt^her less \haii two 



. # • 

Lot AB'C be a triangle: then shall any two of its angles, as 
ABC, ACB* be together less than two right angles. 

Construction. Produce the side BC to D. 

Proof'. Then because ACD is an exteriot- angle of the 
triangle ABC, 

therefore it is greater than the interior opposite an<.Je. 
ABC. , I. iC. 

To each f)f tliese ad^l the angle ACB : 
tlien tlie angles ACD, ACB are together greater than the 
angles ABCf ACB. * * Ax. 4r^ 

But the adjacent angles ACD, ACB are together cqflal to 
two right angles. i. 13.^ 

Tlu‘r(;fore the angles ABC, ACB are tbgethe.r le^s than two 
right angles. 

O O P - 

• Similarly it may 1)0 shewn tliat»the angles BAC, ACB, as 
also.the angles CAB, ABC,* are together less than two right 

angles. Q. d. 

• 

Note. It follows from thi.s Proposition that evn^/ triangle must 
have at leant two acute attglcn: for if trie angle |ia obtuse, or a ^'ight 
angle, each of the othor^ingles must be less than a right angle. 


K.XERCISES. 

1. Bnunciato this Proposition so as to show that it is the conveij^ 
of Axiom 12. 

2. If liny side of a triangle is prodnecd both ways, the exterior 
angles so formed are together greater than two right a^igles. 

3. Shew how ft proof of Proposition 17 njay be obtained by 
joining each vertex in turn to any point tn the c^pposite side. 

• 3—2 



34 


» EUCLID’S ELEMENTS. 

Proposition 18. Theorem. 

I ■ 

If one side of a triangle he greater than another, then 
the arngle opposite to the greater side shall he greater than 
the angle opposite to the less. 


A 



B C 


Let ABC be. a triangle, in which the side AC is greater 
tlian the side AB : 

then shall 'the angle ABC be greater than the angle ACB. 

Construction. From AC, tlie greater, cut off a part AD equal 
to AB. I. 3. 

Join BD. 

Proof Then in tlie triangle ABD, 

‘ because AB is equal to AD, 

therefore tlie angle ABD is equal to the angle ADB. i. 5, 

'' But the exterior angle ADB of the triangle BDC is 

greater than the interior opposite angle DCB, that is, 
greater than the angle Ap^. i. Id. 

Therefore also the angle ABD is gresater than the angle ACB; 
still more then is the angle ABQ greater than the angle 
ACB. » Q.E.D. 

^Euclh’ enunciated Proposition 18 as follows: 

2'he greater- side of every triangle has the greater angle 
opposite to it. 

[This fqrm of enunciation is found to be a common source of diffi¬ 
culty with beginners, who fail ‘to distinguish what is assumed in it and 
what is to he /proved.] 

[For J&xerciscs see page 38.] 
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Proposition 19. l^HEOiftJM. 

If o%e a)t>gle^of a triangle be greater than another, then 
the side opposite to the greater angle shall he greater than 
the sid9 opposite to the less. 



Let ABC }>e a triangle in whicli the ang]^ ABC is greater 
than the angle ACB : 

then shall the side AC be greater tlian th® side AB. 

Proof For if AC be not greater than AB, 

it must be either equal to, or less than^AB. 

But AC is not equal to AB, 

for tlieii the aAgle ABC would bo tiqual to the angle ACB; i. 5. 

but it is not. , *iPjP- 

Neither is AC less than AB \ ^ 

for tJicn the?ingle ABC wo^ld be less than the angle ACB ; 1.18. 

but it is yot: % lJyp> 

• Therefore AC is neither equal to, nor less than AB. 

. That is, ACtis greater than AB. Q.E.D.* 

Note. The mode of demonstration used in this •Proposition is 
known as the Proof by Exhaustion. It is applica|lu to cases in which 
one of certain mutually exclusive suppositions must necessarii|^ be 
true-; and it confists in shewing the falsity of each of th®JK) supiio.si- 
tions in turn with one exception: hence the truth of the remaining’ 
supposition is inferred. 

# 

Euclid enunciated Proposition 19 as follows: ^ 

The greater angle of every triangle is subtended by the 
greater side, or, huts Hut greater side op^positeto i?. 

[For Exercises see page 38.y 
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< Proposition 20. Theorem. 

An?/ tu'o sid^s of a triangle are together greater than the 
third side. ' 

D 


B-- C 

i 

I 

Let ABC 1)0 ii triangle: 

then shall any ^fWO of its sides be together greater than the 
third side: 

naiMoly, BA, AC, shall be greater tlian CB; 

•* AC, CB greater than BA; 

and CB, BA greater than AC. 

C'j^istruction. Produce BA to the point D, making AD equal 
to AC. ' 1.3. 

* Join DC. 

Proof. Tlien in the triangle ADC, 

because AD is equrl to AC, Constr. 

tlioreforc the angle ACD,is equal to the angle ADC. i. 5. 
But tJie .angle BCD is greater than the .angle ACD; 0. 

tlierefore also the anglje BCD is gi'cater than the angle ADC, 

that is, th.an the jingle BDC. 

' And in the triangle BCD, 
because the .anj^ e BCD is greater tlnin the .angle BDC, Pr. 
therefore tlie side BD is greater th.ar.. the side CB. i. 10. 

But ^A and AC .are together equal to BD; 
therefore BA and AC arc together greater than CB. 

Similarly it may be shewn 

that AC, CB are together gre.ater than BA;* 
aiid^pB, BA are together greater than AC. Q. K D. 

•m 

'[For Exercises see page 38.J 
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Prc^osition 21. Theorem. 

If*Jra%^ the q£ a side of aHriaw^hy there te drawn 
two straight lines to a jioint within the ti^angle, then these 
straight lines sftall be less than the other tivo sides of the 
trianale^ hut shall contain a greater angle. 



Let ABC be a triangle, and from B, C, the ends of the 
side BC, let the two straight lines BD, to be drawn to 
a point D within the triangle : 

tlien (i) BD and DC sliall bo together less than BA and A^. 
(ii) the angle BDC shall be greater than tJje angle BAC. 

Gonsiruction. Produce BD to*meet AC in E. 

1 ® 

Proof, (i) In the triangle BA&, the two %ides BA, AE are 
togetJier greater than the third side B^ : *1. 20. 

to each of these add EC ] 

then’BA, AC are together greafer tlian BE, EC. Ax. •!. 

Again, in the triangle DEC, tVc two sides DE, EC arc to¬ 
gether greater than DC ; * i. 20. 

’ to each of these add BD : 

then BE, EC are together greater than BD, DC. 

But it h.as been shewn that BA, AC are togiSther greater 
than BE, EC: j • 

still more thcHi are BA, AC greater than BD, DC. * 

. • . . 

^ (ii) Again, the exterior angle BDC of the triangle d£c 

greater than tlio interior opposite angle DEC ; i. 16. 
and the exterior angle DEC of the triangle BAE is greajier 
than, the interior opposite angle BAE, that than the 
angle BAC; * I. 16. 

still more then js the angle BDC greater than the angle BAC. 

Q.E.D. 
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EXERCISES ^ 
l)N Propositions 18 and 19. 

1. The hypotenuse is the greatest side of a riglit-anglecT triangle. 

2. If two angles of a triangle are equal to one another, the sides 

also, which subtend the equal angles, are equal to one another.* Prop. 0. 
Prove thili indirectly by using the result of Prop. 18. • ^ 

3. BC, the base of an isosceles triangle ABC, is produced to any 
2)oint D; shewjthat AD is greater than either of the equal sides. 

4. If in a quadrilateral the greatest and least sides are opposite to 

olie another, then each of the angles adjacent to*the least side is 
greater than its opposite angle. « * 

5. In a triangle ABC, if AC is not greater than AB, shew that 
any straight line ^-awn through the vortex A and terminated by the 
base BC, is less than AB. 

6. ABC is £W triangle, in which OB, OC bisect the angles ABC, 
.ApB respectively: shew that, if AB is greater than AC, then OB is 
greater than QC. 


• * ON Proposition 20. 

• • I 

► 7. The difference of any two sides of a triangle is less than 

the th]):d side. • 

% 8. In a quadrilateral, if two opposite sides which a^e not parallel 
are produced ^ttf meet one another; sheiw that the perimeter of the 
greater of tho two triangle&bso fq^med is greater than the perimeter of 
the quadrilateral. , 

p. The sum of the distances of anji point from the three angular 
points of a triangle is gl-eater than half i|B perimeter. 

10. The pcfimctcr of a quadrilateral is greater than tho sum of its 

diagonals. ^ ^ 

11. Obtain a proof of Proposition 20 hy,bisecting an angle by n 

straight liifd which meets the opposite side. * 


ON Pboposition 21. 

12. In Proposition 21 shew that the angle BDC is greater than 
the angle BAC by joining AD,^nd producing it towards the base. 

13. The siAn of the distances of any point wil^iin a triangle from 
its angular points isdess thdn the perimeter of the triangle. 
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Proposition 22. Problem. 

To aescnve a triangle having its sides equal to three 
nvcn straight line^y any two of which* are together greater 
han the third. 



Let A, B, C be the three given straight lines, of which 
.ny two are together gj-eater tlian the third. , 

It IS required to describe a triangle of which the sides a- 
hall bo equal to A, B, C. • 

^construction. Take a straight line DE terminated at the, 
point D, but Tinlimited towards ■€. * 

dake DF equal to A, FG equal to B, and GH»equal to C. 3. 

From centre F, with radius FD, describe the circle DLK. 
^rom centre p with radius GH, describe the circle MHK, 
cutting the former circle*at K. * * 

Join FK, G^. * 

Then shall the triangle KFG liave*its sides equal to the 
hree straight lines A, B, C. * 

Proof Because F is the centre of tlie circle Dl-K, 


# 

therefore FK is equal to FD : » ^ Def. 11. 

but FD is equal to A; Constr. 

thpreford Also FK is equal to A. • %Ax. 1. 

Again, because G is the centre of the circle^MHK, 

therefore GK is equal to GH : J)ef. 11. 

but GH is equal to C; Constr. ' 

, therefore also GK is e^ual to C. • Ax. \. 
And FG is equal to B. Constr. 

Therefore the tijjanglo KFG has its sides KF, Fd, GK equal 
respectively to the three given lines A, B, Q.E.F. 
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EXERCISE. / 

r * 

On a given base^* describe a triangle, whose rcmaini) g sides shall be 
equal to two given straight lines. Point out how the construction 
fails, if any one of the three given lines is greater than the sum of 
the other two. 


Proposition 23. Problem. 


At a given point in a given straight l^ne^ to make 
^angle equal to a given angle. 



•‘■Lot AB be the given straight line, and A the given point 
in it; and let DCE be the given angle. 

It is required to di-aw from A a straight line making 
Avith AB an angle eq^al to tlie given angle DCE. 

Construction. In CD, GE take any points D and E; 

^ and jotn DE. 

Prom AB cut ofl AF equal to CD. i. 3. 

On AF cfescril;>e the triangle FAG, having the remaining 
^ sides AG, equal respectively to CE, ED. i. 22. 

Tljpn shall the angle FAG be equal to the angle DCE. 

' 

Proof, For in the triangles FAG, DCE, 

j FA is equal to DC, Gonstr. 

Because < and AG is equal to CE ; Gonstr. 

'■ (and the basq FG is equal to the base DE ; Gonstr. 
therefore the angle FAG is equal to the angle DCE. i. 8. 
That is, AG makes with AB, at the given point A, an angle 
equal to the giyen angle DCE. 
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Proposition 24. 

If two triangles Imve two sides of the ons equal to two 
sides of th^ otheVy ^ach to eachy but the* angle contained by 
the two sides of one greater than the angle contained by 
the corrs'Sponding sides of the other; then the base of that 
whifh Turn the greater angle shall be greater than the basifof the 
other. 



* 

Let ABC, DEF be two triangles, in which the two sides 
BA, AC are equal to the two sides ED, DF, each to each, 
but the angle bAc greater than tlie angle EDF : 

then shall the base BC be greater than the base EF. * 

* Of the tjjvo sides DE, DF, let DE h© which is not 
greater than DF. ^ • • 

•Construction. At the point Df in 1:he straight line ED, 
and on tlio same side of it as DF, make the angle EDG 
equal to the angle BAC. I* 23. 

' M<ake DG equal to DF or AC; i. 3. 

and join EG, GF. 

Proof Then in the triangles BAC, EDo, ^ 

' • bA is equal to ED, ^ * IIyp^ 

and AC is equal to DG, Con^\ 

also the contained angle BAC is equal to the 
^ contained angle EDG ; Constr.^ 

Therefore Jthe triangle BAC is equal to the triangl^ EDG in 
all respects : * i. 4. 

so that tlie base BC is equal to the base»EG. 

* See note on the next page. • 


Because 
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Again, in the triangle FDG, . , 

because DG is equal to DF, 

therefore the angle DFG is equal to the angle DGF, i. 5. 
but the hnglc DGF is greater than tlie angle EGF; 
therefore also tlic angle DFG is greater than the angle EGF; 
still more then is the angle EFG greater than the angle EGF. 

* And in the triangle EFG, 

because the angle EFG is greater than the angle EGF, 
therefore the side EG is greater than tlio side EF; i. 19. 
but EG was shewn to be equal to BC; 

therefore BC is greater than EF. q.e.d. 


* This 'condition was inserted by Sim son to ensure that, in the 
complete construction, *chc point F should fall below EG. Without 
this condition it would Ias necessary to consider three cases: for F 
might fall above, or ujioji, or below EG ; and each figure would require 
separate proof. 

We arc however scarcely at liberty to employ Simson’s condition 
without prdoiinff that it fulfils the object for which it was introduced. 

This nxxy be dl>ne as follows: 

‘ Let EG, DF, produced if necessary, intersect at K. 

f Then, since DE is not greater than OF, 

* that is, since DE is not greater than DG, 

therefore the angle DGE is not greater than the angle DEG. i. 18. 

But the exterior angle DKG is greater than the angle DEK : i. 10. 
therefore the angle DKG is greater than the angle DGK. 

' Hence DG is greater than DK. " i. 19. 

f But DG is equal to DF ; 

therefore DF is greater than OK. 

So* that theepoint F must fall below EG. 
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Or the following nupthod may be adopted. 

Proposition 24. [Alternative Proof.] 

« % 


In the triangles ABC, DEF, 
le^BA ke equal to ED, 
and AC equal to DF, 
but jet th% angle BAC be greater tlia)i 
the angle EDF: 

then shall the base BC be greater than 
the base EF. 

For apply the Uiangle DEF to the 
triangle ABCj so tliat D may fall on A, 
and DE along a6: 

then because DE is equal to AB, 
therefore E must fall on B. 

And because the angle EDF is less than the angle BAC, 
therefore DF must fall between AB and AC. 
Let DF occui^y the position AG. • 



D 



F 

Hyp. 


C4SK I. If G falls on BC : 

Then G must be between B and C 
therefore BC is greater than BG. 

But^BG is equal to EF : 
therefore BC is greater-than EF, 



Case II. If G does not fall on BC. A 

Bisect the angle CAG by the straight line AK 
which meets BC in K. i. 9. 

Join GK. 

Then in the triangles G*AK, CAK, 

/ GA is equal to CA, Hyp. 

r> J and AK is common to both; 

' ^ jand the angle GAK is equal to the 

\ angle CAK; Constr. 

therefore GK is equal to CK. i. 4. 

But in the triangle BKG, * 


the two sides BK, KG are together greater than the third side BG, i. 20. 
that is, BK, KC are together greojter th.-m BG ; 

therefore BC is greater thantBG, or^F. q.e.d. 
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Proposition 25. T|ieorem. 

If two triof.iglps'have ttvo sides of live on\^<eqtval to two 
sides of the aJier^ each to each, but the base of one greater 
than the base of the other ; then the arigle contained by the 
sides of that which has the greater base^ shall be greater than 
the angle contained by the corresponding sides of the other. 


A D 



Let ABC, DEF be two triangles wliich have the two sides 
BA, AC equal to the two sides ED, DF, each to each, but the 
base BC greater than tlie fcase EF: 
tlien sliall the angle BAfc be greater than 'tlie angle EDF. 

Proof For if the angle BAC be not greater than the 
angle EDF, it must be either equal to, or less than the 
angle EDF. < ' 

But the angle BMC isbnot equal to the angle EDF, 
for then the base BC would be equal to the base EF; i. 4. 

but it is not. ’ Hyp. 

Neither is the angle BAC Ilss than the angle EDF, 
for then tjie btise BC would be less than the base EF; i.'24. 

1 I, but it is not. Hyp. 

therefore the angle BAC is neither* eqnal^to, nor less than 
the /ingle EDF; 

that is, the angle BAC is greater than the /ingle EDF. Q.E.D. 

EXERCISE. 

In a triangle ABC, the vertex A is joined to X, the middle 
point of th6 base BC; shew that the angle A^B is obtuse or ocute^ 
according as AB«cs greater or less than AC. 
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PROPosijrioN 26. Theorem. 

If tw<f trm^>i()les have two auf/les of the o^e equal tw twf) 
aufjlcs of the. other,^lt^.h to each, aud a sidetof one equal 
to a side of the oth/^r, these sides heinq either adjacent to the 
equal a'^ufles, or oppdSue to espial anqles in each; then shall 
the tria vffkis he equal in all respects. 

• ^ * 

Case I. When tlie equal sides are adjacent to tlie equal 

angles in the two triangles. 

A • D 



Let ABC, DEF he two triangles, which have tlie angles 
ABC, ACB, equal to the two anglers DEF, DFE, each to each; 
and the side BC*equal to the side EF : 

thou shall the triangle ABC ho equal to the triangle [^EF 
in all respects; 

that is, AB shall ho equal to DE, £yid .AC to DF, 
and the angle BAC shall ho equal to the angl^COF. 

• For if AB bo not equal to DE, 'Cine fnust he greater than 
the other. ]£ possible, lot AB ho grojiter than DE. 

Construction. From BA cut oft* BG equal to ED, 

and join GC. 

Proof Then in the two triangles GBC, IJEF,* 

GB is equal to DE, * 

* *and BCrto EF, 
also the contained angle GBC is equal 
contained angle DEF; 
therefore the triangles arc equal in «all respects; i. 4.^ 
so tlw-t the angle GCB is equal to the angle DFE. 

But the angle ACB is equal fo the angle DFE; Hyp, 
therefore also tlie .^ngle GCB is equal to the angle ACB; Ax.\, 
the part equal to the wJiole, whit*h is impossible. 


Because 


I. 3. 


Consip'. 
» Hyp. 
to the 
Hyp. 
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Th<|refore AB is not unequal to DE, 
that is, AB is equal to DL. 

Hence in the triangles ABC, DEF, 

AB is equal to DE, Proved, 

Because equal to EF ; 

also the contained angle ABC is equal to the 

contained angle DEF ; 

therefore the triangles are equal in all respects : i. 4. 
so that the side AC is equal to the side DF; 

and the angle CAC to the angle EDF. Q k.d. 

< Cask If. Wlien the equal sides are opposite to equal 
angles in the two triangles. 



Let ABC, DEF bo two triangles which have the angles 
ABC, ACB equal to the angles DEF, DFE, each to each, 
and the side AB equal to the side DE: 
then shall the triangles ABC, DEF be equal in all respects ; 
that is, BC shall be equal to EF, and AC to DF, 
and the angle BAO shall be equal to the angle EDF. 
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Because 


For if BC be iiot^equal to EF, one must be greater than 

tlie othi*r. If possible, let BC be greiJter tVian EF. » ' 

• > 

Construction. From BC cut off BH^eqiial'to EF, i. 3. 

and join AH. 

Fr'M}/. Tlien in the triangles ABH, DEF, 

AB is equal to DE, > 

and BH to EF, Constr. 

also the contained angle ABH is equal to the 
^ contaiiKid angle DEF; , 

therefore iJie triangles are equal in all respects, i. Ap 
so that angle AHB is equal to the angle DFE, * 

Bqt the angle DFE is equal to tlio angle ACB ; iF/P' 
therefore the angle AHB is ecjiial to the an^jje ACB ; Ax. 1. 
that is, aji exterior angle of the ti’iangle ACH is equal to 
an ijiterior opposite angle; Avliich is impossible. l. IG. 
Tlierefore BC is not unequal to EF, 
that is, BC is equal to EF. • 

Ibuico in the triangles ABC, DEF, , 

t AB is e(|ual to DE, ^^PP- 

j aiKi BC ise<[ual to EF; J*rqvetl. 

also the contained angle ABC is equal to the 
^contained angle DEF; , ^^PP- 

thereb)re the triangles are cipial in all respects; l. 4. 
so that the side AC is ecj’^al tb the side DF, 


Because 


and the angle BAC to thd angle EDF. 

O O 


Q.I5.D. 


# 

Co HO LL ARY. In both cases of this Prop^sitibn it is seen 
that the triarujles map he made to coincide with onfe anotli^r; 
and they arc thcr(fo7'e-t-qual in area. 


11. K 
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f 

" fON TIJE ^JDEN'J^ICAL EQUALITV OF TKIANOLES 

f 

At the close of thtr fir.st section of Book.'., it is v'ortli while 
to call special attention to those J’ropositions (viz. Props. 4, 8, 26) 
which deal with the identical eqicalit^ of two trianjjlcs. 

The results of these Propositions may be summarized tlius: 

Two triangles are equal to one another in all respects, when 
the following parts in each are equal, eai;h to each. 

1. Two sides,.^nd the included angle. J^rop. 4. 

2. The three sides. ^ Prop. 8, Cor. 

3. (a) Two angles, and the adjacent side. \ 

(6) Two angles, and the side oppo.site one of y Prop. 26. 
them. ) 

From this-the beginner will pcrhai)s surmise that two tri- 
*ingle.s may be shewn to be cqu.al in all respects, wheii they have 
three parts equal, each to each; but to this statement two obvious 
exceptions mast be made. ^ 

(i) When in two triangles the three amjles of one are equal 
to the three anijlv% of the other, each to each, it doe.s not 
ncc&sarily follow, that the triangles ai-c cqufi.1 in all rc.spects. 

(ii) When in two tri.'inglcs two sides of the one are equal 
to two sidas. of the other, each to each, and one angle equal to 
one angle, these not being the angles included by the equal sides; 
the triangles arc not necessarily equal in all respects. 

In these cases a further condition must be addinl to the 
hypothesis, before we can assert t^he identical equality of the 
two triangles. 

f 

[See Theorenis and Exerci.scs on Book I., Ex. 13, Page 92.] 

We c\hserve that in each of the three case ? already proved 
of^idcntical equality in two triangles, namely in Proj)ositions 4, 
8, 26, it i.s shewn that the ti’ianglcs may be made to coincide 
with one another; so that they arc e(|ual in area, as in all 
other respects. Euclid however restricted himself to the use of 
Prop. 4, ^dicn he requiredeto deduce the equality in area of two 
triangles from the equality of certain of their parts. 

This rcstrictigu liasjbeen abandoned in tLe present text-book. 
[See note to Prop.^^34.] < 
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EXERCISES ON PROPOSITIONS 12—26. 

1. If BX and CY,the bisectors of tbe angles at,the base BC of an 
isosceles triangle AP«0, meet the op 2 )osite sid«a in X and Y ; shew that 
the triangles YBC, XCB are e(j[ual in all respects. 

2. Skew toat the pcrpcndicnlara drawn from the e.Ktremities of 
the base,of an isosceles triangle to the opposite sides are equal. 

. fi. Any point on the bisector of an angle is equidistant J'/'orn the 
arms of the angle. , 

f 

4. Through C*, the middle point of a straight line AB, any straigh# 
line is drawn, ty:id perpendiculars AX and BY are dropped upon it from 
A and B: shew that AX is equal to BY. 


5. If the bisector of the vertical angle of a triangle is at right 
angles to the base, the triangle is isosceles. 


6. The perpendicular is the shortest straight line that can he 
drawn from a given point to a given straight line; and of others, thdt 
which IS nearer to the perpendicular is less than the more* remote; and 
two, and only two equal straight liiy>s can he drawn from the given 
voint to the given straight line, one on each side of the pcipendicular.* 


7. From two given points on the same side of a given straight line, 
draw two straight lines, which shall meet in the given straight line 
and make equa^ angles with it. ,> 0 

• « . 


Let AB be the given straight line, 
aiTd P, Gl the given iioints. 

It is required to draw from^P and Q. 
to a point in AB, two straight lines 
that shall be equally inclineu* to AB. 

Construction. From P draw PH 
perpendicular to AB: produce PH to 




Th B 


f 


P\ making HP' equal to PH. Draw QP', meeting AB in K. Aoin 

PK. , ^ , , 

Then PK, GIK shall be the required lines. [Supply the proof.y 


8. In a given straight line find a jioint which is equidistant fronf 
two given ipterseoting straight lines. In what case is this ipipossible? 

9. Through a given point draw a straight line sucl) that the oer- 
pendiculars drawn t # it from two given poir^ts may be equal. 

In what case is this impossible? ^ 


4 — 2 ^ 
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sEcrnoN 


II. 


PARALLEL .STRAI(;I1T LINES AND rARALLKLODRi*MS. 


Definition. T\-irallol Hues are siieli as, being 

ill the .same'' plane, do not iniM't however far tlu'y arc pro- 
, duced in both dit^ectioii.s. 


When twf) straight linos AB, CD arc mot l»y a third straight 
line EF, ei<]ht angles arc formed, to which 
for the sake of distinction jiartieular 


names arc given. 


Thus in the adjoining figure, 

2, 7, 8 arc called exterior angli's, 

3, 4, f), (j avc called interior angles, 

4 and C are said to he alternate angles ; 

W also the angles 3 aiul 5 arc alternate to 
one another. 



/F 


Of the angles 2 and (i, 2 is I’cferrcd to as 1-hc exterior angle, 
and G as the interior opposite angle on the same side of EF. 

2 and 0 . 4 ;’c sometimes calleil corresponding angles. 

So also, 1 and 5, 7 and 3, 8 and 4 are eorrcspondLiig angles. 


r 

Euclid’s trcatiiK'iit of jiarallcl straight lines is based upon his 
twelfth Axiom, which we here rcpc'At. 


AxioM' ,12. Jf a straight line cut two straight lines so 
as to ina,.lve thl; two interior angles on the san:e side of 
it' together less than two right angh'^;, these straight lines, 
bgi,ng Tii^ntinually produced, will at length meet on that 
side on whicli are the angles which arc togctlier less than 

two right angles. 

1 

Thus in the figure gi\ en above, if the two angles 3 and 6 are 
together \ess than two riglit angles, it is asserted that .AB and 
CD will meet towards B .ynd D. 

This Axiom is n.scd.^to establish i. 29: some remarks upon it 
will be found in a ^uote or. that Proposition. 
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, Pro POSITION 27. TiiicoREjif. , < 

r 

« 

If a straight linr^ fttUhuj on tiro other sfrnvjht It ups, make 
the aJtprnafii atifjlps equal to one another, then the straight 
lines sh(^l he parallel. 



Lot tlio straight lino EF cut tho two stnvglit lines AB, 
CD at G and H, so as to inakcj the alternate angles AGHf 
GHD equal to one anotlicr: ' 

then shall AB and CD be parallel. 

Proof. P(5r if AB and CD bft not parallel, 
they will meet, if produced, either towards B and D, or to¬ 
wards A and C. 

If possible, l(»t AB and CD^ when produced, meet towards B 
and D, at the point K. 

Then KG H is a triangle, of which one side KG is produced 
to A: 

therefore the exterior angle AGH is greater than the interior 
opposite angle GHK. * I. 16. 

But tlie angle AG H is equal to the angV^ G fl K: Hyp. 

hence the angles AGH and GHK are both efjual an*! nneqiml; 

^ wliich is impossible. * • 

Therefore AB and CD cannot meet when produced towards 
B and D. 

Similarly it may be shewn that they cannot meet towards, 
A and C; 

i ^ 

therefore they arc parallel. q. e. d. 
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Proposition 28. Thecrem. 

If a straight line, falling on two other straifat lines, 
make an extei'i'or angle ecpial to the interior op 2 )osite angl^ 
on the same side of the H'tfe; or if it make the interior 
angles on the same side together equal to two right aiujles, 
then the two straight lines shall be 'parallel, 

E> 



Let the straight line EF cut the two straight lines AB, 
CD in G aricl H : and 

c First, let the exterior angle EGB be ecjual to tlie interior 
opposite ai.gle GHD: 

then shall AB and CD be parallel. 

Proof Because the angle EGB is e<|ual to the angle GHD; 
ancl|because the angle EGB is also equal to the vertically op¬ 
posite angle AGH; i. 15. 

therefore the aiigle AGH is equal to the angle GHD; 
but these are alteriiatc canjjles; 
therefore AB and CD are parallel. , l. 

Q. E. D. 

Secondhj, let the two interior angles BGH, GHD be to¬ 
gether equal to two right angles: 

th^en shall AB and CD be parallel. 

Proof Because the ajigles BGH, GHD are together equal 
to t7VQjright angles; ‘ , 

ana because the adjacent angles BGH, AGH are also together 
equal to two right angles; l. 13. 

..therefore the ai^gles BGH, AGH are together equal to the 
two apgles BGH, GHD. 

From these equals’take the common angle BGH: 
tlien the rjinaining angle AGH is equal to the remaining 
angle GHD: and these are alternate angles; 

therefore AB and CD are parallel. i. 27. 

Q. E. D. 
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Proposition 20. Thp^orem. 

If a^str/iight line fall on two paralhl 8t\bight lines^ thefi it 
shall inahe the alternate angles equal to one a^iother, and the 
exterior Angle eqhal to the interior o'pqjosite angle on the 
same side; and also the two interior angles on the same 
side eqnal to*two right angles. 



Let the straiglit line EF fall on the parallel straight 
liiu'S AB, CD : * 

then (i) the alternate angles AGH, GHD shall J3e equal to 
one anothoi" , 

(ii) the exterior angle EGB shall be equal to the interior 

opposite angle GHD; 

(iii) the two interior angles BGH, GHD shall be together 

pqual to two right ai^gles., e 

Proof (i) For if the angle AGH bo not equaHo the angle 
• GHD, one of them must bo greater*than the other. 

If possible, let the angle AGH be* greater than the angle 
GHD; 

add to eath the angle BGH: 

then the angles AGH, BGH are together grea^r than the 
angles BGH, GHD. • 

But the adjacent ai^gles AGH, BGH are together equal to 
two right angles; * ^ 13. 

therefore the angles BGH, GHD are together less than two 
right angles; 

therefore AB and CD meet towards B and D. Ax. 12. 
But they never meet, sine# they are parallel. Hyp. 

Therefore the angle AG H is not unequal to the,angle GHD: 
that is, the •alternate angles AGJH, GH/) are equal, 

{Over) 
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(ii) Again, because tlie angle AGH is oqua^^ to tlic verti- 

< cally opposite atigle EGB; ' i. 15. 

and<because the angle AGH is e(jual to the augle GHD; 

Proved. 

therefore the exterior angle EGB is ccpial to the interior op¬ 
posite angle GHD. 

(iii) Lastly, the angle EGB is equal to the angle GHD; 

' Proved. 

add to each tlio angle BG H; 

then the angles EGB, BGH are together e(pial to iJie angles 

BGH, GHD. 

But the adjacent angles EGB, BGH ai'e together equal to 
two right angles: i. ] .‘h 

therefore also the two interior angles BGH, CHD are to¬ 
gether cq^ial to two right angles. q.e.d. 


EXERCISES ON PROPOSITIONS 27, 28, 20. 

1. Two sti'aigh^ lines AB, CD bi.seet one another at O: sliew that 

the straight Knca joining AC and BD are parallel. [i. 27.] 

2. lines lohich are jyerpendicular to the same straight Jine 

are pdfallel to one another. [i, 27 or i. 28.] 

3. If a straight line meet tiro or more parallel straight lines^ and is 
perpendicular to one of them, it is also perpendicular to all the otheis. 

[I. 20.] 

V 

4. If two straight lines are parallel to two other straight lines, each 

to eo/ch^ then the angles contained by the first pair a'^^e equal respectively 
to the angles contaiiud by tKe second pair. [i. 29.] 
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Note the Twelfth Axiom. 

(\ 

It mitst «bo admitted that Euclid’s twelf'i.h Axiom'*is im- 
satisfactory atf tlio l)asis of a theory of parallel, straight line.s. 
It cannot i )0 regarded as cither simple or self-evident, and it 
iherefore falls short of tlic essential characteristics of an axiom: 
nor is tho difhf,;ulty entirely ivm()\ed by considering it as a cor- 
rollary t<? Proposition 17, of which it is the converse. 

Alany substitutes have been proposed; but we need only notice 
here tlio system which lias met witli most general ajiproval. 

This system rests on the following hypothesis, which is put 
forward as a fundamental Axiom. r 

•J ^ 

Axiom. , T^/'o intersecting straight lines cannot be both parallel 
to a third straight line. 

This statement is known as Playfair’s Auom; and though 
it is not altogether free from oT)JcctioTi' it is refeomraended as 
Itoth sim[)ler and more fuiidanKMital tlian that employed by 
J'jichd, and more r(‘adily admitted without proof. « 

I’r(»j)ositioiis 27 and 28 having ))e(ni proved in tho usual way,* 
the lirsb part of JVopositioii 29 is then giv^en thus. 

pHOPOiiTioN 29. [Altk.rnative Proof.) 

Jf a straight line fall on two pandlel straight lines, th^nit 
hall make the alternate angles equal. 

Ijot the straight line EF iiKTfct the two 
]iarallel straight lines AB, CD, at G 
! K> H: 

dien sliall tho alternate angles AGH, 

GHb be equal. *' 

*'or if the angle AGH is not cqjual to the 
angle GHD: 

at G in tlie straight line HG make the 
angle HGP equal to the angle GHD, 
and nlternatc to it. • i. 2.‘1. 

'I’hen PG and <5D are parallel, i. 27. 

I3ut AB and CD are parallel: Hyp- 
therefore the two intersecting straight lines AG, PG are both parallel 
to CD; 

which is impossible. Playfair's Axiom. 

Therefore the angle AGH is not unequal to the angle tfHD, 
that is, the alternate angles AGH, GHD are equal, q.e.d. 

The second and tljird parts of the Proposition may then be deduced 
as in the text; and Euclid’s Axiom 12 follows as a Corollary. 
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TllEOllEMS AKt> EXAMPLES ON liOOK I. 

S 

It iiKiy hiipptiU tlio (liitii (>1‘ the pi-ohleui are so related 

to one another tJiat the resulting loei do not intersectin this 
case the problem is impossible. 

J^)r exanii)le, il'^n Kx. 1, page IIS, tlie length of the given 
median /.v ///ffu the given altitude, tho^straight lino CD will 
not be intersecjted by the eirele, and no triangle can fiillil the 
eonditihns of tine problem. If tlie leiiglli (>f the median is vqwii 
to tlie gi,\'en altitude, one piuiit is eoiiinion to the two'loei; 
and* consequently only one solution of the pri)hlom exists: 
and w’(3 have seen that there are two solutions, if the median 

IS greater than the altitude. 

° • 

In oxanqilos of this kind llio student should make a ])oint 
of investigaling the I'elations wliieli must exist among the* tlata, 
in ordi'i’ that the jirolileiii may bo possible ; and he must oliserve 
that if under eoHaiii relations tao s(>lutious are possible, and 
under other relations no solution (\isls, ilua'e mill always be 
some intoi'invdiaic relation under whi''h oho and oidij oho solution 
is possible. 


j:\'A3ipj-iis. 


1. I’iiid a i)otut in a given straight line which is equidistant 
fioiii two given points. 


2. Find a poiut 
given stiaight lines. 


which is at giv’i'n distances from eacli of#* 
How im.fiy .solutions aie po,ssible?» * 


o 


■ 

.‘L Oil a ijiven ha.\e comhuot a tnan(jh\ JtariiH/ ijiioii one HHifle at 
the ha-ie and the hn/jth of the opj)ot>ite side. Kramnie, the relations 
V'hirh inust e.iist ainoHif the in order that there may he two soln~ 
tionSj one solution, or that the i^'ohlem may be impossible. 


4. On the ba.se of a given triangle construct a sifeoud triangle 
equal ill area to the fust, and liav'ing it.y vertex in a given stiaight 


5. Construct an iso.seeles triangle equal in area to a given 
triangle, and standing on the same base. 


6. Find a poiut which is at a given distance from a given point, * 
and is equidistant from two given parallel straight lines * 
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PROPoaiTio>r .31. Problem. 


To d)'iin> fv stra’njht Uup throiiyh 
to a given ^straight line. 



Lot A bo tlie'^nven point, and BC the given straiglit lino. ^ 
Tt is requipec^ to draw tlirough A a straight line paraljel to 
BC. 

Construction. In BC take .'iny point D; ^nd join AD. 

At the point A in DA, make tJie angle DAE equal to the 
angle ADC, and alternate to it , T. 2.3. 

and produce EA to F. , 

Then shall EF be parallel to BC. ' 

Proof. Because the straight line AD, meeting the two 
straight lines E*r, BC, makes the alternate angles EAD, ADC 
equal; Covstr. 

therefore EF is parallel to BC; i. 27. 

and it hrs been drawn through the given point A. 

Q. K. F. 


EXERCISES. 

r 

1. Any straight line drawn parallel to ilie base of an isosceles 

triangle makes equal angles witJi the sides. #' 

2. If from any point in the bisector of an angle a siili,ight line is 

drawn parallel to either arm of the angle, the triangle thus formed is 
isosceles. * * * ^ 

.3. From a given point draw a straight line that shall make with 
a given straight line an angle equal to a given angle. 

4. From X, a point in the base BC of an isosceles triangle ABC, a* 
straight linb is drawn at right angles to Uie base, cutting A Bin Y, and 
CA produced in Z: shew the triangle AYZ is isosceles. 

5. If the straiglit line which bisects an ^xterior angll of a triangle 
is parallel to the opposite side, shew that the triangle is isosceles. 
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, Proposition 32. Thrdrem. 

If a side of a trtangle ha producedy than, 'the exterior 
angle shall he ^equaldo the sum of the twp interior opposite 
angles: also the three interior angles of tt triangle are together 
equal to two right angles. . 



Let ABC be a triangle, and let ojie ef its sides BC be 
produced to D 

then (i) tlie exterior angle ACD shall be ecjual to the sum 
pf the two interior opposite angles CAB, ABC; 

I (ii) the three interior angles ABC, BCA, CAB shall 
' be together equal to two right angles. 

f 

Construction. Through C draw CE parallel to BA. i. 31. 

Proof, (i) Then because BA and CE are parallel, and AC 
meets them, 

therefore the angle ACE is (iqual to the alt/^rnato angle 

CAB. I. 29. 

Again, because BA and CE are parallel, and BD meets them, 
therefore the exterior angle ECD is equ.'il to the interior 
opposite angle ABC. *■ i. 29. 

Therefore the whole exterior angle ACD is equal to the 
sum of the tN^o interior opposite angles CAB, ABC. 

« (ii) Again, since the angle ACD i,s equal to the sum of 
the angles CAB, ABC; * Proved. 

to each of these equals add the angle BCA: 
then the angles BCA, ACD are together equal to the three 
• angles BCA, CAB, ABC. 

But the adjacent angles^ BCA, ACD are together uqual to 
two right angles; i. 13. 

therefore ako the angles BCA, CAB, ABC a»’e together equal 
to two right aftgles. •• q. e. d. 
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From tliis Proposk-ioii we draw tlio following important 
infereiic«s. 

• 

1. If two triangles have two angles of the one cqvgil to two angles of 
the other, eiwh to each, then the third angle of the one is equal to the 
third angle of the other. 

2. any ^'right-angled triangle the, two aeiilc angles are coni- 

idemeiitai^. • 

In a right-angled isoseeles triangle each of the equal angles 
is half a light angle. 

4. If one angle of a triangle, is equal to the smut of the other tiv», 

(he. t) iangle is righUaiigled. * i 

5. The tuM of the angles of any quadrilateral figure is eqhal to 
'Our right angles. 

0. Kach angle of an equilateral triangle is two-yiirds of a right 
•ugle. 


KXKRCISES ON PKClPOSITlON 32 

1. l*rove that*the tlircc angles of a triangle are togc'ther equal to 

two rig]it angles, , 

(i) by drawing tlirougli the vertex a straight line parallel 

to the base: 

..p • 

(ii) by joining the vertex to any point in the bas€» 

2. If the base of any triangle is produ(?ed both ways, shew that 

the sum of the two exterior angles diniinisfied by the vertical angle is 
equal 40 two right angles. • 

H. If two straight lines are perpendicular to two other straight 
lines, eacJi to each, the acute angle between the first p^ir is equal 
to the acute angle between the second pair. 9 * 

4. Every right-angled triangle is divided into two isosceles tri- 

I ngJes by a btraiy}\^ line dfawn from the right angle to the ini^dJip point 
oj the hypotenuse. ^ 

Hence the joining line is equal to half the hypotenuse. 

5. Draw a straight line, at right angles to a given finite straight^ 

hn^ifroni one of its extremities, without producing the given straight 
line. • • • 

[Let AB he the given straight line. On AB dcscrihe^any isosceles 
triangle ACB. Produce BC to D, niuking, CO equal to BC. Join 
AD. Thou shall AD bo perpendicular to AB.] ^ 
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G. Trisect a right angle. ,j 

' 7. ' The Contained by tlie bisccloi-s of the angles at the ba&e 

of an. isosceles triangle is equal to an exterior angle formed by pro¬ 
ducing the base.'' 

8. The angle contained b.y the bisectors of two adjacent angles of 
a quadrilateral is equal to half the sum of tho remaining angles. 


Tlio following th(M)i*(;tns \V(‘ro nddod as corollaries to 
'Proposition 32 \^y ivobert Siinson. 

Corollary 1 . ' Afl the interior amjles of my rectilineal 
figure.^ loith four right a.ngh-r., are together equal to twice as 
many right angles as the figure h(ts sides. 

D 

E 


Let ABODE be any rectilineal figure. 

Take F, any jioint within it, 
and join F to each of tho angvilar points of tlie iJgurc. 

Then the ligure is dfvided into as many triangles as it has 
sides. 

And the three angles of each triangle are together equal 
to two right angles. ’ i. 32. 

Hence all the angles of ;ill tho triangles are together equal 
^ to twice as many i-igbt angles as the ligure has sides. 

ilut all^ the angles of all tho triaiigles make up the in* 
t(5nor angles of the ligure, together with the angles 
at F; 

and the angles at F are together ecjual to four right 
angles: i. 15, Cor. 

O »« 

Therefore all the interior angles of the figure, with four 
right angles, are together equal to twice as many right 
angles as tliOf ligure has sides. ^ q. e. d. 
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CoiioiiLARY 2. 7/i the sides of a rectilhical figure, which 

has no reentrant angle, are produced in ord\r, then alljthe etc- 
terior angles* s£> formed are together equal to four right angles 



J^'or ;it eacli angular point of the ligui'e, tine interior angUs 
and tlie exterior angle are together equal to two right < 
angles. • • i. 13. 

^riiereforo all the interior angles, with all tlio exterior 
angles, are together equal to twice as niaiy right angles 
as the ligure has sides. 

But all the interior angles, with foui right angles, are to¬ 
gether Cipial to twice as many right angles as the figure • 
has sides. i, 62, Cor. 1. 

Therefore ail the interior angles, with all the exterior 
angles, are together equal to all the interior angles, with 
four right angles. 0 

Therefore the exterior angles are togetlier equal to four 
right angle*. • q. E. D. 


EXERCISES ON SIMSON S cToKOLLARIES. 

[A polygon is said to bo regruktr when it has all its sides and all its 
angles equal.] 

1. Express in terms of a right angle the magnitbde of each angle 

of (i) a regular hexagon, (ii) a regular cotton. . 

2. If one side^f a ro^ilar hexagon is produced, shew thfit^he ex¬ 
terior angle is equal to the angle of an equilateral triangle. 

3. Prove Bimson’.s first Corollary by joining one vertex of the 
rectilineal figure to each of the other vertices. 

4. Find the magnitude of each angle of a regular polygon of 

n sides. * • * 

5. If the alternate sides of any polygon be produced to meet, the 
sum of the included angles, together witlj eiglit right angles, will 
be equal to twice as many right angles as the figure*has sides. 
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c (Pkopositiox 33. Theorem. 

^ K 

^J'he stra 'ifjht 'trhirh join the extremitioA of iioo equal 

and jjarallel straight lines towards the stime parts are them¬ 
selves equal and parallel. 




Let AB Jind CD bo <'(jiia] and j)aral]el strai:;lit lines; 
and let tlieiii be joined towards the .saiiu^ parts by the 
straight lines AC and BD: 

t 

tlien shall AC and BD bo e(jual and parallel. 

Oonstrfiction. Join BC. 

I 

Proof. Then beeaiiso AB and CD a,re jpariillol, and BC 
meets theiii, 

therefore the alternate angles ABC, BCD are e(pial. i. 29. 


liecause 


I 


JS^Ovv^ in the ti’iapgles ABC, DCB, 
AB is equal to DC, 


JfyjK 


an^l BC is eomnion to botli; 
jalso the angle ABC is equal to the angle 
DCB; ^ Proved 

tlierefore tlie triangles are e(iual in all respects; i. 4. 
sod/lia^t the base AC is 0 (pial to the base DB, 
and the angle ACB ecjiial to the angle DBC; 

^ but these are alternate anglg^s; 

therefore AC and BD are parallel: i. 27 

and it has been shewn that tliey are also equal. 

Q. E. D. 

* * 
Definition. A Parallelogram is a four-sided figure 
whose opposite sides are parallel. 
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PROPhSITION 34. Theorf^i. 

The oppamite sides and, a-mjles of a pai'aUedogram, are. 
equal to one a,notJ9e.r, and each diayonai bisects the pandle.lo- 
yrani. 



Let ACJDIi lie a parallelogram, of which BC is a flia^onal: 
then shall the opposite sides and angles of the hgiire bo 
e<pial to one another; and the diagoiml BC syall bist^ct it. 


Proof Because AB and CD are parallel, and BC meets 
tJ)em, 

therefore the alternate angles ABC, DCB are e<]|ual. i. 20.* 

Again, because AC and BD arc p.arallel, and EC meets 
tliein, 

therefore the*alternate angles ACB, DBC are equal, i. 29, 

Hence in the triangles ABC, DCB, 

( the angle ABC is equal to the angle DCB, 
anil the angle /\pB is equal to the angle DBC; 
also the side BC, wliich is ^idjacent to the equal 
angles, is common to both, 

therefore the two triangles ABC, DCB are equal in all 
respects; ^ i. 20. 

so that AB is equal to DC, and AC to DQ; 
and the angle BAC is equal to the angle &DB. 

Also, because the angle ABC is equal to the an^e DCB,” 
and the«angle *CBD equal to the angle BCA,^ 
therefore the whole angle ABD is equal to the whole angle 

DCA. 

And since it has been shewn that the triangles ABC, DCB ' 
are equgj in all respects, • 

therefore the diagonal BC bisects tte parallelogram ACDB. 

• Q.E.D. 

• • 

[See note ou next j^ge.] 
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Note. To ilie proof whioJi is here given Euclid added an applica- 
liqn of Proposition with a view to shewin/^ that the triangles ABC, 
DCB art equal m aha, and tliat therefore the diagonal BC Useets the 
parallelogram, '^his equality of area is however suflicicviLly established 
by the step which depends upon i. 26. [See pa»c 48.] 


EXERCISES. 


1. If one, angle of a 'parallelogram is a, right angle, all itfi angles: 
are right angl/’.':. 

• j 

2 If the opposite sides of a quadiilateral are equal, the figure is a, 
parallelogram. ' 

* 

3. If the opposite, angles of a (luadrilateral are cqnal, the figure is 
a parallelogram. 

c 

4. If a quadrilateral has all 'its sides equal and one angle a right 
angle, all its angles are right angles. 

5. The diagonals of a parallelogram bisect each other. 

G. If the diagonals of a quadrilateral bisect each other, the figure 
is a parallelogram. ' 

7. If tAVO opposite angles of a i)arallelogi am fire bisected by the 
diagonal which joins them, the tigine is cquiJateial. 

8. If the diagonals of a parallelogram are equal, all its angles are 

right angles. • o 

9. In a parallelogram which is not rectangular the diagonals are 

unequal. * »• . 

10. Any strai^lit line drawn through the middle jjoint of a diagonal 
of a parallelogram and tenninated .by a pair of oi;)i)osito sides, is 
bisected at jthat point. 

* V 

11. If tioo parallelograms have tico adjacent sides of one equal to 
two adjacent sides of the other, each to each, and one angle of one equal 
to ona angle of the other, the paralUdogram^ are eqqgl in all respects. 

12. Tivo rectangles are equal if two adjacent sides of one are 
equal to two adjacent sides of the other, each to each. 

13. In a parallelogram the perpendiculars drawn from one pair of 
opposite angles to the diagonal which joins the other pair are equal. 

^ 14. If ^BCD is a parallelogram, and X, Y respectively the middle 
points of the sides AD, BC; shew that the figure AYCX is a parallelo* 
gram. ' ■ ‘ 
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MISCELLANEOUS EXERCISES ON SECTION^? I. AND JI. 

« 

1. Shew that the construction in Proposition 2 ^nay generally be 
performed in eight different ways. Point out the exceptional case. 

2. The biseptors of two vertically opposite angles are in the same 
straight Aie. 

S. In the figure of Proposition 16, if AF is joined, shew 

(i) that AF is equal to BC; « 

(ii) that the triangle ABC is equal to the ^riangle CFA in aff 

respects. *• 


4. ABC Is S triangle right-angled at B, and BC is produced to D; 
shew that the angle ACD is obtuse. 

X 5. Shew that in any regular polygon of 7i sides eacfi angle contains 
2 (a-2) . 

-right angles. 

w 


6. The angle contained by the bisectors of the angle^at the base 
of any triangle is equal to the verticoj angle together with half the 
eum of the base angles. 

« 

7. The angle contained by the bisectors of two exterior angles of 
any triangle is equal to half the sum of the two corresponding interior 
angles. 

# 

8. If perpendiculars are di^wn to two intersecting straight lines 
from any point between them, shew that tlfe Jiisector of the angle 
bol\>^ou the perpendiculars is parallel to»(or coincident with) the 
bisectof of the angle between tjie^given straight linfp. 

9. If two points P, Q be ttfken in the equal sides of an isosceles 

triangle ABC, so that BP is equal to CQ, shew that PQ parallel to 
BC. * 

10. ABC and DEF are»two triangles, such that AB, BC equal 
and parallel to DE^ EF, each to each; shew that AC is equaf^und 
paraMel to CF. 

11. Prove the second Corollary to Prop. 32 by drawing through 

Q>ny angular point lines parallel to all the sides. ^ 

* • 

12. If two sides of a quadrilateral are parallel, and the remaining 
two sides equal but not parallel, shew that the opposites angles are 
supplementary; also tRat the diagonals are equal. • 


5—2 



SECTION III. 


THE ARrAR OF rAHALLKLOOUAMS AND TKIANOLKS. 


I 


Ilitlicrto wlion two figures have been saiil to he equals it has 
^ been implied that tliey are vhatU'nlJy equal, that is, equal in all 
respects. ‘ 

• 

In Section ITT. of Euclid’s first Tlook, we have to consider 
the eipialit}’^ in urea of ])araUclogranis .and trijangles whit;li are 
iioCnecessarily eqii.al in all respei^ts. 

[The ultimate test of equality, as we have already seen, is afforded 
by Axiom 8, which assp’orts that ma}j[iutudes which ?/m/y he made to 
CAjincide one another are equal. Nv)w figures whicli are not identi¬ 
cally equal, cannot be made to coincide without first undergoing some 
change of form: hence th/^ method of direct aujyerpoaition is unsuited 
to the pui’iiosea of the 2 )resent section. 

We shall see liowcver from hluclid’s^ proof of Proposition that 
two figures which are not identically equal, may nevertheless be so 
related to a third figure, that it is possible to infer the equality of 
their areas.] * v 


C'j 


Definitions. ' 


r 


1. / The Altitude of n parallelogr.ain with reference to a 
given ^ide as base, is the perpendicular distance between 
tlie ha>sf^, and the opposite side. \ 

2. (The Altitude of a triangle with reference to a given 
side as base, is the perpendicular distai?jce of the opposite 
vertex from the bas^» 
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Proposition 35. 'Pheokem. 


ParalWograms on the same hase^ ami hefwr^)h the same 
l)arallels^ are equal in area. • 



Lot tlie pafallelograms ABCD, EBCF*l)e oii llio saiiuJ^ 
l)a.so BC, anti between tlie .same parallels BC, AF : 

tlieii shall the parallelogram ABCD be o<|ual in area to 
tlie parallelogram EBCF. ^ 


Case I. If the si(le.s of the gi\'e]i parallelograms, oppo¬ 
site to the common ba.se BC, are terminated at the same 
])oint D: • 

then because each of the parallelograms Is dcAible of tlie 
triangle BDC; • l. 31. 

therefev’e they are Ofpaal to one another. A.r. (>. 

Case IL But if the sides AD, EF, opposite to the#baso 
BC, are not terminated at the same 2 ?oint: 

th^n because ABCD is a parallelogram, 
therefore AD is equal to the oppo.sito sidfl'BC; i. 31. 

, and for a similar reason, EF fs equal to BC ; 

therefore AD is equal to EF. Au;. 1. 

Hence the whole, or reifnunder, EA is equal to the whole', 
or remainder, FD. * 

Then in the triangles FDC, EA^JB, •* 

I FD is equal to EA, • Proved. 

and DC is equal to the opposite side AB, I. 31. 
also*tIie exterior angle FDC is equal to the interior 
opposite angle EAB, i- ^^0. 

therefore the triangle FDC is equal to the triangle EAB. i. 4.^ 
Prom the whole figure ABCF take the triangle FDC ) 
and from* the same figure take the "equal triangle tAB ; 

then the remainders are equal; Ax. 3. 

that is, the parallelogram ABCD is equal to tfie parallelo¬ 
gram EBCF. * Q.E.D, 
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Euclid’s elements. 

I^ROPosiTiON 36. Theorem. , 

I 

l*araUelofjr(tms on equal basesj and between the same 
parallels, are equal in area. ’ 


A DE H 



Lat ABCDy EFGH be parallelograms on eq>.al bases BC, 
FG, and between the same parallels AH, BG: 
tlien shall the parallelogram ABCO be equal to the paral¬ 
lelogram EFGH, 

Construction. Join BE, CH. 

’ Proof. Then because BC is equal to FG; 

and FG is equal to the opposite side EH; I. 34. 
therefore Bb is equal to EH: Ax. 1. 

and they xire also parallel; '' 

therefore BE and CH, which join them towards the same 
parts, are also equal and parallel. i, 33. 

Therefore EBCH is a parallelogram. Def. 26. 
Now tUh parallelogram ABCD is equal to EBCH ; 
for they are on the same base BC, and between the same 
parallels BC, AH. i. 35. 

Also the parallelogram EFGH^is equal to EBCH; 
for they are on the same base EH, and between the same 
parallels‘LHjf BG. I. 35. 

Therefore the parallelogram ABCD is e(][ual to the paral- 
lelogrrm EFGH. Ax. 1. 

q. £. D. 

From the last two Propositions wo infer that: 

(i) A paralleloaram L equal in area to a rectangle of eqvjol 

base ana equal altitude. 

(ii) Parallelograms on equal bases and oj equal altitudes as'e 

equal in area. 
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(i i j ) Of two pamll^ograms of equal altitudes^ that is the (ji'eater 
I which has the (prater base ; aiidof»tivo parcdlelo(jr(\ms 
<m equal basesj that is the (jreaier which has tlHh greater 
(dh'iude. • 


pROPOSlTJON 37. TlIEOIlEM. 

I 

TriaiKjles on the same base, and between the same paral¬ 
lels, are equal in area. 

E A D F 



L(!i ilio triiingles ABC, DBCjje upon tlie same base BC, 
;iri(.l between the same paralh^ls BC, AD. 

Tlieii shall tlib triangle ABC be equal to tlie triangle DBC. 

ConstriictioH. Through B draw BE parallel to CA, to 
meet DA produced in E; , I. 31. 

through C draw CF paraWel to BD, to meet AD produced in F. 

• Proof. Then, by construction, e^icli of the figures EBCA, 
DBOF is a 2 )arallelogram, ^ I)(f. 20. 

And EBC^is equal to DBCF; 

for they are on the same base BC, and between the same 
parallels BC, EF. • •* I. 35. 

./Vnd the triangle ABC is half of the parallelogram EBCA, 
fcr the*diagonal AB bisects it. • i. 34. 

Iso the triangle DBC is half of the parallelogram DBCF, 
for the diagonal DC bisects it. I. 34. 

But the halves of equal things are equal; Ax. 7? 
therefore the triangle ABC is equal to the triangle DBC. 

Q.E.D. 

[For Exercises see pjige 73.] • 
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Pl^oposrnoN .*^8. Tiikohkm. ^ 

\ 

I 

Trian^jles o)^ eqifal bases, and hetimen the sdnie imrallels, 
are equal in area. - ' 



Let. the tiiaugles ABC, DEF l)e od e(i[UJiL bases BC, EF, 
and between the same j)arall('ls BF, AD : 
then sliall tlib triangle ABC be e(|ual to the triangle DEF. 

Comtruction. Through B draw BG parallel to CA, to 
,meet DA produced in G; l. 31. 

through F olraw FH parallel to ED, to meet AD produced in H. 

Proof. Then, by construction, each of the figures GBCA, 
DEFH is a 2 )arallelogram. ’ Def. 26. 

« And GBCA is equal to DEFH ; 

for they are on equal bases BC, EF, and between the same 
parallels BF, GH. » .. l. 36. 

And the triangle ABC is half of the parallelogram GBCA, 
for the (;liagonal AB bisects it. i. 34. 

Also the triangle DEF is half tho parallelogram DEFH, 

for the diagonal DF bisects it. i. 34. 

J3ut the halves of equal things are equal: Air. 7. 

therefore the'triangle ABC is equal to the triangle DEF. 

. Q.E.D. 

f • * 

-, I J , , , < 

Fl*om this Proposition we infer that: 

(i) Triangles on equal bases and of equal altitude are eqxual 
pi area. 

(ii) Of two triangles of the same altitude, that is the greater 
which has the greater base: and of two triangles on the same hose, 
or on equal hfises, that is the greater which has the greater altitude, 

^ [For E^^ercises sec page 73.] 
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Proposition 139. Theorem. 

Kqual tfi'ianf/lfs* 0)1 the same base, a)ril on the same side 
of itf are heiiveen the same imrallels. 



Fjct tin; trijin^los ABC, DBG which stand on tin; saiuo 
base, BC, and on tin; sanio side of it, bo equal area : 
th(‘n shall tliey ])o liotween the ‘^anie parallels ; 

that is, if AD be joined, AD shall bo j)arallel to BC. 

Construct ton. For if AD bo not parallel to BC,^ 

if possible, througli A draw AE parallel to BC, i. 31. 
meeting BD, or BD produced, in E. 

• Join EC. 

I*rooj\ Now the triangle ABC is equal to the triangle EBfc, 
for tliey are on the same base BC, and between the same 
parallels BC,* AE. • ,, i. 37. 

But the triangle ABC is e<pial to tlie*triangle DBC; lljjp. 
therefore also the triajigle DBC is e<[uAl to the triangle EBC; 
the whole equal to the pm*t; whicli is impossible. 

• Therefore AE Is^not parallel to BC. 

Similarly it can be shewn that no otlier^ sUtiight lino 
through A, except AD, is parallel to BC. 

Therefore* AD is parallel to BC. ^ 

Q.K.b. 


From this Proposition it follows that: 

l^qual triangles on the same hasejuive equal altilMes. 

(I’oi* Exercises see page 73.] 
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rnOPOSITrON 10. 'rilEOREM. 

■ 

Equal triauqles^ tui equal bases in the. same straight Huey 
\d on the same side of ity are hetiveen the sanui 'parallels. 



J^et the Irijiiigles ABC, DEF which stand on ccjual bases 
BC, EF, in tine same straight line BF, and on the same side 
of it, be e(j[ual in area : 

tlien shall they be between the same parallels: 
that is, if AD be joined, AD shall be jjarallel to BF. 
Construction, h^or if AD be not parallel to BF, 

if i^ossible, through A draw AG parallel to BF, i. 3J. 
meeting ED, or ED produced, iii G. 

• J oil! G F. 

Proof. Now the triangle ABC is equal to the triangle GEF, 
for they-are on equjil bases BC, EF, and between the 
same parallels BF,«AG. i. 38. 

But the triangle AB*^C is equal to the triangle DEF : Hyp. 
therefore also the triangle DEF fs tiqual to the triangle’ GEF : 
the whole equal to the part*; which is impossible. 

■'t Therefore AG is not parallel to BF. 

8imila*rly it can be shewn that no other straight line 
throvgt A, except AD, is parallel to BF. ^ i 
Therefore AD is parallel to BF. 

Q.E.D. 


Froili this Proposition it follows that: 

(i) Equal triangles on equal bases have equal altitude, 
(ii) Equal \ria'nglef of equal altitudes have equal bases. 
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EXERCISES ON PROPOSITIONS 37—40. 

• 

i^EFiNiTiO]?. Each of the tliree straight lines wJiich join 
the angulai* points a triangle to tJie middle points of the 
opposite sides is called a Median of the triangle. 

, ON Prop. 37. 

J* If, in the figure of Prop. 37, AC and BD intersect in K, shew that 

(i) the triangles AKB, DKC are equal in area. 

(ii) the quadrilaterals EBKA, FCKD are eqftal. 

‘2. In the figure*of i. 16, shew that the triangles ABC, FBC are 
equal in area.* • 

3. On the base of a given triangle construct a second triangle, 
equal in area to the first, and having its vertex in given straight 
line. 

4. Describe an isosceles tiianglc equal in .u'ea to a given triangle 
and standing on the same base. 

ON Prop. 3S. 

3. A triangle is divided hg each oj* its medians into two parts of 
equal area. , 

6. A parallelogram is divided by its diagonals into four triangles 
of equal area. 

7. ABC is a triangle, and its ba.se BC is bisected at X; if Y 

be any point in tlSe median AX,«hcw that the triangles AE2>Y, ACY arc 
equal in area. • 

8. * In AC, a diagonal of the jjarallelogram A BCD, any jioint ^ is 

taken, a/id XB, XD are drawn: shew that the triangle BAX is equal 
to the triangle DAX. * 

9. If two triangles have two sides of one respectively equal to two 
sides of the other, and the angles contained by those sidestliitpplcment- 
arg, the triangles arc equal in area. 

•ON Prop. 39. 

“ ‘I 

10. The straight line which joins the middle points of two sides of 
a triangle is parallel to the third side. 

11. If two straight lines AB, CD intersect in O, so that the triangU 
AOC is equal to the triangle DOB, shew that AD and CB are jgarallel. 

t 

ON Prop. 40. 

1‘2. Deduce l’rop.^0 from Prop. 39 by joiuin(^ AE, AF iu the 
figure of page 72. • 
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pROl'OSlTlOxV 41. Tijeork-M. 

1} Cl 'j)(trallcli)(ji'CLHi nyul (O tviivyyjla b*‘ oib tJts name base 
and between the same parallels, the parallelogram shall be 
double of the triangle. 



Let the par.-illelogntiu ABCD, anti (he triangle EBC be 
upon the same i^ase BC, and between tln> same p.'irallels 
BC, AE : ® 

tlien shall the parallelogram ABCD bo double of the triangle 

EBC. 

Construction. Join AC. 

Proof. Then the triaiighj ABC is etpial to the triangle EBC, 
for they are oji the sanuj bas(3 BC, and K'etween the same 
l)arallels BC, AE. 1. 37. 

Hut tlie paralkdogram ABCD is double of the triangle ABC, 
for tJie diagonal AC bisettts the parallelogivini. l. 31. 

Thert'foro tlie p.p’allelogram ABCD is also doubh? of the 
triangle EBC. . tj.E D. 


^ E\EKClSi:S. 

1. A^CD is a panilloloj'rain, and X, Y are the middle points of 
the aid's AD, BC; if Z is any i)oLnt iii‘XY, or XY produced, shew 
that the triangle AZB is one ipiarter of the parallelogram ABCD. 

2. Describe a right-angled isosceles triangle equal to a given square. 

3. If ABCD is a parallelogram, and XY any points in DC and AD 
respectively; shew that the triangles AXB, BYC are equal in area. 

4. ABtpD is a parallelogram, and P is any point within it; shew 
that the sum of^the triangles PAB, PCD is equal to half the paral¬ 
lelogram. 
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Proposition 12. Proiilkm. 

To dpscrih^ a pamlhlograni that .diaJl he erpial to a (jiven 
trian(jh\ ami have faie of it a amjleia eqmi^ to a gicvn atiglp. 

A F G 


BEG 

Tjct AB(J tho ^dven triauglo, ami D tlio "ivoii an^lo. 

It is roquirecl to dc'scribo a parallplofifram 0 (|uai to ABC, and 
liaviii" ono of its anglos equal to D, 

Construction. Bisect BO at E. I. 10, 

At E ill CE, make tlio arglo CEF equal to D ; i. 23. 
through A draw AFG parallel to EC; l. 31. 

and tlirough C draw CG pai-alh'l to EF., 

Tlien FECG shall be tlie parallelogram required. 

Join AE. 

Proof Now the triangles ABE, AEC are equal, 
for they are on equal bases BE, EC, and between the same 
parallels; I, 3S. 

therefoi‘e the triangle AB® is double of the triangle AEC. 
But FECG is a parallelogram by ( (flistruction: Def 2G. 
and it is double of the truingle AEC, 
for thVy are on the same*bflso EC, and between tli(» same 
parallels'EC and AG. * I. 41. 

Therefore the parallelogram FECG is equal tp tile triangle 
ABC; • 

and it has one ojits aisles CEF equal to the gie(*n f|^igle D. 

Q.K.1-\ 

EXERCISKS. 

1. Describe a parallelogram equal to given square standing on 
the same base, and having an angle equal to half a right angle. 

2. Describe a rhqjnbus equal to a given parallelograiA and stand* 
ing on the same base. When does the con|traction»fail 7 
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Definition. (If in the diagonal of a parallelogram any 
point is taken, and straight lines are drawn through it 
parallel to the sides of the parallelogram; then of the four 
parallelograms into which the whole figure is divided, tlie 
two through which the diagonal passes are called Paral¬ 
lelograms about that diagonal, and the other two, whicli 
with these make up the whole figure, are ceiled the 
complements of the parallelograms about the diagonal.^ 

Thus in the figure given below, AEKH, KGCF are parallelograms 
about the diagonal AC; and HKFD, EBGK are the complements of 
iihose parallelograms. 

Note. A parallelogram is often named by two le'tters only, these 
being placed at opposite angular points. 


Pkoposition 43. Theorem. 

The cornplemenls of tJte parallelograms about the diagonal 
of any parallelogram^ are equal to one another. 


AH D 



Let ABpD be a parallelogram, and KD, KB the comple¬ 
ments of^the parallelogriims EH, GF about the diagonal AC; 
then sliall tlie complement BK be* equal to the comple¬ 
ment KD. 

Proof Because EH is a parallelogram, and AK its diagonal, 
therefore the triangle AEK is equal to the triangle AHK. i. 34. 

* For a similar reason the triangle KGC is equal to the 
trianye KFC. *• 

Hence the^ triangles AEK, KGC are together equal to the 
triangWAHI^, KFC. 
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But the wliole triangle ABC is equal to tlie whole triangle 
ADC, for AC bisects*the parallelogram ABCO ; T, 34. 

tlierefore tlie, remainder, the complement BK, is equal io the 
remainder, the complement KD. 

• 

EXERCISES. 

% 

Tn the rigure of Prop. 43, prove that 

• (i) Tlie parallelogram ED is equal to the parallelogram BH. 

(ii) If KB, KD are joined, the triangle AKB is equal to the 
triangle AKD. . * 

PjtOPOsiTioN 41. Problem. 

To a (jiven straight Jinr to apply a parallelogram which 
shall he equal to a given triangle, and have otSh of its angles 
equal to a given angle. 



Let AB 1)0 the given sti^aight line, C the giveh triangle, 
and.D the given angle. * 

I t is required to apply to tlie straight line AB a paral¬ 
lelogram equal to the triaAgle C, and liaving an angle equal 
to the angle D. * 

Consti'uction, On AB produced describe atpaf^hllelogram 
BEFG equal to the triangle C, and liaving the angle EBG 
equal to the angjp D; • i. 22 awd^i. 42*. 

through A draw AH parallel to BG or EF, to meet FG pro¬ 
duced in H. I. 31. 

Join HB. 

* This step of the construction is effec^d by first describiitg on AB 
produced a triangle Whose sides are respectively equal to those of the 
triangle C (i. 22); and by then making a parallelogram £qual to the 
triangle so drawn, an& having an angle equal to D 42). 
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Then bocausn AH and EF aro parallel, and HF meets them, 
therefore the ani^les AHF, HFE are together equal to two 
^ right an^^les:'' i. 29. 

lienee the ambles BHF, HFE are together less than two 
riglit angles; 

t-hercifore HB and FE will m(*('t if produced toward.s B 
and E. J.r. 12. 

Produce them to meet at K. 

Through K draw KL parallel to EA or FH; l. 31. 
and produce HA, GB to meet KL in the points L and M. 

Then .shall BL he the parallelogram required.. 

Vroof. Now FHLK is a parallelogram, Coiistr, 
and LB, BF are the complements of the parallelograms 
about the diagonal HK: 

therefore LB is equal to BF. i. 43. 

But the triangle C is equal to BF; (*onsfr. 
therefore LB is ecjual to the triangle C. 

And because the angle GBE is euual to the vertically oppo¬ 
site angle ABM, I. 15. 

and is likewise equal to the angle D; Oonsir. 
thereforo the angle ABM is equal to tlie angle D. 

TheWjfore the parallelogram LB, which is applied to the 
straiglft line AB, is ecjual to the triangle C, and has the 
angle ABM equal to the angle D, Q.e.f. 
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Proposition 45. Problem. 

To describe a%i)aTallelo(jravi equal do a qircu reetillncal 
fiyurej ami hammj an amjle equal to a given angle. 



B C K H M 


Lot ABCD bo ilio givoii lOotilinoal ligu^o, .-ind E tlio 
givou aoglo. 

It is roquiiecl to dosoribo ;i piirallologram equal to ABCD, 
and Iiaving an angle o([iial to E. , * 

Suppose the given rectilineal ti^ure to be a <pjadrilatoral. 

Constructiou. Join BD. 

DosorilM} tlie parallelogram FH e<pial to the triangle ABD, 
and having the angh^ FKH cMjiial to the angh; E. I. 42. 
To GH applv the parallelogram GM, c*qua] to the triangle 
DBC, and naving the a^igle GHM equal to E.*" I. 44. 
Then shall FKML be the parallelogram required. 

ProoX. Because each of tjlig angles GHM, FKH is equal to E, 
therefore tlie angle Fl^ is equal to the angle GHM. 

To each of these ecjiials add the angle GHK; 
then the angles FKH, GHK are togeth(*r„equjtl tt! the angles 
GHM, GHK. • 

But since FJ^, GH ’are parallel, and KH meets Irfiem, 
therefore the angles FKH, GHK are together equal to two 
right angles; ^ i. 29. 

tlierefore also the angles GHM, GHK are together equal to* 
two right angles : , 

therefore KH, HM arc in the sHiue straight line. i. 14. 


H. E. 


6 
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A< 5 ^•lill, l)(}c;auso KM, FG arc parallel, and HG meets tli(‘m, 
tUerefore the altaruate ani^lcs MHG, HGF are (jqual: i. 29 
to each of those 0 (|uals add the aii^i^iC HGL; 
tlien 'the angles MHG, HGL are together cquaKo'the angles 
HGF, HGL 

But l)eeaus(^* HM, GL are parallel, and HG meets them, 
therefore the angles MHG, HGL are together equal to 
two right angles: 1.29. 

therefore also the angles HGF, HGL are together equal to 
two right angles : 

tlieroforc FG, GL are in the same straight line. i. 11. 

And because KF and ML are each parallel to HG, Consir, 
therefore KF is parallel to ML; 1. 30. 

and KM, FL ai’e j>arallel; Comtr. 

thejvfore FKML is a jiarallelogi’ain. Def. 20. 
And l)ccau'..e the })arallelogram PH is equal to the triangle 
ABD, ‘ Conslr, 

and the parallelogrlim GM to tluj triangle DBG; Coilstr. 
then'fore the whole parallelogra<.i FKML is equal tb the 
whole figure ABCD; ^ < 

andqt lias the angle FKM etjual to the angle E. 

Uy a^'series of similar st(‘ps, a parallelogram may be 
oonstru<;ted equal to a rectilineal lig'are off more than four 
sides, Q.E.P. 
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Proposition 16. Problem. 

% 

t 

To ^ascripe a square on a givey, strctight line. 


D 


A 


E 


B 


Jjot AB bo ilio giv'ou straight lino : 
it is i' 0 (j[uii'ocl to closeribo a square on AB. 

Constr. Prom A draw AC at right aiiglo.s to ^B * i. 11.* 
and make AD equal to AB. I. 3. 

Tlirough D draw parallel to AB; l. 31. 

and through*© draw BE parallel to AD, meeting DE in E. 
Then sliall A DEB bo a square. 

J^roof. For, by cojjstruetion, ADEB is a parall(‘lQgra.m : 

ihoi^d’oro AB is e*|ual to DE, and AD to«BE. I. 31. 

Put AD is equal to AB ; Conatr. 

tlAU’oforo the foui' straight lines AB, AD, DE, EB are equal 
to one another; ^ • 

. that i.s, the lig«re ADEB is e<juilateral. 

Again, since AB, DE are parallel, and AD mj^ts them, 
therefore the angles BAD, ADE are togetlioV equal to two 
right angles ; l. 

but the angle BAD is a right angle ; • Constr. 

therefonj also the angle ADE is a riglit angle. 

And the opposite anghis of a parallelograJii are equal; i. 34. 
therefore each of the angles DEB, EBA is a right angle : • 

that is the figure ADEB is rectangular. • 

Hence it is a square, and it is described on AB. 

^ • Q.E.F. 

Corollary. If one angle of a‘'paralleU>gram is a right 
angle^ all its angles are ri(flit arufles. 

6—2 
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Proposition 47. Theorem. 

I)h <t rifjht-dnyled triaiujlc tlm stpiare described on the 
hy})oleHuse is equal to the sum of the squares descrioed on 
the other two sides. 


Q 



.ABC ln5 ;i right-angled triangle, having the angle 
BAG a right angle,: 

then shall the s(iiia.re deserihed on the Jiypoteiinse BC be 
equal to the sum of the scpuires described on BA, AC. 

• 

Coitsf'rudio7i. On BC deserihe the square BOEC; i. 4G. 
and on BA, AC deserihe the squares BAGF, ACKH. 

Thl'OU^4i A draw AL parallel to BD or CE; i. 31. 
and join AD, FC. 

rroof, Tlien because eacli of the angles BAC, BAG is a 
light angle, 

therefore CA and AG are in the same straight line. i. 14. 

Now the angle CBD is equal to the angle FBA, 
for each of them is a right angle. 

Add to each the angle ABC ; 

then the whole angle ABD is equal to the whole angle FBC. 
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Then in the triangles ABD, FBC, 

( AB is equal to FB, 

Because -j • and BD is ecjual to BC, ^ 

, [also tfco an^le ABD is equal* to tlie «*in^lo FBC; 
therefore the triangle ABD is C(jual to the triangle FBC. 1. 4, 

the*parallelogram BL is double of the triangle ABD, 
fpr they are on the same base BD, and between the same 
p.arallels BD, AL. i. 41. 

And the square GB is double of ihe triangle F^C, 
for they are oTi the same base FB, and between the san^e 
jKirallels^g, GC. • i. 41. 

But doubles of equals are ecjual : Aa\ 0. 

therefore the parallelogram BL is equal to tlu^ squani GB. 

Til a similar way, by joining AE, BK, it can be shewn 
that the parallelogram CL is equal to the S(iiiare CH. 

Tlierefore the whole square BE is equal to the sum of tluf 
squares GB, HC : * 

that is, the square described on the liypotenuse BC is eipial 
to the sum.' of tlie squares th'seribed on the two .sides 
BA, AC. Q.R.D. 

i 

Notk. It »is not necessary to the proof of this Proposition tliat 
the three s<piare.s sliould be cleseiibed external to the*trian"le ABC; 
and since each sqnai’c may he diawn eitlu% toicartU or auuuf Jrom tlie 
titangle, it may be shewn that there ar<B 2 2 x 2, or eighty possible 

constructions. 


KXKKCLSF.S. 


In the fignre of this Proposition, shew that 

(i) If BG, CH arc joined, these straight lines are parallel; 

(ii) The points F, A, K are in one straight line; 

(iii) FC and AD arc at right angles to one anol^ier; * 

(iv) If GH, KE, FD are joined, the triangle GAH i.s equal 

to the given triangle m all respects; and the triangle.s 
FBC\ KCE are each equal in area to the*triangle ABC. 

• [See Ex. 9, p. 73.] 
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2. On the sides AB, AC of any triangla ABC, squares ABFG, 
ACKH are described both toward the triangle, or both on <che side 

remote from it: shew that the straight lines BH and CG are equal. 

# 

3. On the sides of any triangle ABC, equilat'^ral triangles BCX, 
CAY, ABZ are described, all externally, or all towards the triangle: 
shew that AX, BY, CZ arc all equal. 

f 

4. Z'he square described on the diagonal of a given square^ is 
double of the given square. 

5. ABC is an equilateral triangle, and AX is the yer'pendieular 
drawn from ^ to BC; shew that the square on AX is three times the 

. square on BX. 

0. Describe a sciuarn equal to the sum of two given Squares. 

7. From the vertex A of a triangle ABC, AX is drawn perpendi¬ 
cular to the base > shew that the dilTcrence of the squares on the sides 
AB and AC, is equal to the difference of the squares on BX and CX, 
the segments of the base. 

' 8. If from any point O within a triangle ABC, perpendiculars 

OX, OY, OZ aic drawn! to the sides BC, CA, AB respeetively; shew 
that the sum of the squanjs on the segments AZ, BX, CY is equal to 
the sum of the squares on the segments AY, CX, BZ. 


Proposition 47. Alternative Proof. 



Let CAB be a right-angled triangle, having the angle at A a right 
angle: 

then shall the square on the hypotenuse BC be <!qual to the sum of 
the squares on BA, AC. 
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On AB describe the square ABFG. i. 46. 

From KG and GA cut off respectively FD and GK, oacli equal 
to AC. . I. 3. 

• On GK describe the square GKEH : i. 4G. 

then HQ and GF are in the samq strai^fht line. 1 .11. 

Join CE, ED, DB. 


It i^Jl first Jie shewn that the figure CEDB is the square on CB. 


Now CA is equal to KG ; add to each AK: • 

therefore CK is equal to AG. 

Similarly DH is equal to GF: 
hence the four lines BA, CK, DH, BF arc alljequal. 


•jThen in the triangles BAC, cSe, 

^ BA is equal to CK, Proved. 

Because ? equal to KE; * Constr. 

j also the contained angle BAC is equal to the contained 
* angle CKE, being right angles ; 
therefore the triangles BAC, CKE are equal ir#all respects, i. 4. 
Similarly the four triangles BAC, CKE, DHE, BFD may be shewn 
to he equal in all respects. 

Tlierefore the four straight lines BC, CE, ED, DB are all equal; 

that is, tlic figure CEDB is equilateral. ^ * 


Again the angle CBA is eijual to the angle DBF; Proved. 
add to each the angle ABD: 
then (the angle CBD is equal to the angle ABF: 

therefore the angle CBD is a right angle. 

Jfonce the figure CEDB is tho square on BC. Pef. 28. 


And EHG K is equal to the square on AC. ^ Comtr. ^ 

Now tho square CEDB is made up of the two triangles BAC, CKE, 
and llio roctiliiical figure AKEDB ; • 

therefore tho square CEDB is otpial t6 the triangles EHD, DFB 
together with tho same r(j|itilineal figure; 

but these make uj^thc squares EHGK, AGFB: 
hence the squaie CEDB is equal to the sum of the squares EHGK, 
AGFB: / 

that is, tho square on the hypotenuse BC is equal to the sum of tho 
squares on tho tw'o sides CA, AB. * g. l. n. 


Ohs. The following proportie.s of a square, though not 
formally enunciated by Euclid, are employed iii subsequent 
proofs. [See i. 48.] 


(i) The squares on equal straujht lines are equal. 

(ii) EquM squares stand upon equal straight lines. 
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Proposition 48. Theorem. 

1 

If the square described on one side of a trianqle he equal 
to the sum of the squares described on the other two sides, then 
the auyJe contained by these two sides shall be a riyht angle. 



|j(‘t ABC 1)0 a triaiii^lo ; and lot tiio squarn doscribed on 
BC 1)(* n(]|ual io«»iho sum of tlio squares doscribed on BA, AC: 
llion sliall the aimlo BAC bo a rij^lit an"le. 

n no 


Constrnction. Kroin A draw AD at ri^bt ani^los to AC; l. 11. 
* and make AD equal to AB. I. 

tJ oin DC. 

Proof Tbon, Iwrause AD is equal to AB, Co7istr. 
thero£or<‘ tlu* square on AD is ecjual to tlie ^uare on AB. 

To each of tlioso add tlio S(|uaro on CA; 

' then tlie sum of the squares on CA, AD is equal to tlio sum 
of the squai'os on CA, AB. , 

Put, becaus(» the ani^lo DAC is a ri<(ht u.ni'le, Coustr. 
tlH;refore tho squaio on DC is equal to tlu' sum of the 
squares on CA, AD. ^ L 47. 

And, by Jiypothesis, tho squaio on BC is equal ti) tho sum 
of the squares on CA, AB; 


therefore tno .jquaro on DC is equal to tho square on BC: 
therefore also tho side DC is equal to tho side BC. 

Then in the triangles DAC, BAC, 

/• DA is equal to BA, Constr. 

^ J and AC is common to both; 

Ctxust third side DC is equal to tho third side 


, I BC; Proved. 

therefore the angle D'AC is equal to the angle BAC. i. 8. 

But DAC is a right angle; Co 7 istr. 

therefore also BAC is a right angle. q. e. d. 
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*INTR0DUCT01ir. 


HINTH THE SOLUTION OF (iKOMKTRTCAL EXERCfSES. 

• ANALYSIS. SYNTHESIS. * 


It is commonly found tluit exercises in Pure O,ometry ])resont 
to a boginner far more ditliciilty tlian example's iu*any other 
branch of Elemcnt:|ry Mathematics. This seems to be <lue ti* 
the following causes. 

(i) The main Propositions in the text of Euclid must be not 
merely understood, but thoroughly digested, Ijclbre the exercise's 
depending upon them can bo successhilly attempteiii 

(ii) The variety of such exercises is practically uidimited; 

and it is impossilde to lay down for their treatment any definite 
methods, such as the student has been accustomed to hnd in tlie 
rules of Elementary Arithmetic and Algebra. • 

(iii) The arrangement of EuclidV Propositions, though per¬ 
haps the most ronri}i('iiu/ of all forms of argument, aflords in 
most cases little clue as to the way in which the proof or con¬ 
struction was discovcreJ, 


Euclid’s jiropositions are arranged synthetically : that is 
to say, they stait from the hypothesis or data; they^m^xf pro- 
cee3d to a construction in accordance with postulates, and pro¬ 
blems^ alread}" sol red; then by successive s1;cps based on known 
theorems, they finally establish the result indicated by the enun¬ 
ciation. • • • 

Thus Geometrical Synthesis*is a hu'ddhig up of known results, 
in order to obtain a new result. ^ 

But as this is not the way in which constructions oy proofs 
are usually discovered, we draw the attention of the student to 
the following hints. • * • 

Begin by assuminfj the result it is desired to establish; then 
by working backwards, trace tlio consequences of the assumption, 
and try to ascertain its depeiuh'iice on some simpler theorem 
which is already known to be true, or on some condition which 
suggests the necessary construction. If this attempt is suc- 
ce^ssful, the steps of the argument may in general I>e re-arranged 
in reverse order, and 4he construction and proof presented in a 
synthetic form. * 
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This unravelling of the conditions o* proposition in order 
to trace it back to some earlier principle on which ifc depends, 
is called geometrical analysis : it is the natural Avay of attack¬ 
ing most exercises of a more difficult type, and it is especially 
adapte<l to the solution of problems, * 

These directions arc so general that they cannot be said to 
amount to a metbod: all tliat can be claimed* for G/./metrical 
AnaSysis is that it fiivmshes a mode of searchinif for a 
svijijextiony and its success will necessarily depend on the skill 
and ingenuity with which it is employed; these may be expected 
to come with experience, but a thorough grasp of the chief Pro- 
'positions of Eiicud is essential to attaining tk jm. 

.The practical application ol these hints is illustrated by the 
following examples. 

1. Construct an isoscelrs trlan<)lc havmff given the hase^ and the 
sum of one ofathc equal sides and the iierpendicular drawn fiom the 
1 'L’rte.v to the base. 



Let AB he the given hasc, and K the sum of one side and the 
perpendicular drawn from the vertex to the base. 

ANAnysiR. Suppose ABC to he the required triangle. 

^ From C draw CX perpendicular to AB : 

then AB is bisected at X. ^ i. 26. 

Now if we produce XC to H, making XH equal to K, 
it follows that CH --CA ; 
and if AH is joined, 

wc notice that the angle CAH --the angle CHA. i. 6. 

Now the straight lines-XH and AH can he drawn before the position 
ofC is kuoirn ; 

Hence *wo have the following constriictpn, which we arrange 
synthetically. * 
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Syntbesis. Bisect AB at X : 

from X Araw XH perpendicular to AB, making XH equal to K, 

• Join AH. 

At the point A ift HA, make the anyle HAC equals to the angle 
AHX ; and join CB. • • 

Then ACB sliall be the triangle required. 


k FirsUilic triangle is isosceles, for AC —BC. i. 4. 

Again, since the angle HAC —the angle AHC, (hufstr. 
• .*. HC^AC. I. h. 

To each add CX ; 

then the sum of AC, CX:-tlie sum of HC, CX , 

r^HX. 

That is, the sijm of AC, CX = K. g. r«. f. 


• • 

2. To divide a given, straight line so that the square on one part 
may he double of the square on the other. 



Let AB be the friven straight line. , 

• • 

Analysis. Suppose AB to bn divided as required at X : that is, 
suppose the sqiiaie on AX to be double of tly; square on XB. 

Now wo rennunber tliat in an isosceles riglit-angled triangle, the 
square oh the lij'potenusc is (bjuWo of the square on either of the 
equal sides. * # 

This suggests to us to draw BC perpendicular to AB, and to make 
BC equal to BX. ^ 

Join XC. 

Then the square on XC.is double of the square on XB, i. 47. 

* XC-AX. • 

And when we join AC, we notice that 

the angle XAC —the angle XCA. i. i). 

Hence the exterior angle CXB is double of the angle XAC. i. 32. 

But the angle CXB is half of a right angle ; ,i. 32. 

.*. the angle XAC is one-fourth oJ*a right angle. 

This sup^jlios the elite to the following construction : — * 
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Synthesis. From B draw BD perpendicular to AB ; 

and from A draw AC, making BAG one-fourth of a ri/fht angle. 
From C, the intersection of AC and BD, draw CX, making the angle \ 

ACX equal j;o the angle BAC. * i. *23. 

Then AB shall be divided as required at X. 

For since the angle XCA = tho angle XAC, 

XA = XC. , / I. G. 

And because the angle BXC = the sum of the angles BAC, ACX, i. 32. 

.*. tlie angle BXC is half a right angle; ' 
and the angle at B is a right angle; 
tlicrefore the angle BCX is half a right angle; i. 32. 

* thevefore the angle BXC - the angle BCX ; 

. BX=-BC. : 

Hence tho square on XC is double of the square on XB : i. 47. 

‘that is, the squaic on AX is double of the squarc'oA XB. q.e.f. 

I. ON THE IDENTtCATi EQUALITY OE TRIANtHJOS. 

* Sec Propositions 4, 8, 2(5. 

1 

1. If in a liiangle tho perpendicular fioni the vertex on tho base 
bisects the, base, then the triangle is iso ceU's. 

2. If the bisector of the vertical angle of a triangle is also per- 
l)eiidicular to the base, the triangle is isosceles. 

* I 

• • • 

3. If the bisector of tho vertical angle of a ti iaugle also bisects 
the base, the triangle fs isosceles. 

[P roduce, the bisector, and complete tho construction after the 
manner of i. IG.] « * 

4. If in a triangle a pair of straight lines drawn from tho ex¬ 
tremities oif the base, making equal angles with the sides, are equal, the 
triangle is isosceles. 

5. ^ If in a triangle the perpendicularsr drawn, from the extremities 
of the base to the ojiposito sides are equal, the triangle is isosceles. 

C. Two triangles ABC, ABD on the same base AB, and on opposite 
sides of it, are such that AC is equal to AD, and BC is equal to BD : 
.shew that the line joining the points C and D is perpendicular to AB. 

I 

7. If from the extremities of the base of an isosceles triangle per¬ 
pendicular's are drawn to the opposite sides, shew that the straight 
line joining the vertex to the intersection of thefe perpendiculars bisects 
the vertical angle. 
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8 . ABC is a triangle ii\ which the vertical angle BAC is bisected 
by the straight line AX; from B draw BD perpendicular to AX, and 
produce it to m^et AC, or AC produced, in E; then show that BD is 
eipial to DE. • 

—t. In a (xuadrilatenA A BCD, AB is eciual to AD, and BC is equal 
to DC: shew that the diagonal AC bisects each of the angles which it 
joins, ^ , 

10. In quadrilateral ABCD the opposite sides AD, BC are equal, 
and allso the diagonals AC, BD arc equal: if AC and BD intersect at 

• K, shew that caeh of the triangles AKB, DKC is isosceles. 

11. If one angle of a triangle be o(iual to the sumiof the other Iwo^ 
the greatest side is dc^ible of the distance of its middle point from the 
opposite angle. 

• m 

12. Two riijht-antjlcd triangles which have their hjfpotenuscs egnaJ, 
and one side of one equal to one side of the othei’y are identical}g equal. 

\ A 


A 




Ijet ABC, DEF be two A'’ right-angled at B and E, having AC 
equal to DF, and AB equal to DE: 

then shall the a** be identically equal. 4 

I'or apply the a ABC to thh a DEF, so that A nia>^fall on D, 
and AB along DE; and so that C may fall on»thc side of DE icmote 
from F. • 

Let C' be the point on which C falls. 

Then siiiye AB — DE, 

• B must fall on E; 

BO that DEC' represents the A ABC in its new position. 

Now each of the z * DEF, DEC' is a rt. l ; If .VP* 

EF and EC' are in one st. line. i. 11 , 

‘ Then in the a C'DF, 
because DF — DC', 

.-. the Z DFC'=the z DC'F. 

Hence in the two A-’ DEF, DEC', 

! the Z DEF=thc Z DEC', being rt. l ''; 
and the Z DFE = the Z DC'E* Proved. 

also the side DE is common to both; 

.•. the A* D^F, DEC' are equal in all respects; * 1 . 20. 

that is, the DEF 3 ABC are equal in all respectu. q.e.i>. 
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13. If two irianglc.3 have two sides of* the one equal to two sides (f 
tlw oUwr^ each to each, and have likewise the angles opposite to one pair 
of equal sulcs equals then the angles opposite to the other pair of equal ^ 
sides arc either equal or supplementaryy and in the former ease the 
triangles arc equal ins all respects. ■*' 



|j« t ABC, DEF 1)0 two tnaui^lcs, having tho side AB equal to the 
side, DE, till! side AC equal to tlie side DF, aiitl llie ABC equal to 
tlie L. DEF ; then shall the L.^ ACB, DFE he cither 0(|ual or supide- 
inentary, and in the former case the triangles sliall he eijual in all 
respects. 

If the L BAC-lhe Z- EDF, 
then the triangles are equal in all respects. I. -1. 

lJut if the L. BAC he not eipial to the £- EDF, one of them must ho 
. the grealer. 

*» Let the L. EDF he gnsuer than the L. BAC. 

^\t D in ED make, the L. EDF' equal to tlie L. BAC. 


Then the A® BAC, EDF' are eipial in all respects. i. 2(5. 

.-. AC-DF' ; 

hut AC*- DF ; Hyp. 

DF-.DF', 

.-. the u DFF'-^tho £_ DF'F. i. 5. 

But the U' DF'F, DF'E are .suiijileinentary, i. 13. 

.*. the lJ DFF', DF'E arc suppleinentary: 
that is, the LJ DFE, ACB sire sUpplorncutary. 


Q.E.t). 


Three cases of this theorem deserve special attention. 

It has hecn jiroved that if the angles ACB, DFE are not cgualy 
they are supplementary :' 

And wb know that of angles which arc supplementary and unequal, 
one must be acute and tho other obtuse. » 
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CoROLLAiiiES. Hcnccj ill addition to tlic liypothesis of this 
theorem, ' 

(1) Ifllje angles ACB, DFE, opiiositc to the two equal .sides 
AB, DE are both acute, both obtuse, of if one of them 
is a right angle, 

it follows that these angles arc C(|ual, 

Hiflk therefet-e that the triangles are e(jual in all respeets. 

(ii) » If the two given angles are right angles or obtu.se angles, 
• it follows that the angles ACB, DFE must be botli 

acute, and therefore e<jual, by (i) : 
so that the triangles arc e(iual in all rcs^iects. • 

(iii) If in caJ^ triangle the .side oppo.site the given angle is nof 
loss than the other given sidi*; that is, if AC and DF 
* sfi'c not le.ss than AB and DE respeelively, then 
the angles ACB, DFE caiiuoL be greater than the angles 
ABC, DEF respectively ; 

therefore the angles ACB, DFE, ari^botli acute ; 
hence, as above, they aic e((u;il ; 
and the irianglc.s ABC, DEF are e«[ual in all respects. 


• U. ON INEQUALITIES. 


Sec Propositions 1(5, 17, 18, 11), 20, 21, 21, 2.h. 

1. In a triangle ABC, if AC is not greater than AB, shew tliat 
any straight line drawn through the vertex A, and terminated by the 
base BC, is less than AB. 

• • 

2. ABC 1*4 a triaiujlc, and th$ vertical angle BAC /.s bisected by a 
straight line lohich meets the base BC in X ; shew that BA is greater 
than BX, and CA greater than CX. Hence obtain a proo/^of i. 20, 

3. 2'he perpendicnlnr is the shortest straight line that can be 
drawn from a given point to*a given straight live ; and of otloM’s, that 
which is nearer to the perpendicular is less than the more remote ; and 
two, and only two equal straight lines can be drawn front the given 

point to the given straight limy one on each side of the perpendicular, 

— # 

4. The sum of the distances of any point from the three angular 

points of a triangle greater than half its perimeter. * 

5. The sum of the distances of any point within a triangle from 
its angular points is loSs than the perimeter of the triangle. 
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6 . Tiic perimeter of a quadrilateral is, greater than the sum of its 

diagonals. * 

7. Tlie sum of tlie diagonals of a quadiilatejral is less than the 
sum of the four straight lines drawn from t^e angular points to any 
given point. Trove this, and point out the exceptional case. 

9. In a tnaiuile any two sides arc toycthcr yreater tlw , twice the 
mi'dhui which bisects the reinaininy side. [See Dcf. p. 73.] 

[Produce the median, and complete the construction after the 
manner of i. 10.] 

9. In any t^anyle the siun of the vicdians is Jess than the iwri- 

*ineter. • T 

10. In a triangle an angle i.s acute, obtuse, Lr'a right angle, 

according as the median drawn from it is greater than, less than, or 
equal to half the opposite side. [^cc 15x. 4, p. 59.j 

i _ 

11. The diagonals of a rhombus are unequal. 

12. If the vertical anylc of a trianyle is contained by une<inal 
sides, and if from thevertec the median and the bisector of the anylc 
arc drawpt, then the median lies within the anyle contained by the 
bisector and the lonyer side. . 

Let ABC be a A, in which AB is greater 
than AC; lot AX be the median drawn from 
A, and AP the bisector of the vertical 
ZBAC: 

tlien shall AX lie between AP and AB. 

Product AX to K, making XK equal ii» 

AX. JoiiiKC. 

Then the a" BXA, *CXK may be shown 
to bo equal in all res|iects; , ^ i. 1. 

hence BA —CK,and the z BAX —tlv3 z CKX. 

But since BA is greater than AC, Hyp. 

CK is greater than AC; 

.•. the z CAK is greater than the zCKA: i. 18. 

that is, the Z CAX is greater than the Z BAX : 
the Z CAX must be more than half the vert. Z BAC; 

hcuco AX lies within the angle BAP, y.E.n. 

1.3. If two sides of a. trianyle arc unequal, and if from their point 
of intersection three straiyht lines are drawn, luimely the bisector of the 
vertical anyle, the median, and the perpendicular to the hasc^ the first 
is intermediate in position and maynitiide to the other two. 


A 
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111. ON I'AUALLEJ-S. 

^iee Propositions 27—31* 

1. IlLs* liny meets two parallel straight lines, ami the 

two iiitemir aiigit'S on the same side are bisected; shew thaJ the 

bisectors m^iet at right angles, [r. 20, i. 02.] 

• 

2. The straight lines drawn from any point iii the bisector of 
* an angle parallel to the aims of tbo angk*, and terminated by them, 

are ctiual; and the resulting figure is a rhombus. \ * 

3. AB and CD are two straight lines intersecting at D, and tiio 
adjacent angles «o formed are bisected: if through any point X in 
DC a straiglit line YXZ be drawn parallel to AB and meeting tlie 
bisectors in Y and Z, shew that XY is equal to XZ. ^ 

^ 4. If two straight lines are parallel to two other straight lines, 

each to each; and if the angles contained by each pair are bisected; 
shew tliat the bisecting lines are parallel. 

6. The middle point of any straight lino which meets t^o 2 mrallol 
straight lines, and is terminated by tb^m, is equidistant from the 
parallels. 

6. A straight linft drawn between two parallels and terminated by 

them, is bisected ; show tliat any other straight line jiassing througli 
the middle point and terminated by the parallels, is also bisected at 
that ])oint. # 

7. If through a point equidis1;ant from two jiarallel straight lines, 

two straight lines arc drawn cutting the parallels, the portions of the 
latter thus iuterce^itcd are equal. * 

• • 

^ PboiAems, 

8. AB and CD are two given straight lines, and X fs a given 
point in AB : find a jioint Y in AB such that YX may be equal to the 
pcriiendicular distance of Y from CD. 

9. ‘ABC is an isosceles triangle; required to draw a straight 
line DE parallel to the base BC, and meeting the equal sides in D and 
E, so that BD, DE, EC may bo all equal. 

10. ABC is any triangle; required to draw a straight line DE 
parallel to the base BC, and meeting the ot^er sides in D and £, so 
^that DE may be equal to the sum of BD and CE. 

11. ABC is any triangle; required to draw a straight line parallel 
to the base BC, arid meeting the other sides in D and E, so that DE 
may be equal to the diHereuce of BD and CE. 

U. E. 


7 
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IV. ON DARALLE LOO HAMS. 


See Propositioii.s 33, 34, and the deductions from tlio.se Proi)S. 
giveji on page G4. i , 


]. 'J'he Hlraitfht hue draivn throwfh the middle point of a aidr. of a 
triaiKjle parallel to the base, bisects the remainint) side. 

' Let ABC be a a , and Z the middle point 

of tlio side* AB. Tlirough Z, Z Y is drawn pad A 

to EfC; then .shall Y be the middle point of AC. ^ 

Through Z draw ZX pai’ to AC. i. 31. \ 

Then ,hi th e a A Z Y, Z BX, _AY 

becan.se ZY and BC are ])ar*, \ 

tlie Z AZY —tlic z ZBX; i. 21J \ \ 

and becau.so ZX and AC are pad, / \ __ \ 

the zZAY = the z BZX; i. 2^1. B X C 

’ also AZ — ZB; IIifp. 

AY = ZX. ■ 1.20. 

But ZXCY is a par>>i by construction; 

ZX=^YC. I. 34. 

Hence AY = YC ; 

that is, AC is bisected at Y. g.E.n. 


I. 31. 


g.E.D. 


2. Tl'd straight line which joins^ the middle points of two sides of a 
tnantjle^ is parallel to the third side. 

Let ABC be a A, afid Z, Y the middle A 

points of the sides AB, AC: 

then shall ZY be par‘ to B6. • X \ 

Produce ZY to V, making YV cVpial to X Xy J 

' ,oi„CV. / VV 

Then in the A« AYZ, CYV, / \ / 

e AY = CY, Hyp. X - Y 

Because! andYZ--YV, Const r. ° 

(and the z AYZ = the vert. opp. Z CYV; i. lo. 

AZ.= CV, 1.4. 

and the Z ZAY:=the Z VCY; 

lienee CV is pad to AZ. i. 27. 

But CV ki equal to AZ, that is, to BZ: 4/^p. 

.*. CV is equal and par* to BZ : «. 

‘ . Z V is equal and pad to BC: i. 33. 

that is, ZY is pad to B^. q.e.d. 

[A second proof of this proposition may be derived from i, 38,39. j 
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3. The straight Unckwhich joins the middle points of two sides of a 
triangleSs equal to half the third side. 

4. Shew*tJiat the three straight lines lohich join the middle points 
of the sides of a triangle, divide it into four tiiangleh which arc identi¬ 
cally equal. 

5. ^^ng straight line drawn from the i'erte.r of a triangle to the 
base i^iisected*bg the straight line which joins the middle poin^si of the 
other sidfs of the triangle. 

ft. Ciiven the three niidtlle pt>ints of the sitlca of a triangle, con¬ 
struct the triangle. 

7. AB, AC an two given straight linos, ano P is a given 2 i<Jint 
between them; required to diaw' through P a straight lino^termi¬ 
nated by AB, AC, and bisected by P. 

8. ABCD is a 2>arallelograni, find X, Y aio the middle points of 
the ojqiosito sides AD, BC: shew that BX and trisect the dia¬ 
gonal AC. 

9. If the middle points of adjacent sides of any quadrilateral be 
joinedy the Jigure thus Jonned is a parallelogram. 

10. Shew that the straight lines wdiich join the middle points of 
opposite sides of a (piadrilateral, biscot one another. 

11. The strai^fht line which joins the middle i)oints of the oblique 
sides of a trape/iuni, is parallel to tlie two iiaiallel sides, and jiasses 
through the middle points of the diagonals. 

12. The straight line ichieh joins the middle j^oinls of tlisi oblique 

sides of a trapezium is equal half the sum of the paralkl sides; and 
the portion intercepted between the diagonals is equal to half the 
difference of the parallel sides. * 

Definition. If from thtf extremities of one straight line ^^er- 
l>eiidiculai\s* are drawn to another, the portion of the latter 
intereepted between the perpendiculars is said to l)f the Ortho¬ 
gonal Projection of the ffrst line upon the second. 


P X Y Q 



Q 


Thus in the adjoining figures, if from the extremities of the straight 
line AB the perpendiculars AX, BY are drawn to PQ, then XY is tho 
orthogonal projection of AB on PQ. 


7—2 
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Hi. .1 f/ivcn slraifjht linr AB in bisected At C; shew that the pro¬ 
jections of AC, CB on any other straiyht line arc equal. 


• B 





1 

_ 


Y 



Q A 

Q 


XZ, ZY l>c* ihe projocfcion.s of AC, CB on any atraiglil line PQ: 
thou XZ and ZY shall be equal. • 

'J’hVuuf^li A draw a strai^dit lino i)arallel to PQ, nif'cting CZ, BY 
or these lines produced, in H, K. i. 31. 

Now AX, CZ, BY ai’e iiarallel, for they are perp. to PQ; i. 28. 
.•. the figures XH, HY are pai”"’; 

.'. AH-XZ, and HK=-ZY, i. 3J. 

lint tlirough C, the middle point of AB, a side of the a ABK, 
CH has been drawn parallel to the side BK; 

.". CH bisects AK: Ex. 1, p. 9(>. 

that isy AH = HK; 

XZ=ZY. Q.E.D. 


11. If three jmrallel straiyht lines make equal intercepts on. a 
fourth straiyht line which meets them, they icill also make equal inter¬ 
cepts on'any pther straight line which meets them. ,, 

15. Equal and parallef straiyht lines have equal projections on any 
other straiyht line. 

• ♦ 

lb. AB is a given stiaiglit line Ciiseetcd at O; anij AX, BY are 
perpendiculijrs drawn from A and B on any other straight line: shew 
that OX is equal to OY. 

I 17. ^ AB is a yiven straight line bisected at O : and AX, BY and OZ 
arc perpendiculars drawn to any straiyht line PQ, which docs no^pass 
between A and B: shew that OZ is equal to half the sum of AX, BY. 

[OZ is said to be the Arithmetic Mean between AX and BY.] 

18. 'AB is a given straight line bisected at O; and through A, B 
and O parallel straight lines are drawn to meet a given straight line 
PQ in X, Y| Z; shew that OZ is equal to half the sum, or half the 
difference of AX and BY, according as A and U lie on the same side 
or on opposite sides of PQ. 
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19. To dhntle a givm finiu straight line into 
parts. ' 

[For example, required to divide the straight 
line AB into jive eqi^l parts. » 

From A draw AC, a straight lino of un¬ 
limited length, making any angle with AB. 

In^C take a?ig point P, and mark off 
successive parts PQ, QR, RS, ST each equal 
to,AP. * 

Join BT; and through P, Q, R, S draw 
parallels to BT. 

It maybe shown by Ex. 11, p. 98, that these 
parallels divide AE5»into live equal parts.] 


any number of equal 


A 



20. If through an angle of a parallelogram ang straight line 
is drawn, the perpendie.nlar drawn to it from t/ie opposite angle 
is equal to the sum or differenee of the ijerpeiidiculars draicn to it 
from the tiro remaiuiug angles, according as the given straight line 
Jails without the parallelogram, or intersects it. 

[Through the opposite angle draw a straight line parallel to the 
given straight line, so as to meet tho perpendicular from one of the 
remaining angles, produced if necessary: then apply i. M, i. 2C. Or 
proceed as in the fellowing example.] 


21. From the angular point.s of a parallelogram perpendiculars 
are drawn to any straight lino which is without the parallelograms- 
show tliat the :»um of the pqj.’pcndiculara drawn from* one pair of 
opposite angles is equal to the sum of those drawn from the other pair. 

[Draw the diagonals, and from their point of intersection let fall a 

perpendicular upon the given straight line. Ree Ex. 17, p. 98.] 

• • 

22. The^sum of the perpeiKliculars drawn from any point in the 
base of an isosceles triangle to the equal sides is equal to ^lie perpendi¬ 
cular drawn from either extremity of the base to the ojqiosite side. 

[It follows that the sum of the distances of aug point in the base 
of an isosceles triangle fyom the equal sides is constant, •that is, 
the same whatever point in the base is taken.] 

23. In the base produced of an isosceles triangle any point is 
taken: shew that the difference of its distances from the equal sides is 
constant. 

0 

0 

24. The sum of the perpendiculars drawn from any point within 
an equilateral triangle to the three sides is equal to the jierpendicular 
drawn from any one rtf the angular points to tl»e opposite side, and is 
therefore constant. 
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ritOliLKMS. 

[Problems marked (*) admit of more tlianone solution.] 

*25. Draw a straight lino tlirough a given jwint, so that the^^art of 
it inteiy5cptcd between two given paiallcl straight lines ^nay be of given 
Icngtli. 

20. Draw a straight line parallel to a given straight line, so that 
the part intcrct'ptcd between two other given straight lines may bo of 
given length. 

27. Draw a straight line equally inclined to two given straight 
lines that meet, so that the part intercepted between them may be of 
given length. 

28. AB, AO arc two given straight lines, and P is a given point 
ivithoiit the angle contained by them. It is required to draw through 
P a straight line to meet the given lines, so that the part intercepted 
between them may be equal to the part between P and the nearer line. 


V. MLSCEIiFiVNFOU.S THEOREMS AND EXAMPLES. 

Chiefly on i. 32. 

1. A in the vertex of an i.'iosceleit triangle ABC, a)\d BA produced 
to D, so that AD is equal to BA; if DC is draicUy shew that BCD is a 
right angle. 

2. I'he straight line joining the middle point of the hypotenuse of a 
right-angled triangle to the right angl ’ is equal to half the hypotenuse. 

3. From the extremities of the b/*se of a triangle iier 2 )cndiculars 
are drawn to the opposite sides (produced if necessary); shew that the 
straight lines which join the middle point of the base to the feet of 
the perpendiculars are equal. 

4. Tn a triangle ABC, AD is drawn perpendicular to BC ; and 
X, Y, Z are the middle qnnnts of the sides BC, CA, AB respectively: 
shew that each of the angles ZXY, ZDY is equal to the angle BAG. 

6, hi a right-angled triangle^ if a perpendicular he drawn from 
the right angle to the hypotenuse^ the two triangles thus fanned are 
equiangular to one another.^ 

6. In a right-angled triangle tico straight lines are drawn from 
the right angle, one bisecting the hypotenuse, the other perpendicular 
to it: shew that they contain an angle equal to i'he difference of the two 
acute angles of the triangle. [See above, Ex. 2 and Ex. H.] 
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7. In a trianple if a perpendicular he drawn from one extremity 
of the ha^ to the bisecto? of the vertical anyle, (i) it will make ivith 
either of the sides containing the I'ertieal angle an angle equal to half 
the sum of the a^ngles at the base; (ii) it will make with the base an 
angle equal to half the^difference of the angles af, the b'ase. 

Let ABC be the given a , aiul AH the hi- A 

Bcctor tlie vertical Z BAC. 

Let cLK meet AH at right angles. 

(i) ThAi shall each of the z AKC, ACK 
1)0 equal to half the sum of the z" ABC, 

ACB. 

In the A’AKL, ACL, 9 XH C 

(' % the z KAL:-the Z CAL, * ITyp> 

Because k also the z ALK —the z ALC, being rt. L"; , 

( " * and AL is common to both a''; 

the Z AKL=tho z ACL. i. 12(). 

Again, the Z AKC=the sum of the Z * KBC, I4CB ; i. 3‘2. 
that is, the Z ACK — the sum of tlie z KBC, KCB. 

To eacli add the z ACK, 

then twice the z ACK —the sum of the z ^ ABC, ACB, 

.*. the z ACK = half the sum of the z " ABC, ApB. 

(ii) The z KCB shall bo equal io half the difference of the 
Z ^ ACB, ABC. 

As before, the z ACK —the sum of tlie z " KBC, KCB. 

To each of these add the Z KCB : 

then the Z ACB = tlie z KBC together with twice the Z KCB. 
twice the Z KCB = tlie difference of the z^ACB, KBC, 

that is, the l KCB=lialf tjie difference of the Z ** ACB, ABC. 

Corollary. If X be the middle point of tfie base, and XL be joined, 
it may be shewn by Kx, 3, p. 97, that XL */.■>• half BK ; that is, that 
XL is half the dijjerence of the^ides AB, AC. 

• • 

8. In any triangle the angle contained by the bitector of the 

vertical angle and the 2 >erpendieular from the vertex to the base is equal 
to half the dij'ereiwe of the angles at the base. [See Ex. 3, p. 59.J 

9. In a triangle ABC the side AC is produced to D, •hnd tlie 
angles BAC, BCD are bisected by straight lines \vhich meet at F; 
shew that they contain an angle equal to half the angle at B. 

10. If in a right-angled triangle one of the acute angles is double 
of the other, shew that the hypotenuse is double of the shorter side. 

11. If in a diagonal of a parallelogram any two points equidistant 
from its extremities be joined to the opposite angles, the figure thus 
formed will be also a |)arallelogram, 
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12. ABC is a given equilateral triangle, and in the sides BC, CA, 
AB tl)e points X, Y, Z arc taken respectively, so that BX, CY and AZ 
aie all equal. AX, BY, CZ are now drawn, intersecting in P, Q, R: 
sheAV that the triangle PQR is equilateral. 

ft 

13. If in the side.*^ AB, BC, CD, DA of a**parallelogram ABCD 
four points P, Q, R, S be taken in order, one in each K]de,^o that AP, 
BQ, CR, DS are all equal; shew that the figure PQRS is a j^rallelo- 
granu 

14. In the figure of i. 1, if the circles intersect at F, arid if 
CA and CB an* j>roduced to meet tlie circles in P and Q respectively; 
shew that the points P, F, Q are in the same straight line; and 
sk3W also Liat tiic, triangle CPQ is equilateral. 

[Proldcms marked (*) admit of more than one ftolwtion.] 

13. 'Phrough two given points draw two straight lines forming 
with a straight line given in position, an equilateral triangle. 

*10. From a given i)oint it is required to draw to two parallel 
straight lines two equal straight lines at right angles to one another. 

*17. Tliree given straight linos meet at a point; draw another 
straiglit line so that the two portions of it intercepted between the 
given lines may be equal to one another. 

I 

18. From a given point draw three straight lines of given lengths, 

so that their extremities may he in the same strail^lit line, and inter¬ 
cept equal distances on that line. [Sec Fig. to i. 10.] 

19. Use th(j properties of the cquilator.al triangle to trisect a given 

finite straight line. . 

li 

20. In a given triangle inscribe a rhombus, having one of its 
angles comcidinf. with an angle of tho triangle. 


VI. ON THL CONCURRENCE OF STRATOHT LINES IN A TRIANGLE. 

Definitions, (i) Three or more straight lines are said to 
be concurrent wlicn they meet in one point. 

(ii) Three or more points are said to be collinear when they 
lie upon one straight lino. 

We there give some jpropositions relating to the concurrence 
of certain groups of straight linos drawn in a triangle: the im¬ 
portance of tliese theorems will be more fully apjireciated when 
the student is familiar with Books in. and iv. 
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1. The perpejidiciilars drawn to the. sides of a triangle Jrom their 
middle points are concurfent. 


Let ABC»be a A| and X, Y, Z the 
middle points of its ft Ues : 

then shall the drawn to the 

sides from X, Y, Z by^^onciirrent. 

Fj*(^m Z and Y draw perp*’ to AB, AC; 
these p<jrps, sinfte they cannot be parsxllel, 
will mccj at point O. Ax. 12. 

• Join OX. 


A 



Ft is required to prove tluit OX is perj^ to BC. 

Join OA, OB, OC. 

. . Intho a«OYA, OYC, 

( YA .YC, 

because | and OY is common to both ; 

( also the L OYA — tlie l OYC, being rL i. 

.♦. OA-OC. 

Siinilarl 3 % from tlio A" OZA, OZB, 
it may be proved that OA = OB. 

TTence OA, OB, OC are all equal. ^ 

Again, in the a* OXB, OXC 
j BX--CX, 

Becausg -jand XO is common to both ; 

( also OB = OC: 

the z OXB = tho Z OXC; 


Uyp. 

I. 4. 


Hyp. 

Proved. 

I. 8. 


but those are adjacent Z ^ ; 

• .•. they are rt. l**; ^ Def.'TT 

that is, 6x is peiqi. to BC. * 

Hence the three perp'^ OX, OY, OZ nteet in the point O. 

• Q. E. i>. 


2. The bisectors of the a>9yl^s of a trianyle are concurrent. 

• * 

Let ABC be a A. Bisect the z "ABC, A 

BCA, by straight lines which must meet 
at some point O. Ax. 12. 

Join AO. 

It is required to prove that AO bisects the 

Z BAC. 

From O draw OP, OQ, OR perp. to the 
sides of the A . 

Then in the a" OBP, OBR, 

i the z OBP^the z» OBR, 

Because ^ and the z OPB = the z ORB, being rt. L®, 

I and OB is common; 

• .-. OP=OR. 



Constr. 


I. 2G. 
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Similarly from the A“ OOP, OCQ, 
it may be shewn that OP=OQ, 
OP, OQ, OR arc all equal. 


Again in the A" ORA, OQA, 
itlie i'® ORA, OQA are rt. l% 

n land the hypotenuse OA is 

Because^ common, 

< I also OR —OQ; Proved. 

the Z RAO = the z QAO. 


A 



Ex. 12, p. 01. 


That is, AO is the bisector of the z BAC. 


JtJence the biseettra of the three Z ® meet nt thc_ point O. 

Q. 10. I). 


3. The bisectors of two exterior angles of a iriaiKjle and the. 
bisector of the ihk'd angle are concurrent. 


Let ABC be a A, of which the sides AB, 
AC are produced to any points D and E. 

Bisect the Z * DBC, ECB by straight lines 
which must meet at some point O. Ax. 12. 

Join AO. 


It is required to 'prove that AO bisects the 
angle BAC. 

From O draw OP, OQ, OR perp. to the 
sides of the a . 




Because 


Then in the a** OBP, OBR, 
ftho Z OBP —the z OBR, Constr. 
also the z OPB —the Z ORB, 
being rt. L % 

and OB is common ; 

.-. OP-^QR. 


A 



Similarly in tho a® OCP, OCQ, 
it may be shewn that OP = OQ : 
.*. OP, OQ, OR are all equal. 


Again in the A* ORA, OQA, 
the z “ ORA, OQA are rt. l ®, 

Because and the hypotenuse OA is common, 

also OR = OQ; Proved. 

.*. the z RAO=the z QAO. Ex. 12, p. 1)1. 


That is, AO is .the bisector of the Z BAC. 
the bisectors of the tw'o exterior z “ DBC, ECB, 
and of the interior Z BAC meet at the point O. 


Q.E.n. 



THEOREMS AND EXAMPLES ON BOOK.!. 


105 


4. T/w medians of a triangle arc concurrent. 

Let ABC bc,a a. Let BY and CZ be two of its 
medians, and let them intersect at O. 

Jjfiin AO, ^ 

and produce it to meet BC in X. 

It is required to shew that AX is the remaining 
median of the A. 

Tlijou^h C draw CK parallel to BY: 

• produce AX to meet CK at K. 

Join BK. 

In the A AKC, 

I)ecausc Y is the middle point of AC, and YO it 
parallel to CK, ' * 

’ . O is the middle point of AK. 


A 



Ex. 1, p. 96. 


Again in the a ABK, 

since Z and O are the middle points of AB, AK, 

.*. ZO IS parallel to BK, • Ex. 2, p. 96. 
that is, OC is parallel to BK: 
the ligure BKCO is a par®. 

Sut the diagonals of a par™ bisect one another, Ex. 5, p. 64. 
.'. X is the middle point of BC. • 

That is, AX is a median of the a . 

Hence the three medians meet at the point O. q.e.d. 


Corollary. The three inedians of a triangle cut one another at a 
point of trisection, the greater segment zn each being towards the 
angular point. • 

Eor in the above figure it has beejj proved that 

AO = OK, . 

also that OX is half of OK; 

OX i?) half of OA : 
that is, OX Is one third of AX. 

Similarly OY is one third of BY, 
and OZ is one third of CZ. q.e.d. 

By means of this Corollary it may be shewn that in an^ triangle 
the shorter median bisects the greater side. 

[I’he point of intersection of the tlireo medians of a triangle is 
called the centroid. It is shewn in mechanics that a thin triangular 
plate will balance in any position about this point: therefore the 
centroid of a triangle is also its centre of gravity. ] 
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r>. The 'perpendictdant drawn from, the vertices of a triangle to the 
opposite sides are concurrent. * 


N A M 



Let ABC be a A, anti AD, BE, CF the tliree perp'’ drawn from 
the Yertic(*a to tlie opposite sides: 

then shall these perp" be concurrent. 

Throng!i A, B, and C draw straight linos MN, NL, LM parallel 
to tlie opposite sides of the a . 

Then the figure BAMC is a par"". l)ef. 20. 

AB-t-MC. 1.34. 

Also the figure BACL is a par*". 

AB=-LC, 

LC^pM : 

that is, C is the iiiiddLc point of LM. 

So also A and Bsare the middle points of MN and NL. 

Hence AD, BE, CF are the perp''to the sides of tlie a LMN from 
their middle points. „ Ex. 3, p. 54. 

hut these porp“ inept; in a jioint: Ex. 1, p. 103. 

that is, the perp" drawn from the vertices of the a ABC to the 
opposite si/les meet in a point. q.e.d. 

[For another proof see Theorems and Examples on Look in.] 


Dkii'intttons. 

(1) The intersection of the perpinidiculars drfiwn from tho 
• vertices of a triangle to the opposite sides is Ccalled its ortho- 
centre.* 

(ii) Tho tri«anglc formed by joining tho feet of the perpen¬ 
diculars is called the pedal triangle. 
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VII. ON yilE CONSTRUCTION OF TRIANOLKS WITH GIVEN PARTS. 

No gcner.»l rules can bo laid down f<»r tlie solution of 
problems in this section; but in a few typical cases we give 
constructions, which* tlio student will finfl little difliculty in 
adapting to other questions of the same class. 

1. Construct*a r'njlit-anyUd triangle^ having given the hypotenuse 
and the sum of the remaining stiles, 

[It is required to coustruct a rt. 
aiit?led A, having its liypotenuse e(iual 
to llie given stiaight lino K, and the sum 
of its lemaining sid%?4 equal to AB. 

I’rom A draw AE niakiiig with BA 
an L equal* to half a rt. l. From 
centre B, with radius eiiiial to K, d<‘- 
sciibe a circle cutting AE in the points 
C, C'. Q » Q' 

From C and C' draw porp'* CD, C'D' to A3; and join CB, C'B. 
Then either of the A“ CDB, C'D'B will satisfy the given conditions. 

Note. If the given hypotenuse K be greater than the •perpendicu¬ 
lar drawn from B to AE, tlierc will be Uvo solutions. If the line K be 
equal to this jicrpendicular, there will be one solution; but if less, the 
problem is imposstlfle.] 



2. Construct a right-angled triangle, having given the hypotenuse 

and the difference of the remaining sides. ^ 

3. Construcf an isosceles right-angled triangle, havipg ^ven the 
sum of the hypotenuse and one side. 


4. Construct a triangle^ having given the perimeter and the angles 
at the hose. 




[Let AB be the perimeter of the required A, and X and Y the / ■ at 
the base. 

From A draw AP, making the z BAP equal to half the l ^X. 

From B draw BP, making the z ABP*equal to half the Z Y, 

From P draw PQ, making the Z APQ equal to the z BAP. 

From P draw PR,i making the z BPR equal to the z ABP, 

Then shall PQR bo the required A.] 
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5. Couairuct a right-angled triangle, having given the perimeter 
and one acute angle. ' ' 

G. Construct an isosceles triangle of given altibade, so that its 
base may bo in a given straight line, and its two equal sides may i)a‘'S 
through two hxed 2)omts. * [Sec Ex. 7, p. 41).J 

7. Construct an equilateral triangle, having given the lengtli of 
the perpendicular drawn from one of the vertices to*the opposite side. 

8. Construct an isosceles triangle, having given the base, and 

the difference of one of the remaining sides and the perpendicular 
drawn from the vertex to the base. [See Ex. 1, j). 88.] 

0. Constructs triangle, having given the base, one of the angles 
a't the base, and fhe sum of the remaining sides.'' 

10. Construct a triangle, having given the base, oiio of the angles 
at the base, and the dilfcrcnce of the remaining sides. 

11. Construct a triangle, haviwj <jiven the hase, the dijercnce 
of the angles al the base, and the dij'crence of the remaining sides. 



[Let AB be the givcri base, X the difference of the l ^ at the base, 
and K the difference of the remaining sides. 

Draw BE, making the L ABE equal to half the l X. 

From centre A, with radius equal'to K, describe a circle cutting BE 
in D and D'. Let D be the jioint of intersection nearer to B. 

' Join AD and jiroduce it to C. 

Draw BC, making the z DBC equal to the Z BDC. 

Then shall CAB be the A required. Ex. 7, p. 101. 

f 

Note. This problem is jmssible only when the given difference K 
is greater than the perpendicular drawn from A to BE.] 


12. Construct a triangle, having given the base, the difference of 
the angles at the base, and the sum of the remaining sides. 

IS. Construct a triangle, having given the perpendicular from the 
vertex on the base, and the difierence between each side and the 
adjacent segment of the base. 
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14. Construct a trit^ngle, having given two sides and the median 

which bisects the remaining side. [jleo Ex. 18, p. 102.] 

15. Cons?truct a triangle, having given one side, and the medians 
which bisect the two remaining sides. 

[Sec Fig. to Ex. ]!. 105. * 

Let BC be the given side. Take two-thirds of each of the given 
medians; henee construct the triangle BOC. The rest of the con¬ 
struction follows easily.] • 

* IG. Construct a triawjJcy having given its three medians. 

1 See Fig. to Ex. 4, p. 105. 

Take tvvo-tliirds of each of the given )7ic(h'ans, and construct 
the triangle OKC^* The rest of the construction follows easily.] « 


Vllf. ON AREAS. 

See FropositioiLS 35—48. 

It must be understood that throughout this section the woril 
equal as a])plied to rectilineal hgiires will be used as denoting^ 
equality of area unless otherwise stated. • 

1. Sheio that a parallelogram *is bisected by any straight line 
which 2 uisses thiipugh the middle point of one of its diagonals, [r. 20, 
26.] 

2. Bisect a parallelogram by a straight lino drawn through a 

given point. • 

3. Bisect a parallelograih by a straight line draw'B perpendicular 

to one of its sides. • 

4. Bisect a parallelogram by a straight line drawn parallel to a 

given straight line. • • 

5. AiSCD is a trapeziiinl in which the side AB is parallel to DC. 
fihew that its area is equal to the area of a parallelogram formed by 
diawhiq through X, the middle point of BC, a straight line parallel to 

AD. [I. 29, 26.] 

6. A trapezium is equal to a parallelogram whose has • is half the 
sum of the parallel sides of the given figure, and whose altitude is 
equal to the perpendicular distance between them. 

7. A BCD is a trapezium in which the side AB is parallel to DC; 

shew that it is double of the triangle formed by joining the extremititS 
of AD to X, the middle point of BC. • * 

8. Shew that a trapezium is bisected by the straight lino which 

joins the middle points of its parallel sides. [i. 38.] 
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1 n the following group of Exercises the proofs depcinl chiefly 
oil Propositions 37 iuid 38, and the two converse theorems. 

r 

9. If two straight lines AB, CD intersect at X, and if the straight 
lines AC and BD, which join their extremities aie parallel, shew that 
the triangle AXD is equal to the triangle BXC. 

10. If two straight lines AB, CD intersect at A, so that the 
Iriangha AXD is equal to the tiiangle XCB, then AC and BD are 
parallel. 

11. ABCD is a parallelogram, and X any point in the diagonal 

AC produced; shew')that the triangles XBC, XDp are equal. [See 
ExM3, p. 04.] * 

12. ‘ ABC is a triangle, and R, Q the middle points of the sides 
AB, AC; shew that if BQ and CR intersect in X, the tiiangle BXC is 
equal to the quadrilateral AQXR. [Sec Ex. 5, p. TJhJ 

4 

13. If the middle points of the sides of a quadrilateral be joined 
in order, the parallelogram so formed [see Ex. 9, i>. 97] is equal to 
half the given figure. 

14. Two'triangles of equal area stand on the same base but on 
opposite sides of it: shew that the straight line joining their vertices 
is bisected by the base, or by the base produced. 

15. The straight line which joins the middle points of the dia¬ 
gonals of a trapezium is parallel to each of the two parallel sides. 


16. (i) A triangle is eqkal to the sum or dijj'erence of two triangles 

on the same base {or on equal bases), if tl>e altitude of the former is equal 
to the sum or difference of the altitudes of the latter. ^ 

(ii) A triarujle is equal to the sum or difference of two triangles of 
the same alt italic if the base of the Jormcr is equal to the sum or differ¬ 
ence of the bases of the latter. 

Simikr statements hold good of parallelograms. 

17> ABCD is a parallelogram, and O is any point outside it; 
shew that the sum or difference of the triangles CAB, OCD is equal to 
half the parallelogram. Distinguish between the two cases. 

* c 

On the following proposition depends an important theorem 
in Mechanics: we give a proof of the first ciise, leaving tho second 
case to be deduced by a similar method. 
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18. (j) ABCD is a 2)hralleJof)ram, and O is amf point without the 

angle BAD and its opposite vertical angle; shew that the triaiujle OAC 
is equal to the Sum of the triangles OAD, OAB. 


(ii) Tf O IS witliii the angle BAD or its^oppositc vertical angle, 
the t) iaiKjle OAC is equal to the difference oj the triangles OAD, 
OAB. 


CAsr, I. 
nnd its opp 


If b 


is without the l DAB 
^ ^ vert, t , tlien OA is with- 
outllie pai"‘ ABCD: lliciehue the porj). 
til awn from C to OA is eijual to the sum 
of the perp* drawn from B and D to OA. 

[See Ex. 20, p. Oil. V 

Now the A" OAC, OAD, OAB arc 
upon the same haso OA; 
and tho altitude of the a OAC with 
respect to this Jiiise h.is hceii .shown to 
hi! t'lpial to tho sum of tlio altitudes of 
the A'' OAD, OAB. 

Theieforc the A OAC is equal to tho sum of the a” OAD, OAB. 
[Seo Ex. 1(), p. llO.J Q.E.n, 
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19. ABCD is a ])aralk‘logram, andL through O, any point witliin 
it, straight lines are (liawm paialld to the sides of the yiarallelogram; 
siiew that the dili'e'ijMKte (>f the piirallelograms DO, BO is double of 
the tiiaiigle AOC. [Sec preceding theorem (ii).] 


20. The area of .a quadrilateral is equal to the area of a triangJ^j^, 
having two of its sidi s equal to the diagonals of the given figure, and * 
(lie included angle equal to eftlior of the angles betwdhn tlic dia¬ 
gonal.-!. • 


^ 21. ABC is a triangle^ aiidK)*i'f ang point in AB: it is required to 

drair Ihrongh^P a stxnght line CfE to meet BC produced in E, so that 
the triangle DBE mag be equal to the triangle ABC. « 


A 



[Join DC. Through A draw AE parallel to DC. i. ,31. 
’ Join DE. 

Tho A EBD shall be equal to tho a ABC. 


H. K 


I. 37.] 
S 
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Euclid’s elememts. 

22. On a base of i^iven length describe a triangle equal to a given 

triangle and having an angle equal to an angle of the given triangle. 

• 

23. 'Construct a triangle equal in area to a given triangle, and 

having a given altitude* r 

24. On a base of given length construct a tiiangle equal to a 
given triangle, and having its vertex on a given straifiht line. 

25. On a base of given length describe (i) an isosceles triaqgle; 
(ii) a right-angled triangle, equal to a given triangle. 

26. Construct|ja triangle equal to the sum or difference of two 
giVen triangles. ['See Kx. 16, p. IIO.J 

27. ABC is a given triangle, and X a gi\en point: describe a 
triangle etpial to ABC, having its vertex at X, and its base in tlio same 
straight line as BC. 

t 

2S. ABCD isf a (jiiadnlntenil: on the hone AB construct a truiwjte 
equal v/i area to ABCD, and having the angle at A common with, the 
quadrilateral. 

[Join BP. Through C draw CX parallel to BD, inoeting AD pro¬ 
duced in X ; join BX.J 

29. Construct a, rectilineal figure equal to given rectilineal 
figure^ and ha ving fewer sides by one than the given figure. 

Hence shew how to construct a triangle equal to a given rectilineal 
^fjitre. 

30. AB'CD is a quadrilateral; it is required to con^truct a triangle 
equal in area to ABCD*, having its vertex at a given point X in DC, 
and its base in the same Straight line as AB. 

31. Construct a rhombus e(iual to*a given 25arallelogram. 

*■ t. 

32. Coijstruct a parallelogram vrhich shall have the same area 
and perimeter as a given triangle. 


33. Bisect a triangle by a straight line drawn through one of its 
angular points. 

34. Trisect a triangle by straight lines drawn through one of its 

angulay points. [See Ex. 19, p. 102, and i. 38.] 

% 

35. Divide a triangle into any number of equal parts by straight 
lines drawn through one of its angular points. , 

[See Ex. 19, p. 99, and i. 38.] 
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36. Bisect a triangle Jty a straight line drairn through a given 
point in one of its sides, 

[Let ABC be the given a, and P tlio 
snven point in the side AB. 

llisect AB at Z ; and join CZ, CP. 

Through Z draw ZQ parallel to CP. 

Join PQ. 

Then §hall PQ bisect the a . 

• See Lx. 21, p. 111.] 



37. Trisect a triangle hy straight lines drawn froM a given point ii^ 
one. of its sides. * 


[Let ABC be the given a , and X the given 
point in the side BC. 

Trisect BC at the i)oinis P, Q. E\. 10, p. 00. 
Join AX, and through P and Q draw PH 
and QK parallel to AX. 

Join XH, XK. 

These straight lines shall trisect the a; as 
may bo shewn by joining AP, AQ. 

See Lx. 21, p. 141.] 


A 



38. Cut off fronT a given triangle a fouitli, fifth, sixth, or any 
jiart required by a straight line drawn from a gi\cn ])oint in one of its 
Sides. [See Lx. 10, p. 00, and Plx. 21, p. 111.1^ 


30. Bisect a, qiuidrihiteral 
angular point. 


4 


a straight 


line drawn through an 




[Two constructions may be given for this problem: the first will 
[bo suggested by Exercises 28 an(>3^, p. 112. 


The second method proceeds thus. 

Let A BCD bo the given quadrilateral, 
and A the given angular point. 

Join AC, BD, and bisect BD in X. 
Through X draw PXQ parallel to AC, 
meeting BC in P; join AP. 

Then shall AP bisect the quadrilateral. 
Join AX, CX, and use i. 87, 38.] 



> 40. Cut off from a given quadrilateral a third, a fourth, a fifth, or 

any part required, by a straight line drawn through a given angular 
point. [See Exercises 28 and 35, p. 112.] 


8-^2 
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EUCLID'S ELEMENTS. 


[The following Tlioorems dejionrl on i. 47.] 

41. Tn the figure of i. 47, shew that 

(i) the sum of the squares on AB and AE is equal to the sum 

of the Fi;uares on AC and AD. t 

(ii) the square on EK is equal to the squaic on AB with four 

times the squaic on AC. ^ 

• (iii) the sum of the squ.ares on EK and FD is equal to five 
times the square on BC. ' , 

42. If a straight lino he divided into any two parts the square on 
the straight line ^.s greater than the s(iuares on the two parts. 

43. If the square on one side of a triangle i'y less than the squares 
on the remaining sides, the angle contained by these sides is acute; if 
greater, obtuse. 

44. ABC is a triangle, right-angled at A; the sides AB, AC are i 
intersected h^ a straight lino PQ, and BQ, PC arc joined : shew that 
the sum of the squaics on BQ, PC is equal to the sum of the squares 

on BC, PQ. 

45. In a right-angled triangle four times the sum of tlie squares 
on the ifiedians which bisect the sides containing tlie light angle 
is equal to five times the square on tlie hypotenuse. 

40. Describe a square whose area shall be tlni'c times that of 
a given square. 

47. Divide a straight line into two parts such that the sum of 
;thcir squares shall be equal to a given square. 


IX. ON I.OCI. 

|j 

It is frequently reqiiiri'il in, the course of Plane Ccometry to 
find the position of a point \vlVich satisfies given conditions ‘ 
Now all proldcms of tins ty [)0 hitherto considefred have been 
found to'be capable of definite determination, though some admit 
of more than one solution: this however will not be the case if 
oidy one condition is gi\ eii. For example, if we are asked to find 
a point wdiicli sliall be at a gi\’cn distance from a given jioiiit, 
wo observe at once that the problem is indetenninate^ that is, 
that it admits of an indefinite number of solutions; for the 
condition stated is satisfied by any point on the circumference 
of tjie circle described from the given point as centre, wiili a 
ividius equal to the given distance: moreover this condition is 
satisfied by no other point within or without tho circle. ^ 

Again, suppose that it is required to find a point at a given 
distance from a given straight line. 
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Here, too, it is obvioifs that ihcro aro an infinite luiniber of 
.^ueli points, and tli.it they lie r»n tlio two parallel straij^lit lines 
wliieh may bo drawn on either side of the given straight line at 
the given dislflneo Irmn it: further, no poii^: that is not on one 
(ir other of tliese parallels satisdes the given condition. 


Hence wo that 'when one condition is assigned it is not 
siiflicient to dcterniine the position of a point absolutely, *l)ut 
it liaAt) tlic elfect of restricting it to some dcliinte line or 


Iji^es, straight or curved. This leads us to the following delinition. 

l)EFiNiTtoN. Tl;o Locus of a ]K)int satisfyuig an assigned 
condition consists of the line, lines, or part of a lino, to wlpch 


ilie point is therohy restricted; provided that the condition is 
salished by every point on such line or lines, .ind by no othei’. 


A locus is soinetiTncs defined as the path traced out by a 
point which moves in accordance with .ui assigned laAV. 


Thus the locus of a jioint, wliieh is .dw.iys at a given distance 
from a given point, is a circle of which the given point is tlie 
centre ; and tlic loeais of a point, which is ahvavs at a gi\ ei^ distance 
from a given straight line, is a pair of parallel straight lines. 


We now see th*it in order to infer that a certain line, or 
\vstem of lines, is the loiais of a poiiio uiider a given condition, 
it is necessary to pro\e 

(i) that any iioinb which fiillils the given condition is the 
supposed locus; * * 

(h) that ev^ery point on the supposed lopus satisfass the given 
condition. 


1. Find the locus of point itU'hich is always equidistant from 
til o yi'Ven ■point.s*. 

Let A, B be the two given iioints. 

(f«) Jjct P be any point equidistant from 
and B, so that AP—BP. , 

Bisect AB nt X, and join PX. 

Then in the AXP, BXP, 

f AX=BX, Const)'. _ j 

Because and PX is common to both, 

( also AP= BP, 

tho Z PXA~the Z PXB; ». 8. 

^ and they arc adjacent Z"*; 

‘ PX i.s perp. to AB. Q 

.*. Any point which is equidistant from A and B 
is on the straight line 'which bisects AB at right angles. 
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(/I) Also every point in this lino is equidistant from A and B. 
i'or let Q 1)0 any point in this line. 

Join AQ, BQ. 

Then in the a*’ AXQ, B;KQ, * 

, AX-BX, 

JjL'causo J and XQ is coinnion to both ; 

[also the l AXQ —tlic L BXQ, b»‘iug,it. l **, 

AQ — BQ. I. 4. 

That is, Q is equidistant from A and B. , 

11 enco ^ve ooncliulc that the locus of the equidistant from 

two f'iveii i)oint!;(. A, B is the straight line 'which bisects AB at light 
’'angles. > 


2. 'I'ofind Hie locus of the middle, jmiiit of a strniiiht hue dniivn 
Jrom a (jiven pond to meet a ijivoi straiyht line of unlimited length. 


B F 


E 


P 



C 



A 


I jet A 1 h‘ the given iioint, and BC the given straight lino of un- 
’ limited length. 

i ^ ‘ 

(a) Ijet AX bo any straight line drawn through A to meet BC, 
and let P be its middlq iioiiit. 

Praw AF perp. to BC, and bisect AF at E. 

Join EP, and in6di.ee it indefinitely. 

Since AFX is a a , and E, P the nfiddle points of the ti.vo sides AF, AX, 
, .-. EP is jiarallol to the leinaining side FX. Kx. 2, p. ll(‘. 

P is on the straight line which passes through the fixed pond E, 
and is parallel to BC. 

(/■i) Again, every point in EP, or EP produced, fulfils the required 
condition. 

For, in this straight line take any point Q. 

Join AQ, and produce it to lucct BC in Y. 

Tlien FAY is a a , and through E, the middle point of the side AF, EQ 
is drawn parallel to tiie side FY, 

.Q is the middle point of AY. Ex. 1, p. 

Hence the required locus is the straight line drawn parallel to BC, 
and jiassing through E, the middle point of the perp. from A to BC. 
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3, Find the locust a point equidistant from tiro ijiven inter¬ 
secting straight lines. [8eo Ex. 3, p. 4‘).] 

•1. Eiud the locus of a ])()int at a given radial distanco from the 
circumference of a gA’cn circle. 4 

5. .Find the locus of a point Asliicli moves so that the sum of its 
distances fiom two given intersecting straight lines of unlimited 
length isKJonstant. 

0. Find the locus of a point wlien the diffi'renees of its distances 
fiom two given mter.^ectnig straight lines of •inliniited length is 
constant. •* • * 

7. A stiaight rod of given length slides betwiieii two straight 
rulers placed at light angles to one another: lind the locus of its 
middle point. [Stjp Ex. 2, p. 100.] 

H. On a given base as hypoleiiuse right-angled triangles aio 
desciibed: liiid the locus of then veitices. 

9. AB is a given stiaight line, and AX is the periiemScular drawn 
fiom A to any stiaight line passing*lhrough B: tiiid the locus of 
the middle iiomt of AX. 

10. Find the locus of the vertex of a triangle, when the base and 
area aie given. 

i 

<• ^ • 

11. Find the locus of the Intersection of the diagoiittls of a 2iaral- 

Iclogram, of which the base and urea are giv"*n. 

i 

12. Find the locus of ilu’ intersection of the medians of a tiiangle 
described on a given base and*of given aiea. 


X. ON THE INTEltSECTlON OE LOCI. 

• » 

It aptxiur.s from varioijs problems which have already been 
considered, that we are ofbui reipiircd to find a point, tho 
jiosition of which is subject to two given conditions. The method 
of loci is very useful in the solution of jirohlems of this kind: 
for corresponding to each condition»there will be a focus on 
which the reijuired jioint must lie; hence all points whicli are 
common to those two loci, that is, all the jKiints of intersection 
of the loci, will satisfy bot/t the given conditions. 



118 


Euclid’e kle 


KxA,MrLic 1. To comtrnct a iri<uif)Jc^ haunt/ t/iveii the 6a.se, the 
altitude^ and the lent/th oj the medotii ivliieh besa-tH the bane. 

Jjct AB 1)0 ilio j-'iv)')! buho, and P and Q tlic lougUjH of tlio altitude 
and median n-spoc tnoh’: 

tlion tlio is bnoun if ita eerten'is ]vn()^\n. 

(i) Draw a shaiylit lino CD p.u.illol to Afi, and at .i distance 

Irom it etpial to P. ^ 

. then the required i eite r vin!,t he on CD. 

(ii) Attain, from llic middle point of AB as contro, ^^Ull ladius 
o(iual to Q, dosoribc a ciioJo: 

iJifu the wqiiired vertex inu^t he on this riiele, 

^llcnco any points Avliich uic connnon to CD ajid the circlo, 
satisl'y both the {n'vi-n cojulitions: tlijil to s.iy, iT CD intt'rscoL the 
oiiolo'iii E, F o.‘u*h of the points (d inloi's) cl ion iniy'il be tlio Nertox 
of llie iciiuiK'd trianjhe. 'J'liis suppu.es the len;^th of the inodiaii 
Q to be gieater than tlie altitude. 

£ 

ExAMi’ins 2. To find a jiotnt cqiiidislant Jioiii three tjti e)i ‘jiotnt-t 
A, B, C, which are not in tite saiue slraii/hi line. 

(i) Tlio locus of points 0 (pudl^tant hum A and B is the straight 

line PQ, wJjicli bisects AB at iij^lit angles. Ex. 1, p. 115. 

(ii) Biniilaily tlie locus of iioints ('quidistant from B and C is 
the sLraiglit line RS A\hie]i bisoets BC at iijilit angles. 

Hence the iioint common to PGt and l.'S nne^i satisfy both con¬ 
ditions: that is to say, the point of inteiseetion of PQ and RS will 
b« equidistant from A, B, and C. 

'Those principles may also he used In provp the tbeorenis 
relating to eoiicurreiiey already given on page iOil. 

1 

Exuirnn. To prove t'aat the hucctors of the awjlc'i of a trianijle 
are concurrent. 

Lot ABC bo a triangle. , 

Bisect the ABC, BCA hy straight 
lines BO, iCO: these must meet at 
some point O. .l.c. 12. 

Join OA. 

Then shall OA bi^ec*t the / BAG. 

Now BO is the locus of jxunts equi¬ 
distant from BC. BA; K.\. .*1, p. 10. 

OP - OR. 

Similarly CO is the locus of points “ ^ 

equidistant from BC, CA. 

.*. OPi-OQ; hence OR-OQ. 

O is on the locus of points equidistant fiom AB and AC ; 
that is OA is the bisector of the z BAC. 

Hence the bisectors of tlie tlireo z ^ meet at the point O. 
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J’UOBOSITIOX .')(). PhoBBKM. 
To huff'd o, <jii'r)h <ir<\ 


D 



Lot ADD 1)0 <li(‘ unc'U arc 
^ ii is r(M(uii‘c(I to' hisc'cl it, 

, Join AB: and bisect, it at C. l. 10. 

At, C di.iN' CD at, rt. .•Ln^lc^ to AB, niciaific tin* i;i\4'n 
.ill' at, D. I II. 

J'laai shall the jii’c ADB la* hi.seeted at 

Join AD, BD. 

Then in (h(‘ \ ' ACD, BCD, 

/• ^ AC BC, * (\nidr. 

ll(*e;LUs<‘ and CD is eoininon; 

^ (and tin* „ ACD the* ..BCD, beinc il. an;j;le>: 

AD BD. . I I. 

• • • 

And since in th(5 -jADB, tlje ehoi’ds AD, BD an*e([nal, 
the Jii'cts cut oil' by them an; (‘(jualr the minor* arc (‘(jiial. 
to the minor, ami tln^ major are to tin* majoi*: m. 'JS. 

and tin* aivs AD, BD are l)oth miiK)i' arcs, 
for each isje.sstlian a S(*mi-mrcnmfei'(*nc(‘, sima* DC, bi.s(;ctin,c^ 
the (‘hol’d AB at it. a,n4^1(‘S, must ])a,ss throu_i;Ii the centre, 
ot tin* circle. • nr. U Coi\ 

*■. tin* arc AD tin* are BD: 
that i.s, the arc ADB is bisectc'd at, D. (,».>:. F. 


EXKTKUSKS. 

1. If ta tancont to a clrcl(3 is paralM to a chord, the j)oiiifc of 
cont.wtt ^vi]l l)is(*ct tin; aio cut otif hy the ciWJi’d. 

2. TriSect a (jnadrant, or tho ft)urtli pait of the circuinference, of 
a circle. 
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J^ooK 11. (h'iil.s with Iho.’irc'as of rocljinj^k'S Jiiict squares. 

1 

A 

1 )KFIXlTIONS. 


^ J. A Rectangle i.s :i p;i]'.*ill(*logr;iiii wjlieli Jiiis o]ie of 
its iiiiirhis ;i riijflit iiiitjh'. 

in O 

t 

It slionld 1m* i(*ini*iiil)c‘TC(l that if a i)aiallolograni has our 
aiigh', all its angles arc right angles. ' [Mx. 1, ]). 04. J 


2. A jx'etaiigle is said to be contained by any two of 
its sides wliieh form a right angle : for it is clear that l>oth 
l liefonn and inagnil udi; of a n'ctangle are fully (h'tenninod 
when tlm lengtlis of two such sidt*s are given. 


'flniH the m-langle ACDB is said ^ .B 

to hr ioHt(U)ird hy AB, AC; or hy CD, 

DB : and if X and Y are t^YO slrai'dit 
lines equal lespeetividy to AB and AC, 
then tlie iectangl(3 conlaineil hy X aiul Y 
.iff'nqiial to the rectangle contained hy 
AB, AC.‘ C 

[S*c hlx. 1‘2, n. 01.] X 

Y 


Aft(‘r iVopositiou o, wo 
rret, AB, AC to denote the rrc 


Hudl use tlie al)broviati<ni 
contained hj/ AB and 


AC. 


.‘h In any parallelogram tlie figure formed by eith<*r 
of thfppai’alhdograms about a diagonal together with the 
two conqileinents is called a gnomon. 


Thus the shaded portion of the annexed 
figure, consisting of the paralhdogram EH 
together with the complements AK, KC is 
the gnomon AHF. * 

The other gnomon in the figure is that 
which is made up of AK, GF and FH, 
namely the gnomon AFH. 


E 
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iNTRODUCTOin. 


Pure CJeomctry makes no use of numher to ostiinate the 
magnitude of tlie,lines, angles, and figures with which it deals: 
hence it recjiiires no iinita of inajnitiidS such as the student is 
familiar with in Arithmetic. 


For example, tliough (leoinetry is concerned with thc,ie]ative 
lyngthft of straiglit lines, it does imt seek to express those lengths 
m terms t)f yards, jrrt, or iihchcs: similarly it tlocs not ask how 
many stjuare yiirds or stjuare jerf a given figure contains, nor how 

many decrees there are m a given angle. • 

• • 

This constitutes an ossi'iitial difference between tlie metliod 
of Pure Geometry and that of Arithmel ic and Algebr.i*; at the 
same time a close conuection exists beta ecu the results of these 
tAvo methods. 


Til the case of luiclid’s Pook 11., tliis eoiinection rests u[)on 
the fact that i/ic 71 /f/nhcr of vud-s 0 / ami in </, miaiiyidar liijurc 
is Jound hy 'inultiiAyiiaj toyvtfair the ntnnhvrs of (aids of Uoajtk in 
two adjacent sides. • • 


For example, if the +\\o side.? AB, AD 
of the reel.in^de ABCD are respectively 
fovr and three iiiehes long, and if through 
the })oints of divisiiai })aralle!s are drawn 
as in the annexed figure, it is seen that 
the rectaiiejo is dividoil into three rotes. 
(lacli coiitaiiiiiig fonr square inches, (»r 
into fotu' eobnnns, each cuntaiiiing tfwce 
square i iiehes. * 




B 



\j 


llenco the wliole rficttinglo 
inches. • • 


contains .3 x 4, or 1:2, square 


Similarly if AB and AD contain m and n i#iiits of length 
respcetiNcly, it follows that the nH-tangle ABCD will contain mn 
units of area: furtlier, if AB and AD are c([ual, each (.ontainiiig 
7)1 units of leiigtli, the rectangle becomes a square, aiAl contains 
7)d units of area. 

[It must be uiiderstoocl that this exjilanatiou imiilies tliat the 
lengths of the straight lines AB, AD are commensurable, that is, that 
they can be expressed exactly in terms of somo common unit. * 
This however is not always tho*casc: for example* it may be 
pro\ed that the side and diagonal of a square are so related, that 
it is impossible to divide either of them into equal paits, of xchich the 
other contains an exact xiumhcr. Such lines are said to be incommen- 
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Euclid’s elrments. 


surable. Honce if the adjacoiit sides of a reotanglo arc ineoramcii- 
suiable, wo cannot choose uii.y lijiear unit in terms of whicJi these 
sides maybe exatthj expressotl; and thus it will be impossible to sub¬ 
divide the rectangle into squares of unit area, as illustrated in the 
figure of the preceding jxigo. We do not liere projioso to enter 
further into the subject of iiicommensurable quantities: it is sulli- 
cient to point out that furtlier knowledge of them will convince the 
student that the area of a rectangle may be expressed io any required 
deyree tff accuracy by the piodiict of the lengths of two adjacent 
sides, whether those lengths are commensurable or not. ] 

From the foregoing explanation we eoneludo that the recUmijle 
contained by tico ulmiiyht lines in (jleomctry coi^^’e.spomls to the 
prod'aet of tico nunthers in Arithiiietie or Algebra; ami tliat the 
square <leseribed on a straight line eoiTespoinls to the square of 
a number. Accordingly it will bo found in tlio course of liook 11. 
that several theorems relating to the areas of rectangles and 
squares are analogous to well-known algebraical foniiulte. 

In vit'w of those pidueiples the rectangle contained by two 
straight lines AB, BC is soinctimes expressed ni the form of a 
iproduct, as AB.BC, and the S([uai‘e described on AB as AB-. 
Tills notationj'together with the signs d- and —, will be enqdoyed 
in the additional mattiu’ appended to this book; hut it is not 
admitted into J'JuehWs teat because it is desirable in the lirst 
instance to cmi>hasizo the distinclion between geometrical mag¬ 
nitudes themselves and tin? numeric.d cipiivalcnts by winch they 
may bo expressed arithmetically. 


iTtOl’USJTlOX 1. TllKOKEM. 

* which is divided 
into any oinirher of the rcciamjh coidaincd by the 

two straiyhl lines is equal to the sum of the reetanyles con¬ 
tained hy^ the undivided straiyht line and the several qxirts 
of the divided line. 

Let P and AB bo two straight lines, and let AB be 
divided into any number of parts AC, CD, DB : 

then shall the rectangle contained by P, AB be equal 
to the sum of the rectangles contained by P, AC, by P, CD, 
and by P, DB. 


If there arc two straiyht lines, one of 
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G 
F 

P 

Vroni A dniw AF porp. to AB; i. 11. 

and jnako AG equal to i. 3. 

rChi’ough G draw GH par' to*AB; f 31. 

and tlirougli C, D, B draw CK, DL, BH par' to AG. • 

Now tlii^ dg. AH isMnado up of tl )0 /ig.s. AK, CL, DH : 
and of these, • 

tlie tig. AH is the rt'ctanglo eontained })y P, AB; 
for tlio lig. AH is contaiju'd l)y AG, AB; and AG - P: 
and tlie tig. AK is the rectangle contained l>y P, AC; 
for the iig. AK is contained hy AG, AC; and *AG --- P : 
also the Jig. CL is tlu^ i(‘ct.‘in^lo contained Ijy P, CD ; 
for tile lig. CL is contained by CK, CD ; 
and CK -the op[). side AG, and AG -- P : i. 34. 

similarly the lig. DH is the rectangle eontained by P, DB. 

the wvtangle contained liy P, AB is equal *t5' the 
sum of the jectangles contained liy P, AC, by P, CD, and 
by P, DB. ‘ Q.K.7^. 


CORRESPONDING ALGKRRAICAL FORMULA. 

In accordance with the principles cxi)lainc(l on page 122, the result 
of this proposition may be written thus; 

P. AB=P. AC + P.CD-hP.DB. 

Now if the line P contains p units of length, and if AC, CD, DD 
contain a, b, c units respectively, • * 

then AB + b + 

p (a + b + c) =pa +ph +pc. 



and we have 
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KUCLID’S ELEMENTS. 


Proposition 2. Tiieojikm. 

Jf a straujlit line is diindod into antj tivo the 

square on. the whole line is equal to the siui{ of the reclanqles 
contained hy the u'hole' Hue and each of the parts. 


Jjct tho sh’uijL^lit lino AB bo dividod ;ifc C into tlio two 
2);irts AC, CB : 

thou shjill the S([. on AB he equal to tlio sum of tlie 
rects. contained by AB, AC, and by AB, BC. 

On AB doscribe'the S([uare ADEB. l. 40. 

Through C draw CF par^ to AD... l. 31. 

Now the lig. AE is made u}^ of the tigs. AF,, CE : 
and of ttiosc, 

* the lig. AE is the sep on AB: , Constr. 

and the fig. AF is tlie rectangle contained by AB, AC; 
for the tig. AF is cofitaiiied by AD, AC; and AD = AB,; 
also tlie lig. CE is the reot.angle (jontainod by AB, BC ; 
for the tig. CE is contained by' BE, BC; and BE~AB. 
tlio sq. on AB the sum of the rects. contUined by 
AB, AC, and by AB, BC. q.e.d. 


CORRESPONDING ALGERRAICAD FORMULA. 


Tlio result of this proposition may ho written 
^ AB2 = AB.AC + AB.BC. 

Tjet Ad contain a units of'length, and let CB contain h units, 

then AB = a + 6, 

and we have (a + &)2 = (a + Z>)a + (a + 6) 
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pROP(V!ITIOfT 3. TiIKORKM. 

Jf a straight line is divided into any tiro the 

rectangle contained hy the whole and one of the 2mrts is • 
equ(d to the square on that quirt together with the rectangle 
contained hy the tiro qxirts. 


A C B 



F . D E 


Let tlio .str;iigl»t lino AB 1)0 dividend at- C*int(> tlio Iwo 
])ai'ts AC, CB: 

then kIi.-iII tlu; root, contained liy AB, AC he o<|iial to the 
s<|. on AC toi,^ethor with the rod. contained hy Ap, CB. 

On AC do.scriho tlie si[iia,i'o AFDC ; T. 40. 

and tlii’ough B draw BE 2 )arUo AF, ino(*ting FD j^i-odncod in E. 

* ‘ I. 31. 

Xow tlio ilg. AE i.s made ii]) of the iigs. AD, CE; 
and of thos(‘, 

^ . 1 • #* 
the lig. AE - tlie ri'ct. coidainiMl l)y AB, AC ^ 

for AF - AC : 

and the fig. AD is the Sfj. on AC ; Constr, 

also the lig. CE is tho^roct. contai]n;d hy AC, CB; 

f^r,CD--AC. 

m 

the rect. contained hy AB, AC is equal to tlio sq. on 
AC together with th(j rect. contained hy AC, CB. q.k.T). 

CORRESPONDtN(i ALOKURAICAL FORMULA, ^ 

This result may be written AB . AC = AC“+ AC . CB. 

Let AC, CB contain a and b unit.s of length rcsxjcctivcly, 

then AB~a-i-?<, 

and we have (a + b) a — + lib. 

Note. It should be observed that Props. 2 and 3 are sqiecial enset 
of Prop. 1. 
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EUCLID’S ELEMENTS. 


PuopnsjTTON 4. Theorem. 

If a stralfjht lim'- is divided info (toy tivo parts, the 
sfpiare on the 'trhole line is eqnal to the (suni of the .squai'es 
on the two poets totfeiher with twice the rcrtanyJe contained 
hy the two 'pttrls. 


A C B 



Lot ilio stniii^lit lino AB 1)0 divided at C iid-o the 
two parts AC, CB : 

till'll s|iall tlio sq. oil AB ])o equal to tlio sum of tlio 
sqq. oil AC, CB, togi'ther ^vitll twice tlio loct. AC, CB. 

On AB doscrilio tlio square ADEB; i. 1G. 

a,ud join BD. 

'riirougli C draw CF ])ar^ to BE, meeting BD in G. J. 31. 

^ Through G draw HGK par* to AB. 

1 

It is iK’st required to sliew that the lig. CK is the 
sq. on BC. • 

Localise the straight lino BGD ini'ots the par*^ CG, AD, 

.*. the ex.t. angle CGB^ the i At. o[»p. angle ADB. i. 2!K 
Lut AB = AD, bi'ing sides of a sipiare;* 

the angle ADB = the angle ABD ; i. T). 

the angle CGB ---- the angle CBG. 

CB - CG. . r. 6. 

And the opp. sides of the par™ CK are equal ; i. 34. 
the tig. CK is equilateral; 
and the angle CBK is a right angle; Dcf 28. 
CK is a square, and it is described on BC. i. 46, Cor. 

Siniilarly the fig. is the sq. on HG, that is, the sq. 
on AC, 


for HG the opp. side AC. 


I. 34, 
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Again, the compleinent AG • the complement GE. r. 43. 

But the fig. AG the rect. AC, CB; for CG - CB. 
tlie two fig^. AG, GE' twice tlie^ rect. AC, CB. 

*Naw IIh* S(j. on AB — the fig. AE 

• the figs. HF, CK, AG, GE 

. ’ - the sqq. on AC, CB together with 

twice tlie rect. AC, CB. 

the sq. on AB the sum of the .sqq. pn AC, CB with 
** twice <]ie rect. AC,*CB. Q.E.r>. * 

* For the purpose of oral work, this s((*p of the proof 
may conveniently be arranged as follows : v 

Now the s(|. on AB is etpial to tlie fig. AE, 

that is, to the figs. HF, CK, AG, GE ; 
f hat is, to the .sqq. on AC, CB*together 
with twice the rect. AC, CB. 


Corollary. *raraUelog7'ams uhouf the ((uicfonals of a 
fiqiiare are themselvpft squares. 


corresponding al«ehraical formula. 

The result of this important Proposition maj' be writteA thus: 

AB2=AC2-|-CB?h-2AC . CB. 

Let AC = a, and CB = t; 

then AB = a -f 6, 

and we have (a+Z»)^ = ce' + &" + 2a/>. 


H. E. 


9 
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EUCLIP^H ELEMENTS. 


PiioposTTtoN 5. Theorem. 

^ff a Htrai(/1d Ihu' is divided eq'iiaJly and also u'neqnaUy^ 
the rnHan(jlf> <'<miah\(^d by the. unequal per^rfs^ and the square 
071 the line hetiveeM the points of section^ ai'e toyether equal to 

the squai'e on half the, line, 

■ 

A p Q B * . 


Lot tlio lino AB 1)0 dividod equally at P, and 

unequally at Q : 

tlieii jtlie m;t. AQ, QB and the sq. on PQ shall ho to- 
i^ethei* e<|ual <0 the stj. 011 PB. 

On PB describe the square PCDB. I. 40. 

*i oiii BC. ’ 

Tliroui'h Q draw QE par^ to BD, cutting BC in F. I. 31. 
^ ^ Tlir()ugh F draw LFHG par* to AB. 

• ^ Tlirough A draw AG pJi-L* to BD. 

Now the coinp\^‘ment PF — the complement FD : i. L‘>. 
to ^-acli add the tig. QL; 
then the lig. PL, the fig. QD. 

But the fig. PL — the tig^ AH, for they ai par’"’ oii 
equal bases and between the same par*’. l. 30. 

the fig. AH - the fig. QD. 

To each add tlie fig. PF; 

* then the tig. AF — the gnomon PLE. 

Noav the tig. AF - the i*ect. AQ, QB, for QB QF ; 

tfee retit. AQ, QB the gnomon PLE. 

To each add the sq. on PQ, that is, the fig. HE ; n. 4. 
theuH-he rect. AQ, QB«.with the sq. on PQ 

the gnomon PLE with the fig. HE 
the whole fig. PD, 
which is the sq. on PB. 
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That is, the rect. AQ, QB and tin' sq. on PQ are together 
equal to the sq. on PB. Q.F-.n. 


(JoROLLARV. From tliis Proposition it follows that th' 
of the squares on tiro straight tmes is eqnat to th*‘ 
rt'clamjle co'ntained hy their sntn mid difference. 

For let X and Y bo the given P Q B 

st. lines, of which X is the greater. * ' 

Draw AP equal,to X, and pro- X - % • 

iluce it to B, making PB e(]uai to Y 
AP, that is to X. 

From PB cut off PQ equal to Y. 

^hen AQ is equal to the sum of X and Y, 
and QB is equal to the differi,n(!e, of X ani Y. 

Now because AB is divided equally at P and unequally at Q, 
the rect. AQ, QB witli sq. on PQ -the sip on PB; ii. 
that is, the difference of the s(]({. on PB, PQ---the rect. AQ, QB, 
or, the difference of the sq<j. on X and Y — the rect. contfjiucd by the 
sum and the difference of X and Y. 


CORRKSPONDINfJ AL(JRBRAI(!AL FORMULA. 

This result may be written , 

AQ. QB-hPQ-^PB-.^ 

Let AB = ‘iu ; and let PQ--?^; ♦ 

then AP and PB cach-=u. 

' Also AQ andQB—«-/>. 

Hence we'liave 

(a + h) (a - h) -1- />" = 

or (a -l-/>)(rt --h)^a** -R 

1 

EXERCISE. 

In the uhove fiyiire shew that AP h half the sum of AQ and QB; 
and that PQ is half their dijfereiice. 


9—2 
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KUCTjTD’H elements. 

Proposition G. Theorem. 

If a straight line is bisected and produced to any pointy 
the rectangle contained by the whole line tins produced^ and 
the part of it proditcedy together with the square on half 
the line bisectedy is equal to the square on the sfraigJ\t line 
•mad^ up of the half and the pfivt produced. 

K 

A P B Q 


Let tlie htriiiglit line AB l)e hisecied ;it P, and pro¬ 
duced to Q: 

then tfie rect. AQ, QB and tlie sq. on PB shall he to¬ 
gether equal to the sq. on.PQ. 

On PQ describo the square PCDQ. i. 46. 

J oin QC. 

Through B draw BE pai4 to QD, meeting QC in F. 31. 
• “ Tlirough F draw LFHG pai* to AQ. 

Til rough A draw AQ par^ to QD: 

Now the coniplfeqient PF the complement FD. i. 43. 
But the fig. PF - tJio fig. AH ; for they are par™ on 
equal bases and between the saliifr par**, ' i. 36, 

the fig. AH ' the fig. FD. 
t To each add the fig. PL; 

then the fig. AL - tlie gnomon PLE. 

,Now the fig. AL “ the rect. AQ, QB, for QB -- QL ; 

the rect. AQ, QB -the gnomon PLE. 

To each .add the sq. on PB, that is, the fig. HE; 
then the rect. AQ, QB with the .sq. on PB 

the gnomon PLE with the fig. HE 
*' . the whole fig. PD, 

which is the square on PQ. 

That is, the rect. AQ, QB and the sq. on PB are together 
equal to the sq. on PQ. Q.E.D. 



BOOK 11. PROP. 6. 


131 


COREESPONDINU AL<jlEBRAICAL FORMULA. 

This result may be written 

, AQ.QB + PB2=PQ-’. 

Let AB = 2a ; and let PQ = 6; 

then AP and PB Gaelic a. 

AlsoAQ = a + /^; andQB = i-a. 

' Hence we have 

[a + b) {b - a) + «- = 6-, 
or (b + a) (b -//) — 1r - a-. 


Definition. If a point X is taken in a straight line AB, or in AB 


produced, the distances ,of the 
point of section from the ex¬ 
tremities of AB arc said to bo 
the segments into whicli AB is 


A X B 


divided at X. . 

In the former case AB is 
divided Internally, in the latter case externally. 


« 

Thus in the annexed ligures the segments into which AB is 
divided at X are the lines XA and XB. 

This definition enables us to include I’rops. 5 and 6 in a single 
Enunciation. 

If a straight line is bisected, and also divided {inienially ot^ o.t- 
ternally) into turn unequal seyjhents, the rectangle containid by the un¬ 
equal segments is equal to the difference of th^ squares on half the line, 
and on the line between the points of sectiou*. 


EXERCISE. 

Shew that the Enunciations of Props, b and 0 may take the 
following form: 

The rectangle contained by two straight lines is equal to the differ¬ 
ence of the squares on half their sum and on half their difference, 

[See Ex., p. 129.] 
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Euclid's elements. 


PiiorosiTioN 7. Theorem. 

Jf a atmiyhl (me Is ilicufi d inlo any tiro parts, the sum 
tif the squares ait the whale Hue and ou one o/ the parts 
is equal to hriee the reelawjle eoittained hy the whole and 
that pari, toyciher with (he square on (he other part. 


H 


liHb tlio straight line AB Ikj divitied at C into the two 
23arts AC, CB : 

then s'liall tlio sinn ot* the, .s«|ij. AB, BC l>c equal to 
iwi(‘e the reet. AB, BC tog.dJier witJ) tin*, sq. on AC. 

Ctu AB deserilx', the stjuaiii ADZB. i. ■ttl. 

Join BD. 

Tliroiigh C draw CF 2 )ar' to BE, nH‘(‘tiiJg BD iii G. i. Jl. 
^riiroiigh G draw H^K j)ar' to AB. 

Now tJa; eouq)k‘)iient AG - tlMM‘Ouq)lemeut GE; 7. 43. 
to <«a,eli add the (ig. CK: 
tlieu tJie iig. AK » ^ht*- ti^. CE, 

But the iig. AK- tlie rect.^AB, BC; for BK - BC. 
tlie two tigs. AK, CE ™ twice the reet. AB, BC. 

But the two jig.s. AK, CE make u|) tlie gnomon AKF and the 
fig. CK : 

the gnomon AKF with tlie lig. CK~ twice the root. AB, BC. 
To eacli add tlie fig. HF, which is the sq. on AC : 
then the gnomon AKF with the figs. CK, HF 

— twice tlie reet. AB, BC with the sq. on AC. 

Ndw the sqq. on AE, BC - the figs. AE, CK 

— the gnomon AKF with tho 
figs. CK, HF 

- twice the reet. AB, BC with 
the sq. on AC. 
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CORKliSPDND'.Xd ALOKBRAIOAL FORMULA. 

The result of this proposition limy be ivritten 
AB- f BC--.‘2AB. BC + AC-. 

Let AB —u, and BC —6; then AC - a - h. ^ 

Hence we liiive tr -\- IP - '2ah -i- {a - hy\ 

c.r • (ft h)- = a^-'2ah { Ij''. 

Proposition «S. '^I'iikorkm. 

ly a dmifjkl line be dimmed itdo amj Itro parts^ Jonr 
dines the rectangle contained hg the whole line and one of 
the parts, together with the square, on, the other part, is eqAal 
to thcj square on the straight line which is made up of the 
whole and that part. 

j 

[As this proposition is of littlf’ importaiui! wc merely f'ive the 
h}.jure, and the leading points in Pkiclid s jnoof.J 

Tioi AB 1)(! (Uvidinl at. C. A C B D 

Produce AB to D, nuikiiig BD (‘<(U.‘il I n.\ ve\/ 

to BC. 

On AD dcscrilK*, tlu^ sipuiiv AEFD; 

;ind coinjdote tju* construction as in 
dicated in the (Igure. 

hhiclid tlicn proves (i) that the 
CK, BN, GR, KO aio all lapial. 

(ii) • that tlie tigs. AG, MP, PL, RF are all eipial. 

Hence the eight ligiii’es named ahoVe an5 four times the 
sum of tlie tigs. AG, CK ; thaX is, four times the tig. AK; 
that is, four times t he rev't. AB, BC. 

But th^- Nvliole tig. AF is made up of these, idglit tigures, 
together with the Jig. XH, which is the S([. on AQ : 

Iieiice the sip on AD four times tlie rect. AB, BC, 
together with the sip op AC. <j[.E.n. 

A ^ B D 


The Hccompanying Jignre will suggest a 
less cumbrous proof, which we leave as an 
Exercise to the student. 
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EUCLID’S EjiEMENTS. 


RoPOSITION y. Theorem. 

Jj' a btraiyht line is divided eqwally and also umquallyy 
the sum of the squares on the two wnequal parts is twice 
the sum of the squares on half the line and on the line 
between the jyoints of sectioib. 



Q a 


Lei (lie straight line AB be divided equally at P, and 
unequally at Q: 

then shall the sum of the stjq. on AQ, QB be twice the 
siuii of the sqq. on AP, PQ. 


At P draw PC at li}. angles to AB; 

1. 11. 

and make PC equal to AP or F?B. 

I. 3. 

Join AC, BC. 


Through Q draw QD par* to PC; 
and tlirough D draw DE par* tU AB. 

I. 31. 

Join AD. 


Thqii since PA ~ PC, 

Constr. 


- y 

the angle PAC = the angle PCA. T. 5. 

And since, in the triangle APC, the angle APC is a rt. 
angle, * ■ Constr. 

the suiu of the angles PAC, PCA is a rt. angle: i. 32. 
hence each of the angles PAC, PCA is half a rt. angle. 

Ho also, each of the angles PBC, PCB is half a i*t. angle, 
the whole angle ACB is a rt. angle. 

Again, the e.\.t. angle CED - the int. opp. angle CPB, i. 21). 

the angle CED is a rt. angle ; 
and the angle ECD is half a rt. angle. Proved. 
also the angle EDC is half a rt. angle; i. 32. 
the angle ECD = the angle EDC; 

EC^ED. I. 6. 
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Again, the ext. angle^DQB = the int. opp. angle CPB. i. 29. 

.'. the angle DQB is a i*t. angle. 

And the angle QBD is half a rt. angle; Proved. 
tilso tjie angle QDB is half a rt. angle : i. 32.* 

.'. the angle QBD ~ the angle QDB ; 

QD = QB. 1.0. 

Now the sq. on AP = the sq. on PC; for AP = PC. Cifnstr, 
But the sq. on AC = the sum of the sqq. on AP, PC, 

for the angle A PC is a rt. angle. i. 47. 

.*. the sq. on AC is twice the sq.^on AP. 

So also, the sq. on CD is twice the sq. on ED, that is, twice 
tlie sq. on the opp. side PQ. *i. 34. 

Now the sq^q. on AQ, QB = the Sijq. on AQ, QD 

= the sq. on AD, for^ AQD is a rt. 

angle; i. 47. 

- the sum of tlie sqq. on AC, CD, 
for ACD is a rt. angle; l. 47. 
twice the sq. on AP with twice 
the Sq. on PQ. Proved. 

Tliat is, , 

the sum of tlic sqq. on AQ, QB — twice tlie sum of the sqq. 
on AP, PQ. (i.KD. 


CORRESPONDING ALGEBRAICAL FORMULA. 

• • 

The resiTlt of this proposition may be written 

AQ-h QB‘-«-‘2 (AP-f- PQq. - 
Let AB =- 2a; and PQ ~ 6; 

then AP and PB each=a. 

Also AQ=a + D; and QB-a-if. 


Hence we have 
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KUCLlDfci ELKMKNTS. 


^ Pjjoi'osiTioN 10. Theokem. 

If a Urdujht ll)tr is bisrclffl and produced to any pointy 
^the snni of the, squares va the inhole line thus produced,, and 
i))i the part produced,. Is tuner the sum of the squares on half 
the line bisected and on the line made up of the half and the 
part jiroduced. 


Q ‘ 



Let sL liiH^ AB be l)is(v(e<l ;it P, and j)rodiu ed to Q : 
then sli.’ill the. sum of the Siicj. ou AGl, QB be t.Aviee the 
sum of tlie on AP, PQ. 

At P draw PC .mX ri^ht a,nicies to AB ; l. 11. 

and mak(! PC <*(|iial to PA or PB. J. 3, 

Join AC, BC. •• 

Through Q draw QD par^ to PC, to meet CB pioduced 
ill D ; f. 31. 

auA througli D draw DE i)ar* to AB, to meet CP produced 

ill E. ' 

' Join AD. 


'riieii since PA - PC, (Unistr. 

the angle. PAC — t?ie angle PCA. I. 5. 

And since, in the triangle APC, tlie angle, APC is a rt. angle, 
Ihe sum of the angles PAC, PCA is a rl-. angli*. i. 32. 
Hence each of the angles PAC, PCA is half a rt. angh'. 

So idso, each of the angles PBC, PCB is half a rt. angle, 
tlie whole angle ACB is a rt. angle. 

Again, the ext. angle CPB the int. opj). angle CED ; l. 29. 

the angle CED is a i*t. angle : 
and the angle ECD is half a rt. angle. Proved. 

the angle EDO is half a rt. angle. l. 32. 

.*. the angle ECD the angle EDC ; 

EC -^ED. 1.6. 
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Again, the angle DQB • tlie alt. angle CPB. i. 29. 

the angle DQB is a rt. angle. 

Also the angle QBD - the vert. o})p. angle CBP ; l. Jo. 
that is, thf^ angle QBD is half a rt. angle. 

tln^ angle QDB is half a fi. angle ; i. 3:!. 

• . the angle QBD - the angle QDB ; 

.'. QB -- QD. •*. (). 

Now the sq. on AP tin? sq. on PC; for AP PC. Cotisir. 
Jlut the sq. on AC --- the. sum of the sqq. on AP, PC, 

for the ang!<; APC is a i-t. angie. i. 47. 

the sq. on AC is twie<*. the s(j. ofi AP. * 

S<i also, the s<|. on CD is twice, the sep on ED, th;Ct is, 
twice the jiq. oji the opp. side PQ. J. 31. 

Now the sqq. on AQ, QB the on AQ, QD § 

th(‘, s<|. fMi AD, for AQD is a rt. 

angle; i. 47. 

the sum <^>f the .sq(j. op AC, CD, 
for ACD is a rt. angle ; i. 17. 
twice fhc5 sj|. on AP NNith twice 
llie sj]. on PQ. Vrocf d. 

That is, 

the sum of tli<i sqcj. on AQ, QB is twice* tlie siuu i»f tin’ S(|(|. 
on AP, PQ. q. 

(•UKIIKSPONDINU .MAiKUKAlCAJ.. POinilvLA. 

The result of this |)ioi)ositfbii may be wiittcn 
• AQ- I BQ^*^‘2 (AP- + PQ-). 

Let AB — 'lit ; and PQ — h ; 

then AP and PB each - a. 

Also and BQ— -a. 

lienee we liave 

EX line ISK. 

Shew that tlic enunciations of I’ropJv 9 and 10 may take the 
hjllowing form ; 

The sum of the squares on tiro strunjht Iirtei> is equal to twice the 
rum of the squares on half their sum and on half their difference. 
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EUCLID'S ELEMENTS. 


Proposition 11. Problem. 

/ To divide a given almight line info two partSy no that 
the rectangle contained by the whole and one part may he 
equal to the square the other part. 


' Let AB be the given straight lino. 

It is required to divide it into two parts, so tliat the 
rectangle <ioiitained l)y tlu; whole and ope part may be 
equal to tlie square on the otlier part. 


On AB describe the square ACDB. i. 16. 

Bisect AC a,t E. i. 10. 

Join EB. 

Produce CA'tc F, making EF equal to EB. I. o. 
On AF describe the square AFGH. l. 46. 


^J’hen shall AB be divided at H, that the rect. AB, BH is 
equal to the sq. on AH. 

* Produce GH to meet CD in K. 

'fhen because CA is bisected at E, and produced to F, 
the feet. CF, FA with the sq. on AE ^ the sq. on FE ii. 6. 

= the sq. on EB. Constr. 

But the sq. on EB- the sum of the sqq. on AB, AE, 

for the angle EAB is a rt. angle. i. 47. 

the •rect. CF, FA with the sep on AE — the sum of the 
sqq. on AB, AE. 

From these take the sq. on AE: 
then the rect. CF, FA the sq. on AB. 
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But tlie rect. CF^ FA - the lig. FK ; for FA — FQ; 
and the sq. on AB -- the fig. AD. f'nnstr. 

the fig. FK - the fig. AD. 

From tliese take tlie common fig. AK, 
then the remaining fig. FH -- the rerfiaining fig. HD. 

Rut the fig. HD -the roct. AB, BH ; for BD AB; 

and the fig. FH is the sq. on AH. • 

.*. the rect. AB, BH == tiio sq. on AH. q.K.f. 


Definition. A straight line in said to be divided in Medial Section 
when the rc^angle^cpntained by the gh en line aiidesne of its segments 
IS equal to^ne square on the other segment. * • 

The student should observe that this division may be internal or 


external. 

Thus if the straight line AB is divided internally at H, and ex¬ 
ternally at H', BO that ^ 

(i) AB.BH=AH2, 

(ii) AB. BH^-AH"-*, 


H 


H B 


we shall in either case consider that AB is divided in medial section. 

The case of internal section is alone given in Euclid la 11; but a 
straight line may be divided e.rternally jn medial section by a similar 
process. See Ex. 21, p. 14C. 


ALGEBRAICAL 1 ILLUSTRATION. 

It Is required to hnd a point H in AB, or AB produce^, such tliat 

AB.BH-AH2. , 

Let AB contain a units of length, and Idt AH contain x units; 

thcji \\B~a- T: 

and X must be such that a {a ~ .tj)= x-, 
or x^ + ax-a^==0. 

Thus the construction for dividing a straight line in fhedial section 
corresponds to tlie algebraical solution of this quadratic equation. 

EXERCISES. 

In the figure of ii. 11, shew that 

(i) if CH is produced to meet BF at L, CL is at right angles 
to BF; , » 

(ii) if BE and CH meet at O, AO is a*t right angles to CH ; 

(iii) the lines BG, DF, AK are parallel: 

(iv) CF is divided in medial section at A. 



140 


KUOTJD'R KLKMENTS. 


f Phopositton 12. Ti|korem. 

/71 (in ohtmp-aiu/hd triangh\ if a pprppniVcular ?.<? 
drawn from pUhpr of thr aonie angJpR to the opjwffite side 
produp,pd^ the Hfpiarp^gn the side, subtending the obtuse, angle. Is 
greater than the sffuares on the sides eoniulning the obtuse 
a.ngh\ by tudce the rectangle contained, by the side on whichy 
•U'hen produced, the perpendicular falls, and the Ihis inter¬ 
cepted. without the triangle, hetweoi the perpp.ndlcnda,r and 
the obt'usp. angle. • 



Lot ABC bo an obliiso-an^lod triani^lo, liaving tho obtuso 
anglo at C ; and lot AD l)o drawn from A jiorp. to BC 
produoc^d : , 

tlion shall th<^ s^. on AB bo groai(‘r than tlio s(jq. on 
BC, CA, by twi(50 tlio i‘oct. BC, CD. 

nooauso BD is divided into two parts at C, 
sq. on BD tho sum of tln^ sqq. on BC, CD, Avilh iwioo 
tho rdct.‘ BC, CD. TT. 4. 

To o.KjIi add tho sq. on DA. 

Thon tho S(jq. on BD, DA tlio sum of tho sqq. on BC, CD, 
DA, with iwioo tho root. BC, CD. 

Diit the sum of tho sqq. on BD,' DA tho S(|. on'AB, 

, for tho anglo <at D is a rt. angle. i. 47. 

Similarly tho sum of tho sqq. on CD, DA -- tho sq. on CA, 

tlio^'Sq. on AB the sum of the'sqq. on BC, CA, with 
t wice tho rei^t. BC, CD. 

'riiat is, the sq. on AB is greater than tho .sum of tho 
sqq. on BC, CA by twice tho root. BC, CD. Q.K.D. 

[For alternative Enunciations to l^rops. 12 and 13 and Exercises, 
see p. 142.] 
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/ T*hopq{?ttion 13. Thfohrm. 

Ill every Iriainjh the square, on the side, siihfendhiq an 
(icnte. anyle,y is less^thaii the, squares ou the. sides cantainhuf 
that nnyh\ hy tiriee tike reetanyle coutuHtted t>y either of these 
shtesy^and the straiyht Hue iutereepted between the ye.rpeu- 
dUmlar let fall on it from the, opjkosite an<jh\ and the gatte 
angle. 



Ijot ABC 1^0 any trianglo having tlio anj’jlo at B an 
acute angle; and let AD ho the ]) 0 ]'p. dnuvn fi*oin A to the 
opp. side BC : 

tiien sJiall tlie >(£. on AC ho loss than tho sum ot‘ the 
sqq. ou AB, BC, hy twice tlu^ root. CB, BD. 

Iviovv AD may fall within the triangle ABC, as in Fig. 1, oi* 
without it, as in Fii;. !2. 

... • • 

p jin F'ig. 1. BC is divided into two parts at D, 

>ocauso ^ dividec^» iiito two paits at C, 

.*. in both eases, ^ 

the .sum of the s(|([. on cfe, BD - twice the root. CB, BD with 
the sq. on CD. tt. 7. 

To each add tho sq. .on DA. • 

Then tlie sum of the sqq. on CB, BD, DA - twice the i‘e<jt. 
CB, BD with tho sum of the sqq. on CD, DA. , 

But tlie sum of the sqq. on BD, DA the sq. on AB, 

for the angle ADB is a rt. angle. i. 47. 

Similarly the sum of tlie sqq. on CD, DA the sq. on AC. 
the sum of the sqq. on AB, BC, - twice tho rect. CB, BD, • 
with the sq. on AC. * • 

That is, tlie sq. on AC is less than the sq<j. on AB, BC 
by twice the rect. CB, BD. Q.E.n. 
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Euclid’s elements. 


Ohs. If the perpendicular AD coincidescnliYi AC, that is, if ACB 
ifl a right angle, it may be shewn that the proposition merely repeats 
the result of i. 47. 

c ^ 

Note. The result of^Prop. 12 may be written 
AB2 = BC‘“* + C A2 + 2 BC. C D. 

Bemembering the definition of the Projection of a straight lino 
given »on page 97, the student will see that this proposition may be 
enunciated a6 follows: 

In an obtuse-antjled triangle the square on the side opposite the 
obtuse angle is greater than the sum of the squares on the uides contain¬ 
ing the obtuse angle^Kty twice the rectangle containedfnj eif\^' of those 
sidesf and the projection of the other side upon it. \ 

Prop. 18 may be written 

AC2r=AB2+BC2-2CB’. BD, 

and it may also Ce enunciated as follows: 

In every triangle the square on the side subtending an acute angle, 
is less than the squares on the sides containing that angle, by twice the 
rectangle contained by either of these sides, and the projection of the 
other side upon it. 


EXERCISES. 

The following theorem should be noticed ; it is proved by the help 
of II. 1. 

iT*" If fou^ points A, B, C, D are tal<4'n in order on a straight line, 
then will 

AB.Cp hBC.AD-AC.BD. 


ON 11. 12 AMX 13. 

2. If from one of the base angles of an isosceles triangle a per¬ 
pendicular is di'uwn to the opposite side, then twice the rectangle 
contained by that side and the segment adjacent to the base is equal 
to the square on the base. 

1 

3. I^ one angle of a triangle is one-third of two right angles, 

sliew that the square on the opposite side is less than the sum of the 
sipiarcs on the sides forming that angle, by the rectangle contained by 
these two sides. [See Ex. 10, p. 101.] 

. 4. IfV one angle of a triangle is two-thirds of two right angles, 

8h<^>W that the square on the"opposite side is greater than the squares 
on the'*.Aides forming that angle, by the rectangle contained by these 
sides. \ [See Ex. 10, p. 101.J 
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PROPoeiTioN 14. Problem. 

To deiscriho, a square that sha/l be equal to a (jireu recti-» 
lineal figure. • 




liot A bti tlio given rectilineal Hguif*. 

It. i.s re<juired to describe a .M|uai*e equal to A. 

Describe the par*" BCDE e(|ual to tbc lig. A, and having 
th(i angle CBE a right angle. • j. 45. 

Then if BC — BE, the tig. BD is,a stpiare; and what was 
required is done. 

Hut if not, prodftce BE to F, making EF equal to ED; i. 

and bisevt BF at G. i. lO. 

Hroni centre G, with radius GF, describe the semicircle BHF; 
produce DE to the semicircle at • 

Then shall tlie sq. on EH be capial to the given tig. A. 

Join GH. • 

Then because BF is divided equally at G and une<pially 

Mt E, • ; 

tlie reci.*BE, EF with the S(]. on GE - th(^ s«j. on GF il. 5. 

- the S(j. 014 GH. 

* But the s(|. on GH = the sum of the S(H[. on GE, EH ; 

for the angle HEG is a rt. angle. *1. 47. 

•. the rect. BE, EF with the sq. on GE = thc sum of the 
sqq. on GE, EH. 

From these take the sq. on GE: 
tlien the rect. BE, EF — the sq. on HE. t 

But tlic rect. BE, EF — the lig. BD ; Tor EF — ED; Coiustr. 

and the lig. BD - the given lig. A. Coustr. 
the sq. on EH - the given tig. A. q.e.f. 


11. E. 


10 
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EUCLID'S ELEMENTS. 


. THEOREMS AND EXAJMPLES ON HOOK II. 

UN II. 1 ANJ> 7. 

i 

l! Hlino inj iJ. 1 that the square on a btnvqht hue is Jour times 
the square on half the line, 

[This ro.sult is conhtjintly used in solviiif' cxample.s on Book n, 
especially those which follow from ii. 12 and 13.] 

•2. If a strai'^kl line is divided into any thrccf parts, the square on 
tlie wjiole lino is equal to the sum of the squares on tlie three parts 
together with twice the rectangles contained by each pair of these 
parts. 

Shew that ^he algebraical formula corresponding to'this theorem is 

b'^’\-c~ + 2hc~\-*2c<i-i 2ab. 

3. Ju (I rujht-auijled triamjle^ if a perpendieular is drawn from the 
right angle to the hypotenuse, the square on tins perjiendicular is equal 
to the reetuhffle contained by the segments of the hypotenuse. 

4. In an isosceles triangl?-, if a peri)endicuhir be diawii from oim 
of the angle.s at the base to the oppo.site .side, shew that the square oji 
the peri)cndicitlar is equal to twice the rectangle contained by the 
segments of that side together with the square on the segment 
adjacent to the base. 

»j. A^y lectanglt! is half the rectangle contained by the diagonals 
of the squares described ui)on its two .sides. 

0. In any triangle*!^ a pciqiendicular is diawu from the vertical 
angle to the base, the sum of the squares on the sides forming that 
angle, together with twice the roctaiig|je contained by the segments of 
the base, is equal to the square on*thc base together with twice the 
square on the j^urpendicular. * 


ON II. 5 AND 6. 

The student is reminded that these important propositions are 
both included in the following enunciation. 

Tl\f difference of the squares on two straight lines is equal to the 
rectangle contained by th^tr sum and difference. 

7. In a right-angled triangle the square on one of the sides form¬ 
ing the riglit angle is equal to the rectangle contained by the sum and 
difference of the hypotenuse and the other side. [i. 47 and ii. 5.] 
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8. The dij'erence of tpfic sqiuors on tico sides of a tnan;fle is equal 
lo ticice the rectangle contained hg the hose and the intercejit between 
the middle judnt of the base and the foul of the jjn'pcndicular drawn 
from the vertical angle to the base. ‘ 

Lot ABC be a triangle, aiitl let P be the middle i>oiiit of the bat^e 
BC; let AQ be dravsn ])eip. to BC. 

• Then shall AB-- AC=_2BG . PQ. 



Fii>t, let AQ fall within the t' 'angle. q 

Now AB'- EGl- i-QA^ i. 17. 

also AC- - QC-’ I QA-, 

. •. A B-’ - AC- BQ- - QC^ Ax. 8. 

--(BQ I QC) (BQ-QC) u. 5. 

-^BC.-iP^ K\'. 1, p. ]2;>. 

--•2BC.PQ. e. I'-.L. 

The case in wfiich AQ falls outside tlio triangle ju'esents no 
difficulty. 


Ax. 8. 
ir. r>. 


BC . -iP^ 
-•2BC. PQ. 


0. The square on ang stiaight line drawn from the verte.c o^ an 
isosceles tiiangle to the base is h'ss than the square on one fi/ \he equal 
Sides bg the tecfangle contained bg the segment^ of (he base. 

10. The square on any straight line drawn fiorn the vertex of an 
isosceles triangle to the ba-c pro^luced, is gieater than the square on 
one of the eciual sides by the Actangle contained by the segments into 
which the baiK is divided c.ctcniallg. 

11. If a straight line is diawn through one of the angl(‘S of 
an equilateral triangle to meet tin; opposite side produced, so that the 
lectangle contained hg the segments oj the base is equal to tho^quare 
on the side of the triangle ;*shcw that the .square on tlie line so drawn 
is double of the square on a side of the triangle. 

12. If XY be drawn parallel to the base BC of an isosceles 
triangle ABC, then tho diii'erencc of the squares on BY and CY is 
equal to the rectangle contained by BC, XY. [Sec above, J2x. 8.] 

13. In a right-angled triangle, if a iieiqfbndicular be drawn from 
the right angle to the hypotenuse, the square on either side forming 
the right angle is equal to the rectangle contained by the hypotenuse 
and the segment of it adjacent to that side. 


10-2 
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EUCLID’S ELEMENTS. 


ON II. 9 AND 10. 

14. Deduce I’l-op. I) from l*roj)s. 4 and 5, using also the theorem 
* that the square on a straight line is lour limes the square on half the 
line. , 

1,*). Deduce Proii. 10 fioin l^rops. 7 and 0, using also the theorem 
mentioned in the preceding Exorcise. 

IG. If a straight line is divided e(£uall.y and also unequally, the 
squares on the two unequal segments are together equal to twice the 
rectangle contained by those segments together with four times the 
square on the line,hetwecn the points of section., ^ 

ON II. 11. 

17. If n slfaif/ht lino is tlivided iutcnialhj in st^ction, and 

from the ffreiilt^r scfimcnt apart he taken e(/nnl to the less: sheie that 
the ffreater segment is also divided in medial section. 

18. If a straight line is divided in medial section, the lectangle 
<‘ontained hy tlic sum and dilTferencG of the segments is equal to 
the rectangle contained hy the segments. 

lO. If AB is divided at H in medial section, and if X is the 
middle point of the greater segment AH, shew thUt a liiangle whose 
sides arc equal to AH, XH, BX respectively must he iight-angled. 

20. Jf a stiaight line AB is divided iutcMiially in medial section at 
H, prove that the sum of the squares on AB, BH is three times the 
s(juurc on AH- 

21. Divide a straight line extcnialig in nicduil section. 

ll’rocecd as in ii. 11, hut instead af diawing EF, make EF’ equal 
to EB in the direction remote from A; and on AF' describe the square 
AF'G'H' on the .side remote from AB. Then AB will be divided exter¬ 
nally at H' 0 s required.] 


ON 11. 12 AND- 13. 

22. In a triangle ABC the angles at B and C are acute: if E and 
F arc tlie feet of perpendiculars drawn from the opposite angles to the 
sides AC, AB, show that the K{|uare on BC is equal to the sum of the 
rc'ctaifglcs AB, BF and A(^, CE. 

23. ABC is a triangle right-angled at C, and DE is drawn from 
a point D in AC perpendicular to AB: shew that the rectangle 
AB, AE is equal to the rectangle AC, AD* 
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24. In any trianyU tire sum of the squares on two sides is equal to 
twice the square on half the third side together with twice the square on 
the median which bisects the third side. 



Tift ABC ]>o a aiul AP tlie inodian birifctiii!; tlu* sido BC. 

Then shall AB *-h AC*'’-2 BP- i 2 AP-. 

Dru^v AQ })fr}). to BC. 

Consider tlTo case in whicli AQ falls \\itliin the triangle, but does 
not coincido with AP. * 

Then of tho angles APB, APC, one must be obtuse, and the otlier 
acute: let APB bo obtusi* 

Then in tho a APB, AB^-^BP-’ i-AP^ f 2 BP. PQ* tt. 12. 

Also in the a APC, AC--CP; h AP'^ 2CP. PQ. u. Id. 

Hut CP-BP,’ 

CP-—BP<; and tho rcct. BP, PQ-the root. CP, PQ. 

Hence adding the above results 
AB-‘ 1-AC-- 2 . BP-*-1-2 . AP-. O-n.n. 

The student wdl have no difllculty in adapting this proof to the 
eases in which AQ falls withon| tho triangle, or coincides ^wi^i AF^ 

m 

25. The sum of the squares on the sides <ff a paralleloyrani is equal 
to the sum of the squares on the diagonals. 

2G. In any (piadrilaleral ftu* sfiuaies on tin' diagonals are toge¬ 
ther eipial toitwice the sum of the squares on the straight liiu's join¬ 
ing the middle points of opijosite sides. [See K::. 1), p. 97. | 

27. If from any point within a rectangle straight lines are draw'll 
to tlie angular points, the sum of the squares on one pair of the lines 
drawn to opposite angles fs equal to the sum of tho squares Rn the 
other pair. 

28. Tlie .sum of tlie squares on the sides of a quadrilateral is 

greater than the sum of the squares on its diagonals by four times 
the square on the straight line which joins the middle points of the 
diagonals. • ^ * 

29. O is the middle point of a given straight line AB, and from 
O as centre, any circle is described: if P be any point on its circum¬ 
ference, shew that the sum of the squares on AP, BP is constant. 
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kucltd’s elements. 


30. (jivon the base of a tiianf^lo, and the snin of the squares on 
the .sifloM forming the vei'tical angle; lind the Iocuh of the vortex. 

, 31. ABC is an isoscele.s triangle in whieli AB and AC are equal. 
AB is produced beyond the has(‘ to D, so thati BD is ecjiial to AB. 
Shew that the square oa CD is e(|ual to the square on AB together 
with twice the square on BC. 

3‘ii. Tn a right-angled triangle the sum of the squares on the 
straight lines drawn from the right angle to the points of tri¬ 
section of the hypotenuse is equal to live times the square on the 
line between the points of tiisection. 

33. Three timqs the sum of the squares on the sides of a tri- 
anjfie is equal to fdVir times the sum of the s([uar('b ;)n the medians. 

31. ABC is a triangle, and O the point of inter.section of its 
nu'dians: shew that 

AB- I BC^ I CA--3(OA- 1’OB" 1 OC=). 

3i). ABCD is a quadrilateral, and X the middle point of the 
straight hin* joining llu; hiseclions of the diagonals ; with X as centre 
amj circle is deserihed, and P is any point upon this circle: sliew that 
PA-'h PB- I fPC- I- PD- is couKtaut, being equal to 

XA^ 1 XBHXC- 1 XD‘-’ 1 4XP‘^. 

30. The squares on tlie diagonals of a trapezium are together 
equal to the sum of the squares on its two ohliiiue sides, with twice 
the rectangle contained by its ])arallel sides. 


, PUOBLEMS. 

37. Construct a rectangle equal to the difference of two squares. 

38. Divide* a given straight line into tw^o parts so that the rect¬ 

angle contained by tliem may he equal to the square described on a 
given stjaight lin<^ whieli i.s less lhan half the* .straight line to he 
ilivided. * 

31). Given a square and one side of a rectangle which is equal 
to the square^ find the other side. 

40. Produce a giv’^en .straight line so that the rectangle contained 
by tluHwholo line thus produced and tlie p-'i’t produced, may he e((iial 
to the .square on another given line. 

41. Produce a given straight line so that the rectangle contained 
by the wdiok* line thus produced and the given line shall he equal to 
the sijuare on the part produecil. 

42. Divide a straight I’uc AB into two parts at C, sii(4i that the 
rectangle contained by BC and another line X may he equal to tha 
square on AC. 
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Hook III. floalw witli tlin pi'operfios of 

• • 

I )i<:kiniti<)Vs. 

1. A circle is a plane bounded 

by one line, whieli is called circum¬ 
ference, and is sindi that, all I'/iii^lit line's 
drawn from a ee‘riain point within the* 
fi«(in’(' to the eii'cinuferenee are to 

onc! anothei': this point is ealh'd tin* centre 
of the eireh*. 

A radiuS of a cirele is a st.raight line drawn from 
tlie centre to the circumference. 

3. A diameter of a circle is a straight line <li-;»wn 

tlirou^Ii the ceuitn*, and* terminated l)oth wa,^s*))y the 
circumference. • 

4. A semicircle is the ii^Lfure bound(*d })y a diameter 
of a circle and the ])ai‘t fhe circumference cut off by the 
diameter. • 

From these definitions \vc diaw the following inferenees: 

(i) The distance of a point from the centre of a circle is less than 
the radius, if the point is ^itbin the circumference : and the (^stance 
of a point from the centre is greater than the radius, if the point is 
without the circumference. 

(ii) A point is within a circle if its distance from the centre is 

less than the radius: and a point is without a circle if its distance 
from the centre is greater than tlio radius. ^ 

(iii) Circles of equal radius are equal*i« all respects; that is to 
say, their areas and circumferences are equal. 

(iv) A circle is divided by any diameter into two parts which are 
equal in all respects. 
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kuclid’s elements. 


T). Circlf's w liicli liavi 

concentric. 


sjinio *fon1ro arp said to be 


0. All arc r)f a r irrle i.s a]iy pai t uf the circumference. 


7. A chord of a circle is the .strain^ht line wliicli joins 
any two points on the circninfcrcnc<*. 


From these definitions it may he seen that a 
chord of a circle, ■wliich does not pa.ss tlirongli 
the centre, divides the cireunirerence into two 
unequal ares; of these, the greater is called tho 
major arc, and tKo less tlx* minor arc. Tims 
tho major arc is greater, and the minor aie /es.s* 
than tho fiomicircumference. 



The major and minor arcs, into wliichji cir¬ 
cumference is thvided by a chord, are said to he 
conjugate to one anotluM-. 



8. (Jliorils of a cii’cdc arc .said to bo 
equidistant from tin* <*entrc, wlicu tin* 
perpendiculars alrawn io .tlicni from llie 
centre are (‘(pial : 

and one chord is .said to be further from 
the centre than anot.liei*, wlicn tlie pei*- 
pendiculai* drawn to it fi-om tlu^ centre is 
greater than the perpeiidimdai* ilyawu t.o 
the otlier. 



9. A secant of a c*ircle is a .stfaight 
line of indefinite huigth, which cuts the 
circumference in two points. 



10. A tangent to a ciride is a straight 
line which meets the circumference, but 
being produced, does not cut it. Sucli a 
line is said to touch the* circle at a point; 
and the point is called the point of 
contact, 
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If a secant, which cuts a circle at tin* 
points Pand Q, gradually changes its position 
in such a w'ay that Prt*mains fixed, the point 
Q will ultimately npi3roach the fixed point P, 
until at length thcs^ points may be made to 
coincide. When the straight line PQ reachi^; 
this limiting position, it becomes the t(in(jnit P 
to the circle at the point P. 

Plenco a tangent may be defined as a 
straight line which passes through tn'o voinci- 
iii'Ut points on th»‘ circnmren'tice, 

11. (lii’cles .said 1o touch one another nsIk'h liev 

f 

ineei, Inii do not. I'lit one anotlior. 




When each of the circles \\hieh meet is outside the other, they are 
said to touch one another externally, or to ha\e external contect* 
when one of tlio circles is u itftin the other, they are sriidHo lonch one 
another internally, or to have Internal contact. 

• 

l‘J. A segment of a^eit-ele is flit* llL(iire bounded by a 
< liord juid^oiio of f.lio two ;w’<*s info which flu* chord divides 
f h<* eireunif(*i‘ence. 



' K • 


The chord of a segment is .sometimes called its base. 
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Euclid's elements. 


13. All angle in a segment is one 
formed by two stniij^Iit lines drawn from 
any point in tlie arc of the s(*_<^ment to 
the extremities of its ohord. 



[It will be shown in Proposition 21, that all angles in the same 
soKmoiit of a circle are 0 (inal.| 


11, An angle at the circumference 

of ;if circle is one foi’iiied by .straii^ht lines 
flrawn.fi'om a point on t.lu‘ <-in‘iimf('r(Mice 
to the extiemitics of an aic: such an 
an^le is said to stand upon tln^ arc, ivhich 
it snbiends. 




I r>. Similar segments 

of circh'R are thhse which 
camtain equal ani^les. 



IG. A sector of a <*ircle is a liunn* 
))«)unded by two radii and the arc inter¬ 
cepted between them. 






Symbols and Abbbevtations. 

In addition to the symbols and abbreviations given on 
' page 10, we shall use the following. 

r 

for circle, circumference. 



BOOK irr. PROP. ]. 


153 


Proposition 1. Problem. 

To ft ml thfi of a given, civele. 



* IjPt ABC l>p :i <(ivni 
it is mjuii'('(l to liiul its iTiiti-o. 

To ilio i(ivoiucirclo draw any (!hor<l AB, 

siiid l)isr.‘t AB at D. • i. 10. 

Kroiii D draav DC at I'ii^lit audios (o AB; r, II. 

and |)!()diir(* DC to in(‘<‘t th<‘ ( at E aiul O. 

jjispct EC at F. • i. 10, 

M'lioii shall F 1)0 tho ooiitvo of tlio o# ABC. 


First, th^ oontro of t]i(‘ cii t*h* must ho in EC : 
for if not, lot tlio oontro bo at a point G witliout EC. 

f)oin AG, DG, BG. 

Phon in tho A" GDA, GDB, . 


Booauso 


•DA DB, 

and GD is coinmoji; 


(Joust r 


[ and GA GB, for by sujipdsition thoy ai-<* radii: 

tlio Z-^DA the Z.GDB; ' T. H. 

tjioso angle.s, being adjacont, are i*t. angh's. 

But tho L CDB is a rt. angle ; Co7isf/\ 

tho z. GDB — the z. CDB, • Aa\ I I. 
tho part equal to the whole, which is inipo.ssiblo. 

G* is not tho centre. ^ 

So it may bo shown tliat no point outside EC is tho oontro ; 

tlie centre lies in EC. 

F, tho middle point of the diameter EC, niu.st be the 
oontro of tho 0 ABC. ^ QwK.p. 

C/OROLLARV. The straight lute vViieh hiseejs a rho'vd of 
a circle at right a^igle.s 2>asse,^ throngh the centre. 

[For Exercises, see page lo6.] 
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EUC’LID’s elements. 


PuoPosiTioN 2. Theorem. 

• If any two pohita are. taken in the circa inference of a 
circtPj the chord whichftiiift thernfalla within the circle. 



J^et, ABC Ilf* ;i A ;uol .B aiiy two points on 

its < 

tlion sliall tlio oJiord AB witliin tin* circlf*. 

h'iiid D, the conti'e of tho 0ABC; ITI. 1. 

.LUfl in AB take any point E. 

Join DA, DE, DB. 

In the A DAB, beeauso DA DB, III. I)ef 1. 

the L. DAB tlie l DBA. r. f). 

lUit tl »e (‘\t. L DEB is creator than the int. opp. /. DAE; 

I. It;. 

also the DEB is tfj’eater tlian tlu* DBE; 

in the A DEB, tlie side DB, whie-h is opposite the i*reater 
anifle, is iijreater tlian DE whicli is opposite the less: i, I *.). 

t hat is to say, DE is less than e tadius of the eirele; 

E falls witliin tlie circde. 

So also any other point between A and B may lie shewn 
to fall within the circle. 

AB falls within the circle. q. E. o. 

Definition. A part of a cavNed lino is said to ho concave to n 
point when, inoj cliord being taken in it, all straight lines drawn 
from the given point to the intercepted arc are cut by the ohord: if, 
when any chord is taken, no straight lino drawn from the given point 
to the intercepted arc is cut by the chord, the curve is .said to be 
convex to that point. 

Proposition 2 proves tliat tlie whole circumference of a circle 
in concave to its centre. 
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PllOPOSITIOX 3. Theohe.m. 

If a btraiijht line drawn ihrour/h the centre of a circle 
Insects a chord which does not jutss thron<jh the centre^ it shall 
cut it at right aiufes: 

undy conversclgy ij >1 cut it at right anj^lcs, it shall bisect it. 

B 


A 


Let ABC bo cl cii’«?lo ; and lot CD bo a. bt. lino drawn 
tlirougli tlio centre, and AB a clioj’d \vInch •does not pass 
through the centre.. 

Jnrsf. Let CD bisect AB at F ; 

then shall CD cut AB at rt. anjjfles. * 

Find E, the contr(j*of the cir(ji[.‘; Jii. 1. 

and join EA, EB. 

•Then in the A’' AFE, BFE, 

C AF BF, J/gp. 

Lccause -v and FE is coninioFi : ^ 

( ajid AE=»BE, bt'ing radii of the »4irrie ; 

the L AFE —the *_^BFE; i. «S. 

. . these angles, being acljacefit, a,re it-, angles, 

that is, DC cijts AB at rt. angles. e. n. 

Co)ii’erselg. Let CD ciit*AB at rt. angles; 

then shall CD bisect AB at F. 

^\s befori?, Hnd E the centi’e; and join EA, tB. 

In the AEAB, becau.se EA—EB, ill. 1. 

the ^ EAB -- the ^ EBA. i. 5. 

Then in the A** EFA, EFB, 

J the EAF —the L. EBF, Proved. 

Because -j and the .1 EFA = the L. EFB, being rt, angles; Hyp. 
( and EF is conivnon; • 

AF-:-BF. * 1.26. 

Q. E. n. 



[For ExerciscB, see page 150.] 
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EUCLID’S ELEMENTS. 


EXERCISES. 

ON PnOPOSITION 1. t 

/ 

1. If two circloh intersect at llie points A, B, show that the line 
which joins their centres bisects their common chord AB at right 
anglfcs. 

2. AB, AC sro two C(iual chords of a circle; shew that the 
straight line which bisects tlie angle BAC passes through the centre. 

Tiv<) chord) 'of a circle are t/iven in jwsiiini and marjuitudc: 
find Ihc centre of the circle. 

1. Desenhe a cucle that ,<liaH pasii thromjk three tjirrn j^oints^ 
u'hich arc not in the i^amc alraif/ht line. *’ 

1 

o. Find the locus of the centres of circle.^ irhicli pass thnnojk tiro 
Ifi ceil points. 

(). l)escril)e a circle that shall pass through t^\o given points, 
and have a given radius. 


ON I'koposition 2. 

7. -1 stnmjht line cannot cut a circle in mure than tuo points. 

I 

on I’lio position 2. 

8. Thioiigh a given ■j)t)int within a circle draw a chord which 
shall be bisected at that point. 

0. The parts of a straight line intercepted between the circuni- 
fercnccs of two concentric circles are equal. 

10. The line joining the middle points of two parallel chords of a 
circle glasses through the centre. 

11. Find the locus of tlio middle points of a system of parallel 
chords drawn in a circle. 

12. If two circles cut one another, any two parallel stiuight lines 
drawn through the points of intersection to cut the circles, are equal. 

13. PQ and XY arc,tWo paralhd chords in a circle: shew that 
the points of intersection of PX, QY, and of PY, QX lie on the 
straight line which passes through the middle points df the given 
ohor^. 
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Proposition 1. 'riiKouEM. 


If in a circle tiro r/tords cut one another, irhlch do noi 
both pasu throiujh the centre^ thiy cannot ln>fh be bisected, at 
their -point of intersection. 



TiOt ABCD 1)(‘ ii. rirc’lo, i-nd AC, BD (,nn u^cliords wliicli 
inlorsect at E, but do not boili pass tlirou^li tli(' centre: 

then AC and BD shall not ]>e, bidh biseebnl at E. 

t 

('AS® r. If one eliord ])a.ss<5.jj Ihroii'di ^he ecuili'e, ii is 
a dia.inet(‘i’, and tlu‘. eentre is its middle [)nint ; 

it cannot be*ljisected by the oilier cJiord, %vhicli by liypo 
tJiesis does not pass through tlie centre. 

(JaseTT. If ne.ith(‘r eliord j»a,sses tlirouijfli the eefttrt^ 
then, if possible*, let E be tlie middle point of both; 

that is, let AE - EC; and ^E— ED. 

Pind F, the centre of the circle: ui. 1. 

•J*oiii EF. 

Then, *beeaii.se FE, which passes through tlie centr<*, 
bisects the chord AC, • 

the L FEC is a rt. angle. ill. 15. 

And because FE, Vhicli passes through tlie ceiJlre, bi¬ 
sects the chord BD, 

the L FED is a ri. angle, 
the .1 FEC - the - FED, 

the whole equal to its part, which is impo.ssibh*. 

AO and BD are not both bisected at E. q. e. jj. 


[For Exercises, see page 15ti.] 
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EUCLID'S ELEMENTS. 


Proposition o. Theorem. 


, 1/ two circlt's cat one anothiH\ th.c)j caaaot have the same 

centre. 



Li;t the two AGC, BFC ful oim ;iiiotJier at C; 

Hien, ihoy sluill not have the same oeiitre. 
lA))', if po.ssilile, let tin*, two eireles have tlie same eeiiiro; 

and let it be called E. 

Join EC; 

and from E di,‘aw any st. line to meet tlni at and G. 

TheJi, because E is tlui ctmtre. of the, e'AGC, 

EG - EC. ' 

And b(‘caii.se E is also the (*entre of the (ijBFC, //y/L 

EF - EC. 

EG - CF, 

the whole equal to its part, which is im]>ossibl(’. 

.’. the two circles have not the same centre. 

(i. E. D. 


EXERCISES. 

ON I’llOPOSITION 1. 

i 

1. If a parallelogram can be iiisuribed in a circle, the point of 
intersection of its diagonals must be at the centre of the circle. 

2. liectauglcs are the only parallelograms that can be inscribed 
in a circle. 

nil Pboposition 5. 

3. Two circles, which intersect at one point, must also intersect 
at another. 
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l*ilo^^)S^rlo^ G. TiiKoHJiM, 

Ij If('o ("in'fes tttnrh oio’ infcnLullt/y tiicij rumatt 

hare tim tainu’ centre. 



li(“b tli(3 two e-J*' ABC, DEC 1oiu-h oik' jii)otli(‘r iiiti'rriiilly 
;it C: 

tJieii tiu'y sIimII Jiot }i;ivc (Ik; .s.un<; ccnbi'c. 

For, if |fl3s.sil)lc, l<'t tin* t-Mo rirclijjS (‘(‘uiro; 

Miicl J<‘t ib })o F. - 

* Join FC; 

!in<l from F draw" an} .sb. lino to m<‘ob tin; i /'■* ab E and B. 

'^I’lnm, l)ooans(‘ F isjlu* (-(‘idro of bln* '--ADQ, , 

FB^ FC. 

And }x‘caus(; F is tin; oordrc; of blio i,-‘DEC, 

.*.^FE -FC. 

• Ffe^-FE; 

tlio wljolt; iM|i]al in its J>art, wliioh is im2X).s^si)>l(;. 
tlu; two t*irol(;s liavo nob tim same o(‘n(r(!. Q. K. i>. 

Notk. From Pioi)o.silions 5 and C it is soon that circles, wliosc 
circuinfoipnces liave any point in common, cannot be concentric, 
unless they coincide entirely. 

Conversely, the circumferenees of conc<iiiiric circles can have no 
Ijoint ill common. • 


II. E. 


11 
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EUCliljyS ELEMENTS. 


Pkofosition 7. Thkokeai 

Jf from an]) point within a rircJe whirU is not tlw rentre, 
straif/ht liims are drairn to the cirrntnjh'rnrry the ijreatest is 
that which parses iiLroiajh the centre ; and the (cast is that 
whichy when prod need backwards, passes ihromjh the tentre : 

'anil of all other such lines, that lohich is nearer to the 
gi'eatest is ahvaj/s greater than one, more remote: 

also two equal stmight llnrs^ and onlg tiro, can he drawn- 
from the given point to the circumference, (me on each side 
of the diameter. 



Lot ABCD 1)0 a cirolo, Avitliin wliicli any ])()iiit F is takoji, 
which is )iot tlio centre: let FA, FB, FC, FG l)e draAvii tf) 
ihp of which FA passes throiif^li E tlio centre, and FB is 
nearer than FC to FA, and FO nearer tlian FG: and ](‘t 
FD be the lino whicli, when produced backwards, passes 
through the centre: then of all tliesc st. linos 

(i) FA shall bo the greatest; 

(ii) FD shall l)c the least; 

(iii) FB shall be greater than FC, and FC greater 
than FG; 

(iv) also two, and only two, equal st. lines can be 
drawn from F to the 

Join EB, EC, EG. 

(i) Then in the A FEB, the two sides FE, EB are together 
greater than the third side FB. i. HO. 

But EB- - EA, being radii of the circle; 

FE, EA arc together greater than FE; 
that is, FA is greater than FB. 



iiuoK III. ritoi’. 7. 


IGl 


Similarly FA may be sliewii to 1 m‘ greaier than any other 
st. line drawn from F to th(’ 

FA is the greatest of all such lines. 

(ii) In tlm A EFG, tlu' two siiles EF, FG ai(* togelhei’ 
i»r(‘at<*r than EG; I. 20. 

and EG ED, being radii of tJie circle, • 

EF, FG are together greatei* than ED. 

'J ak(‘, away tlu* common jvu't EF; 
then FG is iirt'jiter than FD. 

Simdarly any otlu'i’ st. line drawn fronf F 0) the 
may be shewn to be gi'c'attn* than FD. 

.’. FD is th(^ least of all such liiu's. 


III. My.’ 1. 


(iii) Tn the eEF, CEF, 

{ BE--CE, 

llecaiis(j < and EF is common; 

( but tlie 1 . BEF is greater than the ^•CEF ; 

• FB is gi'oater tjian FC. i. 21. 

Similarly it may be. showni that FC is greater than FG. 

(iv) At E in FE make the FEH e«j[ual to the i. FEG. 

I. 22. 

Join FH. - * 

TJ.cn in tlie A** GEF, HEF, 

GE-HE, III. /Jf/. L 

because •{ and EF is coniinou; 

also t^le^ z. GEF tlie z. HEF; Conatr. 
FG ^ FH. I. i. 


And besides FH no otiier straight lino can* In; drawn 
from F to the (_)'i'equal to FG. 

T'or, if possible, let FK — FG. 

Then, because FH - FG, 

FK -- FH, 

that is, a lino nearer to FA, the greatest, is equal to a line 
which is more remote; which is infpossible. Proved. 

two,•and only two, equal st. lines can be drawn from 
F to the Q.E.D. 


% 

Proved, 


11-2 
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KUCLI D'S KLKMlONTS. 


ThOPOSITIOX S. TllKOItEM. 

JfJ'ront any pouU wlthnat a rirr?e ttfrruyld linetf ((re dnnrn 
io thd cirnunferenrr, nf (host' 'inhkch, fall on, i/ni cancan’: cfn 
('fuii/'cnnicc, f/tc ynniist is fhat -n'lnch jfasscs fhnnnjh the 
’'cntrc ; and of of/trrs, t/nit 7oJri<‘h is nearer t(* (he yrea/est 
is aln'difs (jreafer than, one 'more, remote: > 

farther^ if those n'Ji I eh. fall on, the eonre.c. eircnjn/erofee, 
the least, Is that n'hleh, n'hen. prodneetf jtasses thronyh, the 
cent re : ami of others that n'hieh, 'is nearer to the, least. Is 
alirays l< ss than^.ore 'more remote: 

lastly,, from, the, ylren, point there can he drarm to the, 
eirenmferenee, in'o^ ami only tmo^ eynal .strahfht linrsj one on 
each side of the, shortest line. 



fj<‘t LiGO ))c! a. circles of winch C is Ukj (.‘(Mit.tc ; and hd. 
A 1)0 any point, outsider (Iio oifch* : lot, ABD, AEH, AFG, ho. 
sty liiu's drawn from A, of whicli AD pass(‘s tlironi^li C, tho 
oeutr’('/afid AH is noaren* than AG to AD : 

tluMi of st. (h'aAvn frenn A to tin* coiioaao > 

(i) AD shall ho tiu* ij^rc'atost, and (ii) AH i^roator tliaii 
AG : . , 

and of st. liiK'.s di*awn from A to tho cou\ox Cd', 

(iii) AB slia.ll ho tho h'ast, a,iKl (iv) AE loss than AF. 

(v) Also two, and only two, (‘(pial st. Jino.s ran ho 
tlraw'ji from A to tho u"‘- 

Join CH, CG, OF, CE. 

(i) Then in tho A ACH, the two .sides AC, CH are 
together greater than AH: l. '20. 

but CH — CD, hoing radii of tho circle: 

AC, CD are together greater than AH: 
that i.s* AD is greater than AH. 

Similarly AD may he shown to ho greater than any other 
at. line drawn from A to the concave 

AD is the greatest of all such lines. 
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(ii) 111 tho /v' HCA, GCA, 

( HC GC, lir. /W’ 1. 

Im'i jiuso and CA is coiniuon; 

( Init ilT(‘ L HCA is tliaii tin* „ GCA; 

AH is i,o-(‘a1(‘r iliaii Ag. l. 21. 

(iii) Ju tlie A AEC, tin* two sides AE, EC are toi^ndilier 

reater than AC : l. 20. 

l)ut EC BC; Jll. /)»'/'. 1 

tlio i'(‘inaiin]er AE is •(I'cviO'i* than lln* rnnaiinh'i* AB. 

Similarly any oilier s(. liin^ drawn from A lo flie «-on\^*\ 
may be slnwvn lo be i're.tt<‘r than AB; 

AB is lli,(‘ least of all sueli lines. 

• 

(i\) Inlln*/ AFC, b<‘eaii; “ AE, EC ai(‘dr;l^\ n fi om lln* 
xliemilies of lln* base* (o a, ])Oinl, E uilliin llie tiiaiii^Ie, 

AF, FC aif* to^cliicr _i^r‘('al(‘r than AE, EC. r. 21. 

Hut FC- EC, ft I. A;A 1. 

Ilie i'(‘mainder AF is i^it'jiler fhan the iVnainder AE. 


(v) At C, in«AC, mak(' tin* _ ACM ecjual to tin* „ ACE. 

Join AM. 

Then in the tw'o ECA, MCA, 

/ • EC - MC, HI.-/A/ 1. 

lieeaiise 4 and CA is eommgn ; 

( also the l ECA--t*ln^ L MCA; (.(mstr. 

.•. AE - AM ; 1. 1. 

and besides AM, no st. litit*, eaii b<; diawn from A to the 
e<|iial to AE. 

Hor, if possibli*, l(‘t AK - AE : 

then because^ AM — AE, 

AM AK; 

tliat is, a line in*ar(*r to the shortest liin* is (njiial to a 
line which is more remott;; which is impossible. Prevail. 

tw'O, and only txvo, equal st. lin(*s can Ik* drawn from 
A to the 0“*. *• 

Where aie the limits of that part fif the circiiinftiienoe vdiich is 
eoncave to the point A? 




.y^PuoposmoN 9. Thkorkm. [First Proof.] 

« 

If from a point withi)h a clrcJr more them i?ro equal 
Mrahjht lines CAvn be drawn to the cirnnnferrnce^ that point 
is the centre of the circle. 



B 


lj(jt ABC 1 r a oii cle, ami D a })oiiit Avithiu it, from whirli 
moro than two f^qual st. linos ai'o draavn to the namely 

DA, DB, DC : 

then D shall b(i the cMmtre of the eirele. 


Join AB, 5C : 


and Ijiseet AB, 

BC at E and F respectively. 

I. 10. 

1 

Join DE, DF. 


Then in the A« DEA, DEB, 



f EA EB, 

Constr. 

1 because 

< and DE is common; 


11 

[ and DA DB; 

Ifyi). 

.*. the 

^ DEA-the z. DEB; 

I. «. 


these angles, being adjacent, are rt. angh'S. 

ifonoe ED, wJiieh biseots the oliord AB at I't. angles, must 
pass throiigli the centre. ill. 1. Cor. 

Similarly it may be shewn ihat FD passes through the 
centre. ♦ * 

/. D, whieli is the only point <*ommon to E^D and FD, 
must be the centre. <i.E.D. 



nooK iir. PROP. 9. 


105 


PiioposrTioN 0. Tkeoukm. [Skooxd Phoof.J 

Jf from a point withhi a rircfr morr than two equal 
stndfjht lines hat hn draum to the circumjhreucey that point * 
is the centre of the circle. • 


C 

A 

Lot ABC !>e a oirclo, and D a point within i(^ from whieJi 
iiioni than tw'o ocpuil st. linos aro dj'awn to tho (J‘“j namely 
DA, DB, DC: 

then D sluill l>o tho, oontro of tlie cirolo. 

• For, if not, suppose E to ho the centre, 
doin DE, and j)?-odiJLO it to moot tho at F, G. 

Then hocausS D is a point within tlio cirolo, not the 
centre, and because DF passes thi'ough tho centre E ; 

DA, which is nearer to DF, is gi'oator tlian DB, w|ych 
is more remote: • • • iii. 7. 

but tijis is imj)OssibIo, since l)y hy[jr)tliesis, DA, DB, aro 
equal. * 

E is not th» (*entro of tho circle. 

*And \^hcrever we suppose tJio ctmtro E to be, other¬ 
wise tli/in at D, two at ]<‘ast of tlui st. lim'S PA, DB, DC 
may be shown to be uiuMpial, which is contrary to liypo- 
tJiosis. . \ 

D is tJio centre of the (y ABC. 

* Note. For example, if the centre E were suppo.sed to bo within 
tho angle BDC, then DB would be greafb)' than DA; if within the 
angle ADB,^hcn DB would be greater than DC; if on ono of the three 
straight liiiG.s, as DB, then DB would be greater than both DA and OCt 




JiUCJLlD'h) liljKMENTS. 




Oha. Two proofs of Tropoftition 10, both jiuliroct, woro i^iveu hy 
Euclid. 


PllOPOSlTION 10. TjtliOUKM. [F/KST PhoOI’.] 
One circle aiivnot cut another at more than two points. 



If po.ssil)!:*, lot DABC, EABC lx* two oirolos, cut.tini^ ouo 
‘.motlu'r ;it more* tluiii two |)(»ints, uuiiu'ly at A, B, C. 

Join AB, BC. 

Ilr;iw FH, bisoi-tini; AB at vt. angles; l. 10, 11. 
and (IraWyGH Insootigi,^ BC at rt. ani^los. 

'riitMi booaiist^ AB is a olioi-d of hot/i oirolos, and FH 
l)i.s(‘,cts it at rt. .‘in,i;l(‘.s, 

tho oontro of both oircl(*s ]i(*s in FH. til l.f'or. 

Aixain, beoauso BC is a chord of both oirol(‘s, a,nd GH 
bisects it at lii^lit nnglos, 

tlie centre of botli oirol(*s lies in GH. ui. }.Cor. 

4 

Henoe H, tho only j)oint (xnninoTi to FH and GH, is the 
oontro of l)oth oirtdes ; t 

which is impossible, for ciroh's whicli cut ok*- another 
cannot have*, a common c(‘ntr(‘. ill. T). 

one ci'rch* cannot cut anotln'r at morci tli.in two points. 

(.^TiiOLLAiilES. (i) 7'iro circles cannot 'meet in three 
jwints without cornciding entire!g. 

(ii) 2'wo circles can/not have a common arc 'without 
coinciding cidirely. ^ c 

(iii) 0)ibj one circle can he dcscrihed through three 
points^ which are not in the same straight line 



m)(»K IIr. THoi'. 10. 


1()7 


PuOPOSrt’fOX •]<). ThKOJM’.M. [►SiX’OXD PkooP. I 
OtKi circle co'Uiiot citf, another at more (lata tmo i/oints. 


D 



]f J)()s,sil)l(‘, DABC, EABG l)r tAVo i iiii( <mi<* 

lit inorii tlwin two poiuls, iwnnoly ;it A, B, C 

h^iiirl H, tl)(' of tho oi DABC, ^ UJ. 1 . 

aiHljoiii HA, HB, HC. 

since; H is tli(‘ cenfro of tli<‘ ^ ^ABC, 

HA, HB, HC ;it(' ;ill ('<iual. III. /}e/’. L 

Ami l)(‘cjius(^ H is a p<»int williin tin' f-t EABC, from 
wliicli more than two (‘(jiMl st. lines, namely HA, HB, HC 
are; drawn te) the; < ^ *• 

H is tlje; ee'iitre; e)f the; /•» EABC: III. 1 ). 

that is te) sa,v, the two cire*le*s have' e^)niim)n e‘e-nlre; H , 

*y ’ ' 

l)u(. this is im|)e)ssil)le‘, sine.'(* tin*}’ e-ut enie; ane)theT. III. O. 
'^rh<;r('fe)r(' e)n(; edre-le; cRnnot exit aneitlie'i in inene* th.in 
two pejints.* tJ.K.n. 

Notc. This pio*)f is impe'rff'ct, hcoeiuso it a-'^'iinics fluit the'ce'nire; 
«)f the circle DABC must lull witlini tlie- circlei EABC; wlicw:is it 
may bo eainceive'el to tail either ^\iiholli the; circa' EABC, or on its 
ciiciimferonco. Hence to make the' j>re)ol’ esmijile te', twei aelelitional 
e*ascs are lequiivel. 



J^KOPOSITFOX 11. TiIEORKM. 


If two civf'lea Itntrh one another interiudlf/, the straight 
dine whieh joins their centres^ being prfntnceft, shaft pass 
throngh the ‘point of contact. 



Ti<'t ABC^, and ADE bo two circh's wln'( li IrniHi oiio 
allothor intcMiially at A ; ](!t F lui tlio t‘(*ntr(i ot* tluj o) ABC, 
.''lul G tiui (•(‘iitro of tlio c*> ADE: 

ilioii sljall FG iiroduced pass tliroui^li A. 

If not, lot it pass othorwiso, as FGEH. 

^ ,roiii FA, GA. 

Thou in tho A FGA, tlio two sid(‘s FG,'GA am togotlior 
greater than FA : i. 20. 

but FA FH, boin^^ radii of the <0 ABC : 

FG, GA ai ‘0 to<j;otlior iijroator than FH. 

Take away tlie ooiiimon part FG ; 
tlion* GA is greater tliaii GH. 

I>ut GA - GF., being radii of tlio 0 ADE : IIv}>> 

GE is greater tnan GH, 

the part greater tlinn the whole ; which is iinjkissiblo. 

.'. FO, wh(‘n proflueeil, must pass througJi A. 

Q. E.l). 

‘ EXERCISES. 

1. If the distance between the centres of two circles is etpial to 
the differenco of their radii, then tlic circles must meet in one iioint, 
but in no other; that is, they must touch one another. 

2. Jf two circles whofe eentrei are A and B touch one another 
intenuilitff and a straight line he draicn throuffh their of contact, 
cutting the circumferences at P and Q; shew that the radii AP and BQ 
are parallel. 
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PhOPOHITIOX 12. 'rilKQREM. 

Jf two rirrirs tonrh anolhrr vx.tenudhi^ the. straight 
line 'which joiAs theirr ceyitres shall pass thro'agh the pohit of 
contact, • 



Lot. ABC,mid ADE* 1)0 two oiivK's avIuoIi toiioh oiio 
anotlior oxtornallv at A; l('t F bo tho o(‘iitr(‘. olptijo fo ABC, 
,111(1 G tho ceiitro (^f tlio <’') ADE 

tlion shall FG pass tlirougli A. 

If not, lot FG iKiss otherwise', as FHKG. • 

• Join FA, G/\, ^ 

TluMi ill tli(^ /\ FAG, tlio two .sides FA, GA are toi^f'ther 
i;roator tliaii FG * r. 20. 

but FA- FH, boini; radii of tho o) ABC; IfjP' 

and GA GK, boiiij' radii of tlio (O ADE; Jh/r- 

FH and GK are* toj:^e‘tlH*r i^i’(*atoi- than FG;« 
which is impossible*. 

FG inirst pass throifgfi A. 

e^.K.!). 


EXERCISES. 

1. Find the lonnt of the centie.i of all circlen which touch a piren 

circle at a piven poiht. ^ 

2. Find the loe.ii'i of the centres of all circles of piceii radius, which 
touch a piven circle, 

Ji. If tlio distance bciweeiii the con ties of two circle's is eejiial to 
tho sum of their radii, then tlio circles meet in one point, but in no 
otlier; that is, they touch one another. 

4. If two circles whose centres are tf find B touch one another 
externallp, lyul a straipht hue be drawn throuph their point of contact 
cutting the circumferences at P and Q; shew that the radii AP and BQ 
are parallel. 
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KlIOUD'^l ErjCMKNTR. 


I'ltOI'OSITlOX '^I’lIKOKKM. 

T'/ro <'irch\H cannot tovch o)ic. (fnofjnr at more than one 
whether infernal!jj or externalhj. n * 


Fig. 1 ' Fig. 2 

G A 



If j>()ssil)ll, lot ABC, EOF two cii’i'h'S Nsliicli touoli niio 

;i:inlli(‘r ;it, iiioro tluni oiu' point, iniinolv' at B and D. 

1 

rloin BD; 

.ind diaw GF, bisooting BD at il.. aiiglos. '. 10, 11. 

s 

Tli(‘n, wliotlioi' tl»o oireb's lonoli oji(‘ anotluM* intonially, 
as in Fig. 1, or oxtiaaially as in Kig. 2, ^ 

iKM'aiiso B and D ari^ on tlio « of both cin^his, 

BD is a chord of both oirolos : 
r. th(‘ ooni res of both oirol(\s ]h‘ in GF, whioh bisends BD 
at rt. angh'S. lU. 1. Cor. 

II(‘no(^ GF which' joins lh(^ o(‘ntr<‘S ninst jkiss through 
a point of oontaot ; HI, 11, and 12. 

whioh is iinpossiblo, siiua* B and D a,n' without GF. 

two oiroh's oannot bmoli one anotluM* at hior(* tlian 
OIK' poird,. 

J). 


NofK. It must Ih' abse rvod that tho proof hoio givon }ii>plios, by 
viituG of Piopo.silions II .and 12, io bolh tho {ll)o^<* ligiircs: wo lia\<; 
thorolbro omitted the Rcj)aiat<i tlisoussioii of Fig. 2, wliioli tinds a jilaco 
in most editions basod on Sinison’s text. 
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KXKIICISKS OX PROPOSITIONS 1 


I 


1. Describe a circle to pass lliroiif^h two Kiveii j>oiiiis iiiul hiuc 
its mitie on a ^iven stiaight line. WJien is this iiii])ossiblc ? 

2. All circles which ])ass throic^li a lixyl point, and haNc lluar 
eenties on a {fiveii .straii,diL line, pass also tlirou;:;h a .second lixed 

JlOlllt. * 

Di'^ciibe a circle of indiiis lo toiK'h a {^'i\en circle at a 

•nvi'ii ])oint. liow many .solutions will there be? When will thcic 
be only one .solution? 


1. Fi<nii a i^iven p»)int as centre' dc.sci ilx' a circle lo foucli a fjT\cn 
ciicle. How many solutions will there be? 


r». Dcsciilic a circle t^ pass tliron^^li a {^iven point, and foiK'b a 
ui\en circle at a goeii point. [See Llx. 1, p. Ibh aiK^l'lx. 5, p. lo(J.] 
NVben is this impossible? 

0. Ib'.scrilie a ciiclo of f 4 l\<*n radius to toucli two ^'i\eu cliclc.s. 
[Sec Kx. 2, j). KPJ.J How many solutions will theic ho? • 

7. Two iKiralhd ( hords of a ciicle ^rc six incli^s and ci;^dit inche.s 
in Iciij'th ri's)a'cli\ely, and the })crp('ndiciihir distance between them 
IS one ineli: lind tfic ladius. 


.S. Tf tw'o ciieles touch one anothei cxtciiially, the slrai^lit lines, 
whicli join tlie ('xticmitii'S of jiaiallcl diameters towards ojuji^sito^ 
paits, must pass tliroiigli the point of contact. • • 

9. Find the ^^rcah-st and h'a.st stiaii^ht liin'S whii-h Jiave one 
extremity on e.ich of two ['ivon circles, wlncli do not inteisect. 

10. In any se^unent of a cirile, of all stiai.'-jlit lines drawni at riYdit 
sniffles to the chord and intercepted b<'tween tlie chord and the arc, 
tlni |/reat('st is that which passes through the middle jxunt of the 
chord; and of others tliat which is iioaicr tlic greate.'.t is {»ieutcr tluin 
one more remote. * 


11. If fiom any point on the eircumfeK'rice of a circle straight 
lines be draw'n to the circumference, the greatest is that which passes 
Ihrough the centre; and of other.s, that winch is ncaicr to the greatest 
IS greater than one more remote ; and liom this jioint there can be 
drawn to the circumference two, and only two, cipial straight lines. 
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Euclid’s elements. 

I’UOPOSITION 1 1. TiIEOKEM. 

tJqual ahovilti hi <t circ/c <u'e equidiafant/nmi the rdntre • 
aiidy converttelt/y chorda which are equldictant from the 
centre are equal, 

A 


B 


Jji't ABC 1)0 ;i Circle, .‘UkI let AB and CO he cliords, 
of whicli the porp. distances from tlie centre are EF 
and EG. 

' Fir sty Jjct AB CD : 

then sli.Ml AB and CD be equidistant from tlio centre E. 

\ Join EA, EC. 

Then, ])oeaus(; EF, whieli passes throuj^h the centre, is 
perp. to the cliord AB- Jhqp. 

EF Insects AB ; iii. 3. 

that is, AB is double of FA. 

. Kor a similai* reason, CD is double of GC. 

, ButAB^CD, 

“ FA ---. GC. 

Now EAEC, b(‘iiig ra^Ui of tlie circle'; 
the s(i. on EA -vlie sq. on EC. 

But the s<p on EA- the S(((i. on EF, FA; 

for tlie L. EFA is a rt. angle. 1. t7. 

And the sq. on EC = the S(j<i. on EG, GC ; 
for the .1 EGC is a rt. angle, 
the sqq. on EF, FA - the sipj. on EG, GC. 

Now of these, the sq. on FA = the sq. on GC; for FA = GC. 

.*. tlie sq. on EF = the sip on EG, 

. EF - EG ; 

that is, the chords AB, CD are cipiidistant from the centre. 

Q.i‘:.D. 
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Cinii'rrsf'f^. 
I cntro E ; 




Lr.t AB and CD bn oquidi.siant from tlie 
t.liat is, l('l EF - EG : 

• tlicri sliall AB CD. ^ 


h\)r, llu* saiiu^ cuiistructioii bniii^j madn, it may lx*. 
.slinwM as l)(‘f(H*n that AB is doii])h‘. of FA, and CD (U)ublo 
iii GC ; 

and that iho s(j([. on EF, FA:-tlir si(<|. on EG, GC. 
iSh>\v of lln\sf“j Uk; .S(|. oil EF Ha* ,S((. on EG, 

foi- EF -- EG: . //yy) 

i ii(i sq. on FA = tln‘. .S(juar(; on GC ;• 

FA- GC; 

and douldi'S of tlu’sc* (’([nals arc c<jiial , 

• tliat is, AB - CD. 


V. K.I). 


KXKRCISKS. 

1. Find the loru'i of (}n> iiiiddh’ jxiinl'i of rqiuil chords o! a cirrlr. 

2. Jf two clionl.H of a circlo out one another, and make equal 
aiif'Ios the straight hue which joins tlicir point of inlor.soction 
to tlio centie, tliey are equal. 

ii. If tuo cffual chords qfV circle ttUcr'tccf, shew srijiiiCHta 

of the one oie equal rcspectcridij to the serpnent^ of the other. 

4. In a given ciiele drn,w a cliord whit^h shall he eipial to one 

gi\en straight line (not greater than the diameter) and parallel to 
another. * , 

5. PQ IS a fixed chord in a circle, and AB is any djaineter : sliev^ 
that the sum or diirerenee of the perpemlicul.ns let falUfroni A and B 
on PQis constant, that is, the .same lor all po.sitioiis of AB. 




l^ltOJ’OSITlON IT). TifKOKKM. 

The dudurfri' 7.s- ihe (jrenteM chord in a circJe ; 

(Uid of oflo’rSj ihdt which is nearer to the centre is yrenfer 
than one more rrtnote. 

convc,r,'^eJt/w [floater cJan'tl is nearer to the centre than 
the less. 



Ij(‘t ABCD 1)(^ .1 of wliicli AD is .i E 

tlic c(‘ntiy ; let BC .‘iiid FG Ito ;i,iiy two cliords, avIioso 

jMM'p. dist.'iiicos ffoiu tlio ccMitn*. ;iro EH ;iud EK : 
thou (i) AD sl\-iH l)(‘ Ljrc'jotci’ than BC : 

(ii) if EH is loss than EK, BC sliall Ik' !^r(‘at('r'thau FG: 

(iii) if BC is gmiter than FG, EH sliall 1 k 3 loss than EK. 


iji) doiii EB, EC. 

'riu'ii 'in tlu* /'i BEC, th(’! twa>' side's BE, EC a,ro toi;'(‘t lu'i* 
i^roalt'i* than BC , • , I. lit). 

hut BE AE, Jll. I)cf. 1. 

and EC ED ; 

AE and ED to<»othor a*ft5 yre'alor’ than PC ; 

that is, AD is i^nvitoi' than BC. 

Siuiilaiiy AD may Ix' shown to ho i'lvator than any 

othor ohord, Jiot a dianu'te'r. 

•' 

(ii) EH ])0 If'ss than EK; 

thon BC sliall ho j^roator than FG. 

Join EF. 

Siiico EH, passiiiip *through the o(‘nti' 0 , is poi*]). to the 
chord BC, j 


EH hi.seets BC , 


HI. 3. 
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t.liat is, BC is douMo of HB. 

For a similar reason FG is douido of KF. 

, Now EB --EF, IH. Dp/, ]. 

the sq. on EB ^ the sij. on EF. 

]»nt the sq. on EB the S({q. on EH, HB; 

for tho z- EHB is a rt. 1.^7. 

also tlio S(|. on EF tho sq<|. on EK, KF; 
for tho i_ EKF is a rt. angle. 

. . the ^qq* on EH, H B tho ^^jq* oil EK, V- 

lint tin' s<i^ on EH is l(*ss than tho sq.*on EW, • 

for EH is less than EK; Jfyp- 

th(‘ sq. on HB is gmater than th(‘ m[. on KF ; 

, HB /s gi(‘ator than KF : 

lienees BC is greaUn* t han FG. 

(iii) Let BC lio greater than FG ; 

th(*ii EH shall ho Joss than EK. 

t’or siiLoo RC is greatPr than F(jr, Hyp. 

.’. HB is gr(‘ator than KF ; 
tho S({. on HB is greater tlian tho sq. on KF. 

l>ut tin; S([(|. on EH, HB - tho s<j(i[. on EK, KF : l*rovp(i. 
(In; s<j. on EH is le.ss than tho sq. on EK ; •• 

.'. EH is*less than EK. • * 

• q.K.n, 


EXERCLSKS. 

]. Through a fjivru point v ithin a circle draw the least possible 
chord. * ^ ^ 

2. AB is a fixed chord of a circle, and XY any other chord having 
its middle point Z on AB: what is the gieatest, and what tlie least 
length that XY may liavc? 

tJhew that XY increases, as Z approaches the middle point of AB. 

3. In a given circle draw a chord of,^ivc*n length, having its 
middle point on a given chord. 

When is this prcjilem impossible? 


H. E. 


12 
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EUCLID’S ELEMENTS. 


Oha. Of the followiii}^ proofs of Proposition 10, the second (by 
rednetio nd absnrdmn) is that j'iveri by I'liiclid; but the first is to bo 

preferred, as it is direct^ and not less simple than the other. 

\ * 

\ 

.y* PllOPOHiTION H). ' TlfEOKHM. [AlTEIINAT’IVE I’kOOF.] 

■ ^ 

TJui slrahfJit limi ilniirn (tf rif/ht an<jh'f< ti> <i> ilnimf’fer of 
(I clrrhi at 0)0} (tj iffi (Wtt'f.midrs is a ((OKjoU to tlw cirrlv: 

a))(l rtr)\)/ otJor st)'ai(jht IhiP (frdiob tftrotojlb this pohtt 
cuts tho citric. ^ 


A 



Let AKB bo a cirolo, of \vlii<di E is tin* coDfr*', niul AB 
ji (liamotoi-; and through B lot iJio st. lino CBD bo, drawn 
at rt. ambles to AB: 

• J ‘ . 

tJi<‘n (i) CBD shall bo a taiigout to tht? oirolo; 

(ii) any other st. lino through B, as BF, sliall out 
the cirolo. 


(i) In CD take any point G, and join EG. 

Then, in the A EBG, the l EBG is a rt. angle; 

'tJie EGB is h'ss tlian a it. angh'; T. 17. 
the L EBG is greater tlian the EGB; 

.*. EG is greater than EB: i. 19. 

that is, EG is greater than a radius of tin’; cirolo; 
the point G is without tlie circh'. 

Similarly any other point in CD, except B, may be shewn 
to be outside the circle : 

lienee CD meets 'the circle at B, but being produced, 
does not cut it; 

that is, CD is a tangent to the circle, ui. J)pf.\0, 
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(ii) ^ Draw ZH porp. to BF. j. 1:2. 

Tluni ill t.lio AEHB, l)c'c-M.use tlu* _ EHB is a rt. 

y. tliF,^ EBH is loss than a rt. ani^lo; I. 17# 

EB is LO'oatiir tliaii EH; i. 19. 

that is, EH is loss than a radius of tho cirolo; 

H, a point in BF, is witliiu th<3 ciroli'; ^ 

BF niust out tho oirolo. K.T). 


IhioFOSiTioN It). Tiikorkm. I J^lrci^o’s l^tooK. I 

L , J 


77/0 line (h'nwn at 

a rij’cfc at one o/' its extrrmities, 

• ^ ^ 
and n<* ^)fh(‘r str<(i(fht line 

point so (fs not to cat f/ic, circle. 


ri>jht aiajlc'i to <i dnnnefer of 
is a, tam/ent to the circle: 
can, he. ilratcn, throtn/ft. this 



Lot ABC bo a oiroh^, of which D isg tlio ooiitn*, and AB . 
a diainotor; lot AE b(j dra,wn at rt. aii,i»l(‘S to BA, at its 
(‘xtroinity A: 

(i) tlioii sliall AE ))(5 l;angont t/i tho oirolo. 

%^or, if not, lot AE cut tho oirolo at C. 

Join DC. • 


TIk'TI sn tho A DAC, btjoauso DA - DC, nr. 1. 

the'.:- DAC - the .L DCA. 

Jjiit tho £. DAC is a rt. an^h;; 
tho 1. DCA is a rt. ani'lo; 

that is, two angles of tho A DAC are togotho.r o<pial to two 
rt. angles; which is iinpossildo. , r, 17. 

J-ronce AE moots the cirol(3 at A, but biu’ng produced, 
does not cut it;* 

that is, AE i.s a tangent to tho circle, iir. 10. 


12-2 



EUnLTD’s ETjKMENTR. 


ITS 

(ii) Also tlir'ouj'h A no other Ktivii.i^lit line hot AE Oiin 
l)(j drawn so as n<jt to eiit iliti eirelo. 

E 


A 


l<\>r, if possible, let AF he anotlier st. line drawn Ihroiiiifh 
A so as not to rut the circle. 

From D draw^ DG jKM j). to AF; i. 12. 

and let DG inei^t the at H. 

TluMi in tin* A DAG, Ix'eause the DGA is a rt. angle, 

du' .1 DAG is less than a rt. anghj; i. 17. 

^ DA is grc'iator than DG. T. lU. 

lliit DA ^ DH, IT I. T>rf. 1. 

DH is great(ir than DG, 

the part gi’(‘atia- than the whole, which is impossible. 

sjt. line can be drawn froin the point A, so as not to 
cut the circle;, except AE. 

4 

CoROLiiAiiiKs. (i) A tmigait toucht^s a circhi at one 
point o)ih/. 

(ii) There can be but one ty,ngent to a circle at a given 
point. 




BOOK 111. I’ltOP. 17. 


179 


Proposition 17. Prorliom. 


To draw a tamjent to a circle from a i/iceu point eithcf 
oHj or wdhoul the tnrcuinfere7ice, * 


Fig. 1 


Fig. 2 





Let BCD 1)0 tlio circle, ;iii(I A llio ,^nv'cii poijit: 

it is required to draw from A a taii^(Mit to the c)CDB. 

Case T. T£ the j;iven point A is on the 0'’**. 

• L^ind E, the centre of the circh\ in. 1, 

Join EA. ^ 

At A dniAv AK at rt. an;,^les to EA. I. 11. 

Then AK being perp. to a diameter at one of its extremities, 
is a tangent to the circle. ^ 

Cask IT. If the given'point A is without tlie 

Find E, the centre of the eircle; iii. 1. 

and join AE, cutting the COBCD at D. 

From centre E, with,radius EA, describe the f-;AFG. 
At D, draw^GDF at it. angfcs to EA, cutting the (:)AFG at 
F and G. i. 11. 

Join EF, EG, cutting the ©BCD at B and C. 

• Join AB, AC. ^ 

Then both AB and AC shall be tangents to the ©CDB. 

For in the AEB, FED, 

! AE FE, being radii of the ©GAF; 
and EB -= ED, being radii of the (:) BDC; 
and the included angle AEf is coniinon; 

the LABE - the _ FDE. I. 4 . 
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ElK.'lil D'S EJiKMKNTS. 



lint t.lio L FDE is ;i rt. .•iiiijflc*, (Unutr. 

• tlio L ABE is !L rt. ; 

AB, iKiiiii^ drawn at it. ani^li's to a (Kamelcr at om' 
ol‘ its (.ixtivniitics, is a tangent to tln^ coBCD. iir. IG. 

Similarly it may lie slioAvn that AC is a tangent, (i. K. F. 

(JoiiOLLAfvV. If tiro tan f/p tits arr. draim to a, cirrJp from, 
an, < rfrrnal point, t/am (i) tliri/ arc, (‘(pia/; (li) tla i) subtend 
* equal atif/les at t/ir centrr : (iii) they make equal anyJes irlth 
tJuj straiyht line irhich joins the yiren point to the centre. 

l\)r, in tlie ^dxne liguro, 

Sinec ED is ptM’i). to FG, a ehoi’cl of tlK3 c-.) FAG, 


.’.DF- DG. 

TIkmi in the DEF, DEG, 

(DE is eommoji to holli, 
'Mceaiise - and EF = EG ; 

[ , and DF - DG ; 
the .L DEF tlm _ DEG. 

Again in tlio A'' A EC, 
j AE is (3omm{nr to both, 
iieeanse j and EB = EC, 

[and tlie AEB tluj .1 AEC; 

AB - AC : 

and tlie l EAB - the' _ EAC. 


nr. o. 


Jii. Def. i. 
« 

roved. 
\. tS. 


Proved. 

I. 4. 
Q E.D. 


Noth. If the given point A is within tlio ciiclo, no .solution is 
possible. 

llcnce wc sec that this jiroblein admit.s of two solutions, one solu¬ 
tion, or no solution, accoiding as tlio giv('ii point A is inthout, on, or 
within the circumference ul a circle. 

J*©!' a simjiler method of drawing a tangent ton circlevrom a given 
point, see page 202. 
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Pjioposition is. Tiikokkm. 

77/r; sfrtnt/hf, Imr. draini from tin’ cmi/rr, of a rlrrir, to thr 
indot of vontod't Uunjent is jmi'pcndirulor to tha ttdo/rnf.^ 


A 



Ij(‘l ABC ))(‘ ;i of whii'li F is ilu' 

;tii(l l('l tlio s(, line DE toiu'li tlu* t-ircK* nt C : 
tin’ll sli.i.ll FC Ik; to DE. 

Foi-, IF not, siq)|)OS(‘ FG to be ]K'i*p. to DE, I. 12* 
, lot it ii»(n‘t tin; ' ;it B. 

Tlu'ii ill tin* \ FCG, l)(M‘}uiS(; tli(‘*i. FGC isgi i t. /////>. 

tl»v I. FCG is l('ss tli.-ni :i ri.. .-ini'!*’: j. 17. 

. tin; _ FGC is ^rcatci* tliMii tin; _ FCG ; 

FC is than FG ; I. JO. 

but FC FB ; -- - 

FB is ,^n‘ati’r li):in FG, 

tin* p.iit !l;i(’ atcr than tin; whoh*, ’whicJi is iinpossiblo. 

FC cannot be otln’vwisi' than ])cr]). to DE: 

that is, liC is pi’i-p. to DE. K.l). 

EXKRCISKS. 

1. Draw a tain^’iit to a cii'clo (i) parallel to, (ii) at liiO't ani^lo.s to 

a {,'ivcii sbaight line. , ‘ 

2. Taiii/oits drau'iL to a circle from the e.clreiiotien of a diameter 
are parallel. 

Jt. Circles which touch one another internally or externally have a 
(onimon tanyent at their point of contact. 

4. In two concent} ic circles any chorft of the outer circle which 
touches the inner., is bisected at the point oj ifontact. 

5. In i^co concentric circles, all chords of the outer circle which 
touch the inner, are equal. 
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Euclid’s EiiEMENTs. 
l^JtOPOSlTION 19. Theokem 

The slrahfht line dniini perpeyidicuhtr to a, Umgvut to a 
^circle from the point of contact jyasses ihnnujh- \hc centre. 


A 



D C E 

Lot ABC be a oirolo, and DE a tan^^eni to it at. tlie point C ; 
and lot CA IAj drawn j)orp. to DE : 

tJicn sliall CA pass tlii()U<^h il )0 oontro. 

For if not, suppose the centre to be outside CA, as at F. 

Join CF. 

Then because DE is a tanjjfent to the circle, and FC 
is drawn from tlu; centre F to the point of contact, 

the L. FCE is a rt. angle. ill. 18. 

Ihit tlie L ACE is a rt. angle; 

.-. the z. FCE the ACE; 
til© part oipial to the wliole,*'wliich is iiniiossible. 

the centre cannot be otherwise than in CA; 
that is, CA passes through the centie. 

(^.E.D. 


exercises ON' THE TANOENT. 

PuorosiTioNS i(), 17, 18, 19. 

1. The centre of amj circle, which tcniche’i tivo inierscctinp straiffht 
lines must lie on the hiseettr of the aufjle between them. 

2. AB and AC am two (an^onts to a circle whose fcfentre is O; 
shew that AO bisects the chord of contact BC at right angles. 



BOOK 111. ntop. 19. 


183 


3. It Uv<^ circles are concentric all tangents divuMi limn ]H)inta on 
the eireunifeienee of the outer to tho inner enelo jiie eciual. 

4, Tlio (liaiiKiter of a circle bisects all chords wJiich are parallel 
to the tangent a| cither extremity. 

r». Fiml the lorns of Iht' centres of all circh's irhirh loach a tjiven 
i^lnin/ht line at a {jtvenluant. ^ 

0. d^'ind tho locus of the centres of all circles which touch each 
of two parallel straight lines. ^ 

7. Vhul the locas of the cealreft of all circles which loach each of 
/’{'() in1ch''Cclia(i atmight Ina’s of aalmnlcd length. 

8. De.scribe a circle of given radius to touch two g#'on straight 

linos. ^ ^ ^ 

9. Tlirough a given point, within or without a circle, draw a 
chord eipral to a given straight line. 


In Older that the ])robk*ni may be jxissible, betweijii what limits 
nniht tlie grvoii*line lie, w’hen the grven point is (i) witljout the circle, 
(n) Vvitlnn it? 

10. Two parallel tangent.s to a circle int(*reej)t on any tliird tat^ 

gent a segment which subtends a liglit angle at the cciitre.^ ^ 

11. T)i nag (jaailnlalcral circatn'icnhctl about a cuclc, the. sum of 
one pair ofoppo.ate xulei^ is equal to the gm/t of the other patr. 

12. Any parallelogram which can be circumscrAed about a circle, 
must be eiiuilateial.# 


13. If a quadrilateral be described about a circb', the angles sub¬ 
tended at the centre by any two opijosite sides are togctlier equal to 
two right anjglos- 

14. AB is any chord of a t^ircle, AC the diameter tliron^h A, and 

AD tho perpendicular ou the tangent at B: shew that AB bisects the 
angle DAC. * 


15. Find tho locus of the extremities of tangents of fixed length 

drawn to a given circle. • 

16. In the diameter of a circle produced, determine a point such 
that the tangent drawui fiom it .sliall be of gi\on length. 

17. In llie diameter of a circle produced, determine a point such 
that the two tangents drawm fiom it may contain a ghen angle. 

18. Describe a circle that shall pass through a given point, and 
touch a given straight line at a given point. [See page 1S3. Kx. 6,] 

19. Describe a ciiclo of given radius, having its centre on a given 
straight line, and toucliing auotlier given straight line. 

20. Describe a circle that .shall have a given radius, and touch a 

given circle and a given straight line. lioAv many such circles can 
bo drawn? * 
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eucj.id’s elements. 


PuoVOSITfON liO. 'J'llEOIJEM. 

Tho, (iv<jlf, at tia crntrn of a cn'chi is doahh' oj an atajle 
^it the vh'c/anijcr*na‘’'y staailltaj on the sajuw are. ' 


Fig.< 1 Fig. 2 



F 


Let ABC C)(‘.-i of 'vvJiicIi E is Uh* .‘mkI 

BEC l)(‘ .'ML ;it. llu‘ r(*Jil.ic, and BAG an aii«^J<‘, at Mi<‘ 

Svandiiig on llu* sanio arc. BC : 

* iliL'ii sliall tilt; BEC lx; (loiiMo of tin; L BAC. 

Join AE, a:ul ])roduct; il to F. 

(^ASE 1. W’Jioii tilt; ct'iitro E is wit kinan^lt* BAC. 

Mlicu in tin; A EAB, Invauso EA - EB, 

tlio .1 EAB tilt' z. EBA ; I. n. 
.’.dlit; Sinn of tlio '' EAB, EBA t.wit*(‘ ili(‘ _ EAB. 

l»ut tin; o\l. .1 BCF - tlic siini ot‘ tlio _ EAB, EBA; I. JlJ. 
tin; BEF twici* tin* i. EAB. 

Siinilaily tlu* i. FEC twioo tko EAC. 

the sum of the BEF, FEC’ twico tJi(‘ sum t'f 

tko L.'' EAB, EAC ; 

tliat is, tho L BEC -- twice the L BAC. 

Case 11. WJum tlu* ocntj-o E is without tlio .l BAC. 

As kcforo, it may be shewn that the l. FEB - twice the .l FAB; 

Jilso the L. FEC -- twice the _ FAC; 
the difrerence of the .iFEC, FEB — twice the diirerencc 
of the .L" FAC, FA^«. 

that is, the l BEC twice the _ BAC.c. 





HOOK. 111. PUOl’. 21. 




Noti:. If the arc BFC, on wliieJi llie an^loM 
stantl, is eater than a senh-eircimiiereiice, it 
IS clear tliat tlie^iiif^le BEC at the centre will ho 
u'iU\r: hut it may slill*i)o slievvn as, in Case I., 
that the rellex z BEC is iloiilile of the z BAp 
.iL the i/®, slanJin^' on the same arc BFC. 


PllOI’O.SJTlOX 21. TlIKOIlKM. 

Aiitjlca hi tho. same setfinriit of a cirefe. are e<i%ital. 


Tj(*t ABCD 1)(‘ ;i eii'ch* nml let BAD, BED li(!*;rtiij]<‘S in 
iho sjiim*. scginoni BAED: • 

sliall tli(i _ BAD llic L. BED. 

Find F, of the circle. in. 1. 

Cask I.* When tin; scgiiioul BAED is '^i-e.itiu- iJmii .-i 
.soitiieirclc; • 

, Join BF, DF. 

'.Plioii Uio z. BFD afc the centre - twice 1 he _ BAD r^t tlu; 
* 

O'’’’, stiiiidini^ on the same arc BD: in. 20. 

and similarly the z. BFD - tN\ice tin; z. BED. ill. 20. 
.*. the L BAD -- the z. BED. 

(y4SU I r. Wlion the segment BAED is not gri'atcr than 
a semicircle. 
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Euclid’s elements. 



Joiii^AF, ;vul lu'ocliice it to moot tho (j“ •■>'t C. 

‘ ‘ Join EC. 

Then since AEDC is a scmicirvlo; 
the segment BAEC is greater'than a somicireJe: 
tlio^-^ BAG = tlie L BEC, in this sogimiiit. 6W? 1. 

Similarly the segment CAED is greater than a semicircle; 

* ■ tlie ^ CAD the L CED, in this s<‘gment. 

the sum of tlie BAC, CAD — the sum of tlie z. ® BEC, 

CED: 

tliat is, the l BAD the L BED. E.D. 


. EXERCISES. 

1 P is any point on tlie arc of a sogincnt of which AB is tho 
chord. Shew that the sum of tho angle*. PAB, PBA is constant. 

2. PQ and RS are two chords of a circle intersecting!at X: prove 
that the triangles PXS, RXQ are (‘(piiringular. 

3. Two circles intersect at A and B ; and through A any straight 
line PACl is drawn terminated by tho circumferences: shew that PQ 
subteiifis a constant angle at B. 

4. Two circles intersect at A and B; and througli A any two 
straight lines PAQ, XAY are drawn terminated by the circumferences: 
shew that tlie arcs PX, QY subtend eijual angles at B. 

5. P is any point on the arc of a segment whose chord is AB: and 
tho angles PAB, PBA are bisected by straight lines which intersect at 
O. Hnd the locus of the point O. 


BOOK lir. PROP. 21. 




Notk. If the extension of Proposition 20, given in tlio note on 
pnge 185, is adopted, a separate treatnunit of a 

the second case of the present proposition is 
unnecessary. ^ ^ 

Fol, as in Case I., 
the reflex z BFD —twice the z BAD; 
also the reflex z BFD— twice the z BED; 
the Z BAD = the Z BED. 



Tlie converse «f Proposition 21 is very iini)oftniit. tFor Ihe^on- 
stiuction used in its proof, viz. I'o dearrihe a ciiclt' about a fjivrtt 
tridufflc, the student is referred to lioolc iv. Propos-ilion 5. [()r s<'(; 

TJieoreins and J'lxaniples op Book i. Pago 103, Is’o. 1.] 

Converse of Pkoposition 21. 

Kqual (iiiph's stmuihu) on the aatiu’ hu'U', uud on tin’ sutnr side 0f 
it, have their vert ires on an are. of a eirele, of irhieh tha tfircn has^ 
is the choral. 

Lei BAG, BDC he two eqn.al angles standing 
on the saino base Bfi: 

then shall the vertices A and D lie upon a 
segjncnt of a circle having BC as its cliord. 

Describe a circle about the a BAG : iv. .*5. 
then this circle shall pas§ through D. 

For, if not, it must cut BD, or BD produced, 
at some other point E. • 

Join EG. 

Then the z BAG = th^ Z BEG, in the same segment: in.21. 
but the Z BAG = the t BDG, by hypothesis; 
the z BEG = the z BDC; 

that is, an ext. angle of a triangle —an int. oijji. angle; 

which is impossible. 1 .16. 

the circle wMch passes through B, A, C, cannot pass otjierwisc 
than through D. ' • 

That is, the vertices A and D are on an arc of a circle of which 
the chord is BC. Q. k.d. 

.The following corollary is important. 

All triangles drawn on the same base, and with egnal vertical angles, 
have their vertices on an arc of a circle, of which the given base is the 
chord. 

Ob, The locus cf the vertices of triangles drawn on the same base 
with equal vertical angles is an arc of a circle. 
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^:UCL1D^S FJ.EMENTS. 


PitoiH)srr[r).\ 22. TirFOUFM. 


'Jlie opposifr (tnt/Jcs of aay qiiddrilahn'id inscribed in a 
. circle are toyethrr (‘(pad to tico ri(jh,t amjXes. 



Ij(‘t ABCD a <[ii.‘i,(lrilat('r;il ins<*iilM‘(l in ilio f-iABC; 
th(*n shall,/i) tlu^ „ADC, ABC t()i;(‘lI hm- two rt. aiigh's; 

(ii) lli(^ ’ BAD, BCD to,i^(‘tli(*r lavo i-t. aiii^h*,;. 

Join AC, BD. 

^rii(‘iL M)(‘ .. ADB iho ACB, in tlu' s<‘‘(in<nit ADCB; ill. 111. 
also the i. CDB tlio .I'CAB, in tin* soi^inenfc CDAB. 

tho „ ADC tin* Sinn of tin* ^ « ACB, CAB. 

^i'o t‘ach of t.h(‘so <‘i[nals add tho _ ABC: 
tln‘n tin* two ADC, ABC toi^i'thor tho three ACB, 
4 QAB, ABC. 

# 

lint' the j_ACB, CAB, ABC, being the angles of a 
triangle, togetlH‘r--'two rt. angl(‘S. I. J‘2. 

tho .L ADC, ABC toiii'ther---two rt. angles. 
Hiinilarly it may bo sliewni tlM,it 

the L. BAD, BCD tog<*ther - two rt. aiigU'S. 

Q. 1-:. D. 

i 

c 

(i EXERCISES. 

1. If ti circle can be dosciibcd about a jiarallclogram, tho 
parallelogram iiiiist be rectangular. 

2 . ABC is an isoscf'les triangle, and XY is drawn parallel to tho 
base BC: shew' that the fogr points B, C, X, Y lie on a circle. 

it 1/ 071C side 0 / a qxuidrUateml in}>rribed in a circle is produced, 
the exterior angle is equal io the opposite interior angle o)' the quadri¬ 
lateral. 
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Proposition 22. [Altorn.-itivo Proof.] 

Lot ABCD 1)0 a quiitlulatcral inscvibod in Iho w ABC : 
then shall tho^ " ADC, ABC to^ctliorr-. two it. iinj^dos. 

Join FA, FC. 

Then tin' Z AFC at the contro — twice Ihe 
/ ADO at the G‘’“, Htandiii}' on tho same aw 
ABC. or. 20. 

Also the reliox aiif^lc AFC at the cchIm' 
twice the z ABC at the i:*'", standin*' on Die 
same aio ADC. lu. 20. 

Hence the z ^ ADC, ABC are together half* 
the Slim of the Z AFC and tie’ tclN*x aiij^h* AFC ; 

])ut tlii'se mahe np four 1 1. angles: t. Jo. ('or. 2. 

• the Z '■ ADC, ABC to,":etlicr- I wo i L. :m/dcs. g k. i>. 



l>KFtNiTiov. Konror mor<‘jxiints t liron^h ?\hi<’li .•loireh' 
111 .IV ho (losori))(‘(l ;in‘ s.u'd to lx; concyclic. 


» (lo.WKJiSE OF Proposition 22. 

f 

If ti ]>(Ui' (if ojiposili* (tnplra of o tjnoth ilult’i’dt tire totjcthi'V t'ljiitd to 
tno riiiht <in;ilcs, ci'rttrc.'i ntr co/a ifcltc. 

Let ABCD 1)0 a quadiilateral, in which tlie opposite anj^les sit 
B and D to^^i thei - two it. angles; 

tlH'ii shall the four points A, B, C, D he 
eoneyclic. 

Thioiigh the three jioints A, B, C des(ail )»4 
a ciiele : iv. o. 

then this circle mu.st })ass thion^di D. 

Por, if not, it will cut AD,«or AD pi'oduecd, 
at some oth^r point E. • 

Join EC. 

Then since the qiiadnlateial ABCE is infciibed int a circle, 

the z " ABC, AEG to^etlieiv-two rt. angles. iir. 22. 
3Jut the *Z ABC, ADC to^'ether-=two it. aiiLdes; « 

hence the z ** ABC, A EC - the z ^ ABC. ADC. * 

Take from these eipials tlio z ABC: 
then the z AEC- the z ADC; 
that is, an oxt. anj^le of a triaiifflc —an lut. opp. anqle; 
which is impossible. 1 .10. 

the circle which passes tlirou^h A,«B, C cannot pas.s otherwise 
than throuf'h D: * 

that is the four vertices A, B, C, D arc concyclic, q.e.d. 
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KUOTilD’s KI.EMKNTR. 


Dj^finition. Siliiilnr s(‘',nn(‘uts of «*ii'<;los nm tlioso which 
coiitiiiu et|u;il ;iiigles. 




F’llOPOSlTION 2o. Tiiko^em. 


Oh the s(tine chord and on the safiie side of if, there 
cavMot be tivo similar segments of circleSy not coincidiwj lolth 
one a'nother. 


D 



If ])OssiKlc, oti the same (jliord AB, niul on t}i(5 saitio 
side of it, lot tlnno bo two siinilai- s(‘i>nH‘nts of cii‘cl«'S ACB, 
^\DB, i»ot cnincidiiiiT with ouo iiiiothcr. 

since tli(‘ arcs ADB, ACB int(n'S0(;t at A and B, 

they cannot out one anotli('r again; iii. 10. 
o'i'io S(}ginont falls within the other. 

I ^ 

1 n th(' outer arc take any poijit D; 
join AD, catling the inner arc at C: 
join CB, DB. 

. 'I’hen because the segnfents are similar, 

F.ho ACB- the .lADB; iri. Def 

that is, an (‘.\t. angle nf a triangle - an int. opp. angU*; 
which is iinpossibhi. l. IG. 

Hence the two similar segnlents ACB, ADB, Qn the s;inie 
<;hord AB and on the sajne side of it, must coincide. 

* Q. E. 1 ). 

4 

EXERCISES ON PROPOSITION 22. 

1. The straight lines which bisect any angle of a quadrilateral 
figure inscribed in a circle and the opposite exterior angle, meet on 
tlie circumference. 

‘2. A triangle is inscribed in a circle: shew that the sura of the 
angles in the tlu’ee segmpj.ts exterior to the triangle is equal to four 
right angles. ^ 

8. Di\'ide a circle into two segments, so that the angle contained 
by the one shall be double of the angle contained by the other. 
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]^UO l*OS IT1U .V 21. "J" 11 KO It K M. 

SiiiiUttr 8*'ynients of circles on equal chords are equal io 
one another, . 


B D 

L(4'AEB ;iikI CFD Im' similar sogi)i<‘n1s on r(pi;»l iliords 
AB, CD: 

tluMi sJinll tli(! so^nuMit ABE Omi CDF. 

I<\)r if tlu‘ ABE l>«* ap})1i(*<l to tin* .S(‘Ufinoiit CDF, 

so tliat A faJls oil C, and AB falls aloni< CD; 

, tliMi sinc(‘. AB CD, 

B iniisty ooinoido Avith D. • 

11)(* sci;Mi(‘nl AEB must ( oin'-idc* li I In* s«'i;m('n(. CFD ; 
fnr* if intl, on tin* sanio rlioi’d nnd on tlic s.inu* sidi* of*ft 
Umiv \\on]<I 1m* iwo similar si'LjiiH'nfs of cii-clos, ind- ro- 
iii'-iilin iiU tmo amdlicr: widely is inipossil)l<*,. in. 2a. 

till! .scirmcnt AEB LIk! scpiiirnti 6 fD. u. k.Ij. 

pi) O ^ 


KXKIiCISlO.S. 


» • 


• • 


1. <.)f Iavo se^micnls standing on tlic Sgimo chord, the I'leuter* 
M';.onent contains tile binaller anoJe. 

2. A srj'nu'iit of a circla stands «m a clioid AB, and P is any 
point on the same side of AB 4 iis the wc^^incnt: sh(;\v' that the finale 
APB is gi ea^er or less than the angle in the s<'giiu>nt, according as P 
IS within or witJiout the segment. 

3. P, Q, R ai‘C the middle ijoints of the .'^(det (tf a tiifaojl<\ 
<(U(l X in the foot of the j^erpeiuheulnr Irl j<tll Jiotii one i erte,,'^un the 
oppo-otc side : shew that the four points P, Q, R, X ate coui tjcltc, 

LlSee page 90, Ex. 2: also page 100, Ex. 2.J 

4. Use, the precediiifj exercise to shew that the middle jxiiiits of the 
sides of a triangle and the feet of the perpendiculars let Jail jrouL the 
lerttces on the ojyposite sides, are concgclic. 


ir. E 


13 
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EUCLID’S ELEMENTS. 


Proposition 25. Puoju,em*. 


A?i aro of a circle hehuj tjiveny to describe the ivhole cir- 
cnmfeteuce of which the <jivcn arc is a part. 



L('t ABC Ix) HU Hrc of ;i cir’cl(5: 

it is i’(‘(|iiirod to doscrilx! tlio '\v]iolc\ 0 “’ of whicli tlu* arc 
ABC is a, p.'iii't. 

In tlio i;iv<*n an? take any tlinx'. j)oint.s A, B, C. 

,, Join AB, BC. 

• i .Draw DF Inseci-inij AB at it. angles, i. JO. 11. 

find draw EF Insocding BC fit rt. angles. ^ 

Then Jxn fiusf; DF l)isocts tin* chord AB at rt. fingles, 

the centre of the circle lies in DF. iii. 1. Cor 
Agfiin, bccfin.se EF bi.sects the chord BC ;it I’t. angles, 

the centre of the circle lies in EF. iir. 1, (U>r. 


W tifv' centr<^ of the circle is F, tlie only point coininon to 
DF, EF. ■ 

Ffeiico tlie of ;i circle described from centre F, Avith 
radius FA, is tiuit of which the given arc is a jjart. c^. k. f. 


* Note. Euclid gave this proposition a souiewhat different form, 
as follows: ** 

A segment (tf a circle being given, to describe the circle of lohich 
it is a segment. 

Ijet ABC ho the given segment standing on the'chord AC. 

Pr^w DB, bisecting AC at rt. angles. 1. 10. q 

Join AB. 

At A, in BA, make the z BAE equal to the 
Z ABD. I. 23. 

Let AE meet BD, or BD produced, at E. 

Then E shall be the centre of the required circle. 

[Join EC; and prove (r) tA — EC; i. 4. 

(ii)EA=:EB. i.G.J ^ 




iiot)K iir. rjiop. 20. 
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PjiOl'OSlTlON *2C). Tjikook.m. 

* . • * 

7it vqndl eirch’S (Im arcs which snhfcnd equal (fiiqlaSy 

whether at the- codres or at the circaiajdh'cnccs^ i<hall he equal. 




Ii(‘t ABC, DEF 1)0 o(|U,i,1 cin*!* s I(‘t tli(‘ BGC, EHF, 
at Uu‘. c*<‘iii!‘('S l)(i (•((ual, and cnnsia^uoiitly tin; BAG, E(y 
at tlio Cocjiial; • in. 2(V 

, sliall arc BKC llio, a,re ELF. 

Join BC, EF. • 

'Jditai because* tlio o."* ABC, DEF arc cinial, 
tlxar radii ai'c C(j[ual. 

Ilcjicc ill the BGC, EHF, 

I BG - EH, 

llccausc -I and GC - HF, ^ 

(and tln‘, l BGC - tlio L EHF ; ^htP' 

BC = EF. l! 1. 

Ai^aiu, because •th 0 L BAC the L EDF, 
thc*scgnicut BAC is similar to tlic segment EDF; 

•111. I)eJ\ Iw. 

and they are, on (ajual chords BC, EF; 
the .segment BAC - the .segment EDF. ill. 24. 

Hub tlio wliolo (•) ABC the wliolii (•) DEF; 
the rmnaiiiing ,segment BKC - tlu^ remaining segment ELF, 
tlie arc BKC ^ tlio arc ELF. 

<i.E. D. 


[For an Alturnativo Proof and Exercises sec pp. 197, 198.] 


13-2 
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EUCLID’S ELEMENTS. 


c Pkoi'usitton 27. Tiiwikem. 

hi niiKtl rin'/cs the aiKjles^ whuUtcr at the ceiitres or the 
circjJDtij'iirenceSj which staiul on equal arcsj ahall he equal. 



lj«‘t ABC, DEF )»(' (Mju;il ciiTlrs, 

;ni(l l»‘t. tlip ;i'V BC t.lu* ;ir<* EF : 
llirn sli.ill l.u‘ _ BGC th(‘ _ EHF, iili (Ik; (‘(‘Mt I'c.s ; 

;i,jkI .’il.so tin* _ BAG tin* _ EOF, tin' (, J 

If 11 k‘ BGC, EHF ;if<- noli (‘(jual, one iiiust. Ik; (Ik; 

I i* 1(‘( t he ^ BGC Ik* iln* n'rcatrr. 

Al; G, in BG, niak'* tlu; _ BGK «*((ual to (.Ik' _ EHF. I. 2.‘). 

Tlu'ii lK*<*aus«; in (lu* ('{jiial •i*' ABC, DEF, 
th(' _ BGK- the _ EHF, il- tin; contres ; hoasfr. 

tlu; art; BK -“tin* arc EF. in. 2(). 

I>ut tin* arc BC tin* arc EF, Ilifp. 

.’. tin* arc BK —(In; arc BC, 

* a jKirl ctjnal to tlu* whole, which is iin]K)Ssi])lc. 

.'. (In* _ BGC is not nn(*<jual to (In; _ EHF ; 

(hat is, tin' _ BGC tin* _ EHF. 

A ml since the _ BAG at the v])“‘ is halt’ tin* _ BGC at tin; 
ct*ntio, III. 20. 

aiul lik(;wis<‘ tlu; _ EDF is half tin; _ EHF, 

.'. the _ BAC -the _ EDF. *’ Q. K. D. 


[I’ur lixurcLscb see j)p. l'.)7, I'JS.] 
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Proposition *JS. Tiieorkm. 

• • - 

Til pquut rii'i'/ps thp (Ovn, u'hicJi (ii'p ckI of) hi/ pi/iiciJ 
tJiidl hn Pijiud^ fhp 'iiiiijor (irr lyind In ih-^ Dinjor (irc, 
(hid iftP nii/ior in flip minor. 


A D 



ABC, DEF h(» two <‘fjual circN's 
and l(‘t tin' chon] BC * tlKM-lioi-^l EF : 

IIkmi shall tl^^c iii;ij<ii- aic BAG the, major aic EOF, 
and the minor arc BGC - (lu* minor arc EHF. 

l*'ind K and L the ccnlr<*s of tin* ABC, DEF : ill. I. 
and join BK, KC, EL, LF. 

• • 

'riicii l)(M‘aiisc. t.li (3 ABC, ;ir(‘ (‘(}ual, 

their radii an‘ equal. 

Jlenco i^ the /." BKC, ELF, 

• ( Bl^' - EL, 

Ih'eause < KC — LF, 


(and BC--EF; Uif/}. 

the L. BKC - the l. ELF ; I. 8. 

the ai’e BGC - th(i arc EHF ; Hi. 20. 

and the.^o are the miuor are.s. 

Hut the whoh* Q^*' ABGC^- the wliole , DEHF; Thf/i. 
. . tiu; remaining; arc BAC the remaiiiiii_<j arc EDF: 

and t/h(‘so are the nutj*»r ares, q.e.o. 


[For Exercises see pp. 1117, lUd.] 
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KUCIjTD’s elements. 


1*110POSITION 29. Theorem. 


hr. 


In, pqudl i'h'clrH tlid choTdi^, '{('hich oit (>ff equal arcs, idtall 


ranaJ. 

*■ ( 
A 



D 



' Lf'fc ABC, DEF circles, 

.iiul l('t lli(‘ arc BGC the arc EHF: 

IIkmi shall choi'd BC tht*. chord EF. 

\ 

h’ind K, L th(‘ coiitr<‘s of the circh's. ill. 1. 

Join BK, KC, EL, LF. 

Tin'll in th(‘ e(|iial (,•}•'' ABC, DE^, 

Ix'caiiM* the arc BGC - ilie are EHF, 

tho^BKC tho^ELF. 111.27. 

Hence in the A" BKC, ELF, 

BK EL, l)(Mn<j[ radii of ecjiial circles; 
J ‘(‘Cause ^ KC LF, for tin* sani(‘ reason, 

[and the BKC - the /_ ELF; Prorril. 

BC EF. I. 4. 

• E. I). 


i:\EiiriSEs 

ON PROI^OSITIONS 2(>, 27. 

1. If Uco chords of a circle are parallel, they intercept equal arcs. 

2. Tho straight liuc.s, which join the extremities of two eciual 
arcs of a circle towards the same paits, are parallel. 

3. In a circle, or in equal circles, sectors arc equal if their anyles 
at the centres are equal. 



KXERCtSKS ON rROPH. 26, 20. 
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4. If two chords of a circle intersect at l i^^lit angles, the opposite 
arcs are together equal to a semicircuiuferencc. 

5. 1/ tu'O chonU intersect loithin a circle, they form nn angle 
equal to that subtern^d at the circumference by the sunt of the arcs thgy 
cut qlf, 

§ 

()• If two chords intersect without a, circle, they form an angle 
equal to that subtended at the circumference by the dijj'erence of the arcs 
they cut 

7. //* AB is a ft.red chord of a circle, and P atnj point on one. 
of the arcs cut off by it, then the i/i.'sector of the angle APB cuts the. 
conjugate arc in the. .same point, ivhatercr be the yositioft of P. 

^ 0 ^ 

R, Two circles interseot at A and B; and tlirough these points 
straight lines are drawn from any point P on the ciicuinference of 
one of tlie circles; sliew^that when piodncod they inteicept on tlie 
Ollier circumference an arc which is constant for all positions of P. 

0. A triangle ABC is inscribed in a circle, and the bisectors of 
tlie angles meet the clrcumfi'ienoc at X, Y, Z. Find each angle of 
tlie triangle XYZ in terms of those of tlio original triangb*. 


* ON PttoPOSITIONS 28, 29. 

I 

4 

10. The stiaiy it lines which join the extremities of parallel chords 
in a circV> (i) towards the same parts, (ii) towards ojiiiosite parts, are 
equal. 

11. Throngli A, a point of intersection of two equal cirWfs 1^0 

straight lines PAQ, XAY are drawn: shew that the choi'd*PX is equal 
to the chord QY. <> 

12. Through tlie points of intersection of two circles two parallel 
straight lines are drawn tenpinated by the cireumferenci's: shew that 
the straight lines which join t^eir extremities towards the sanio parts 
are equal. * 

13. Two equal circles intersi'ct at A and B; and througl* A any 
straight line PAG^ is drawn terminated by the circumferences: shew 
that BP-BQ. 

14. ABC is an isosceles triangle inscribed in a circle, and the 
(iisoctors of the base angles meet the cireumforenco at X and Y. Bhew 
tliat the figure BXAYC must have four of its sides equal. 

What relation must subsist among the angles of the triangle ABC, 
in order that the figure BXAYO may bo equilateral? 
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J':UCLIU’.S I'lLhJIKNTS. 


No'I’k. Wi! gi\(‘n Kijclicl’n deTuoiistrations of l*roi)ositioiis 
/!(), 27, 28, 20: l)nfc it slioiild ho notictul tliat all thoso propositions 
also admit of direct pioof by the metliod of auperpositiofi. 

1 To iUnstrat<* this metliod ^\e will apply It 10*^10 oposition 2 r), 

Proposition 21). |A1 torn,alive Proof.] 

In ptjudi riirJps^ the tires irhieh snhteiid eqvnl (imjJes whether at 
the eeiitres or eneitnijerenee!,, shdll he eifual. 



< J,(‘t ABC, DEF he (Mpiiil eirelrs. and let the / BGC, EHF at tlic 
eenlies lie niiial, and const'ipienlly llie Z'• BAG, EOF at llie < 
t'qiiiil: nr. 20. 

then shall the arc BKC the arc ELF. 

I’or if the i-' ABC ht' iijipru'd to the le DEF, so that the centre G 
may fall on llie centre H, 

then hecaiise the circles aie etpial, 
their t mll^t ctnecidc, 

liencn hy r^'v-ilvinj^ the np[tci circle about its centre, the lo^Yer circle 
lemainui^' li\ed, 

B iiia\ he made to coincide with E, 
and eonsi'ipiently GB with HE. 

And heeaiise the L BGC< the / EHF, 

GC must coincide with HF: 
and since GC-HF, ^hijp. 

C must fall on F. 

Now B roiiicidiii;' with E, and C with F, 
and the c/*-' of the e) ABC \\ ith the (of the DEF, 

* the arc BKC must coincide with tlic arc ELF. 

.'. the aic BKC -the aic ELF. 


Q.K.1>. 
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ettcltd's elements. 


19. * A segment of a circle is described on the cliord AB ; lind a 
I)oi]it C on Its arc so that tlie .sum of AC, BC may be a mavimiim. 

20. Of all Iriangh's that can be inscribed in a circle that which 

has the greatest perimeter is equilateral. i 

*21. Of all triangles that can he inscribed in a given circle that 
whi'di has the greatest area is cquihtteraL 

i 

22. Of all triangles that can be iiiscnhed in a given triangle that 
which has the least perhneter is the ti taih/le fanned bg jokiing the feet 
gf^the perpfindiciilars diaicn from the vertices on opposite sides. 

2.3. Of all rectangles of given area, the scinaro has the least i)eri- 
inoter. v '' 


21 . ^)esciib^ the'friaiigle of inaxinnmi aiea, having ils angles 
(‘([iial to tliose of a given tiiangl*', and its sides p.assmg tliioiigh three 
given i)oints. » 


\i. II vuj)i:n .Mis(n’]LLA.\Eors e.vavu’lks 

I 

1* AB is a diameter of a glvt'ii circle; and AC, ’3D, t\No elunils 
on tlio same si-de of AB, inteiseet at E- shew that the eiieU' whieh 
passes ihrongli D, E, C cuts tho givim circle orthogonally. 

2. Two circles nhorjO centres aie C and D inteise»'j a'u A and B, 
and a straight lino PAQ is drawn through A and.t'eiimnated )»y tlu' 
ttircumfercnc^es: prove that 

(i) the angle PBQ- tho angle CAD 

* * ( (li) the angle B PC-"the angle BQD. 

• " *1 

3. Two chords AB, CD of a eiiele who.se eentio O mtersi'ct at 

'light angles at P : shi‘w'that 

(i) PA-4 PB-! I- PC- -I- PD- - 1 (ladius)-. 

(ii) AB= + CD^ + 40P2 ^ 8 (radius)-. 

%. Two parallel tangents to a ciiele intercept on *'anv third 
tilngont a poition whieh is so divided at its point of eontact that tho 
roetangi/i contained by ils two paits is oipial to the sipiaro on tho 
radyis. *' 

5. 'Two equal circles move hetwceii two stiaight lines plaeial 
at right angles, so tliat each straight lino is touclu-d by one cin‘le, 
and the two circles toucli onfc another : find the locus of the point 
of contact. 

6 . AB is a given diameter of a circle, and CD is any parallel 

chord: if any point X iii.AB is joined to the extrcmitic.s of CD, 
shew that ^ 

. XC- + XD‘-=XA2-fXB-. 
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P^UCIJD’rt ELEMENTS. 


1 Niopos[TTox 31. Theorem. 

The fnifjlG hi a seuticircle is a rujht (fUKjle 
the niKjle hi a srfjnient yreafer than a sniiicircle is less 
than a rhjht angle : ' 

and the angle in a srgtnfvit less than a semicircle is 
greater than, a right angle. 



A BCD of which BC is ;i /limiictor, mid 

E tho c(iiitrc; ri^id hit AC bo a cliocd dividing iho circle into 
11 10 so«j;iucui.s ABC, ADC, of which tho so^inout ABC is 
pji’oator, and th(* soi;iu(‘iit is ADC lo.ss than a soniic'rclo: 
th(‘ji (i) tho ani;lo in tho .soitn'circlo BAG shall bo a rt. ajigh^; 
* • ^(ii) tho angle in tho .sogiuoiit ABC shall bo los.s than a 

rt. angle;' 

(iii) tho angle* in tho sogmont ADC shall b(^ greater 
than a rt. angh?. 

In tho arc ADC take'any point D; 

J<nn BA, AD, DC, AE; and produce BA to F. 

('i) * Th(‘n Ix'causo EA — EB, ili. I)ej\ 1. 

the u EAB — tho l. EBAi r. T). 

‘ And because EA — EC, 

tho 4 . EAC- the z. EGA. 

tho whole z. BAG the sum of the z.” EBA, EGA: 
but the ext. L FAC = the sum of tho two int. L * CBA, BCA; 

the,Z- BAG - the L FAC; 
these aiigh'.s,'being adjacent, are rt.. angles, 
tho z. BAG, in tho .semicircle BAG, is,a rt. angle. 
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} 


(ii) 111 till*- A ABC, l)('oauso t]i<‘ two " ABC, BAC .‘iro 
(oiicdior l(‘.ss tliJUi two i t. aimlos; l. 17. 

and of those*, Iho _ BAC is a rt. an^lo ; Proved. 
tho z. ABC,* wliicfli is the* aii 2 ;le in tho s(‘^ni<*nt ABC, is;^ 
h*ss tlian a rt. an,i,d(*. 


(ii/») JJocaiisc ABCD is a unadrilaioial iiisciiliod in the* 
(^^ABC, 

tho ABC,*ADC to_<;joth(‘r - - (avo rt. aiii(l(‘s; iir. 22. 
and of th(*so, tli(5 ABC is loss tliaii a i t. aiiLjh*: Provrd. 
tlio z. ADC, wliicli is tlui angle*, in tho sogine^it ADC, is 
gi‘e*aior than a rt. angle*. • K.#>. 


K'CKRCISKS. 

1. A circte^dcscrihed on the Jii/potenuse of it i iplit-aiufled trinnple 

dunneter, jm.'i'ies Uiroiujli the opiunote aiifjnUir point. • 

2. A systfMi of riglit-an^loel tnanj^lca is dcscrilKid upon a f;iv(’n 

f!trai<»ht line as liyiiotonuso: find tlie locus of the opposite aiij^uli^r 
points. • m 

.‘i. A jjirai^'ht rod of f'iven length slides l)eh\(vn two strai^rht 
rnlors placed at* right angles to one* another: iind tho locus of its 
iiiuldle point.^ • 

4. Two circle's Aitorseet at A and B; and through A two diameters 
AP, AQ ar<^diawn, one in each circle: show that the 2 )uints P, B, Q 
ate collineur. [Seat Def. j). 102.] 

/). A circle is th'seribe'd on one of the eepuil sides of an isofc#Ies» 
tiianglcas diameter. Shew that it jiasses through tho UfleWlc ixnnt 
of the base. , 

6. Of two circles which have internal contact, the diameter of the 
inner is eijual to the radius of tlie outer. Hlicw that any chord of 
the outer circle, drawn from the point of contact, is bisected by the 
Circumference of the inner circle.* 

7. Circles described on any two sides of a triangle as dlaineteis 

intersect on tho third side, or the third side iiroduced. * • 

8. Find the loafs of the middle points of chords of a circle drmni 

through a fixed point. • 

Distinguish between the cases when the given lioint is within, on, 
or without the circumference. • 

9. Describe a siiuare equal to the difference of two given squares. 

10. Through one pf the points of intersection of two circles draw 
a chord of one circle which sliall be bisected by the other. 

11. On ^ given straight lino as base a system of equilateral four- 
sided figures is desoribed: find the locus of the intersection of their 
diagonals. 
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EUCLlD'fl ELKMKNTB, 


Notk 1. Tlio oxtonsion of Proposition 20 
iin^k's fuinisJuiS a siini)l<! alloinativo proof of 
the first tlieoieiii contained in Proposition .'U, 
viz. 

« 'I'hc (unjh' in n snnii in'lf is a riffht an(ih\ 

For, in lhi> adjoinijii' fi^'iiro, the ant^le at 
tlio ('(‘nti’c, standiiif' on tin* arc BHC, is 
double tlie aiif^dc at the stiindiv^ on the 
same arc. 



Now the an^le at the centre Is the strnitjht (uujlf BEC ; 
the L BAG is half of tlie stniKjht BEC: 

aryl a Ktr}i,i<^dit aneic* two it, anfj;les; 
the Z BAG - one lialfof tw'o rt. an,eles, 

-oiu; rt. anjde. q.e.d. 


No’i K 2. I’rorii I'roposition .>l we may dc iive a simple ]t»aelical 
sohihon of Proposition 17. n.imely, 

, 'I'o (Irtnv a taiuit’iit in <» nti If'J/niii n (fticn c rtn'iinl point. 


Tji't BCD he tin* {^iveii 
ciieh', and A the given evtei,- 
iial ])oiiit: .« 

it IS K'i[iiiied It/ diaw' from 
A a tangi'iit lo the BCD. / 

]'’iiid E, the et'iitie of the a[ 
eiiele, and join AE. 'i 

‘ (Vn AE' deseiihe the semi¬ 
circle a 6 ^, to out the given 
ciiclc at B. < 

Join AB. 

'riu'n AB shall he a tangent 
to the c BCD. 


\ B 



For the / ABE, Ix'ing in a s(>mieiri;le, is a rt. angh*. Iir. .‘il. 

.* AB is diaw’n at it. angles to the radius EB, fiom its ex- 
treifdty B; 

AB is a tangent to the circF. iii. 1(1. 

i Q.r.F. 

Since the semichch* might he dose.rihed on cither sidt* of AE, it is 
clear that thero will be a sojoinl soliilion of the purhlt'ni, as slu'wn hy 
tlio dotted lines of the lignre. 
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PluA’USlTlOX 32. 'PUKORKM. 

slr((i(jht Hue touch a clrcfe^ aAd froui the point of 
contact a chord be draivUj the aiujb'n which thii< chord -ninhes 
n’ith the tmwjeut shafl be equal to the (nujlca i)t tJte aUcrnatc 
'^tf/inottfi t>/ the circle. 


A 



EF toiu'li'tln‘ "ABti ;il. B, .uni N“t BD In* ;i 

(.‘liord (Ii'.'iwli frovi B, tli(^ j)oiiit. of coulact: 

(h(‘n (i) tli(‘ ..DBF tin' Jinijli* in llic, ji li 

sci;mriit BAD: 

(ii) tin* .. DBE -tlio ini^lo in iiK('«!*’> 

^^lOi^niont BCD. 


Kroin B (liviw BA p('r|>. if) EF. 
^I’akf'- any )>oini- C in tin* arc BD, 
and jofn,AD, DC, CB. 


1. I 1. 


(i) 'rin*n Ix'caiisf! BA is drawn to tlio (aju'f id. EF, 

a( its j)oiiit of contact B, * 

.’. BA pfusscs tlii'on.i^h tin* rcntrc f)f the circli*: in. 10. 
tln^ _ ADB, IxMiiLj in a scinicirclf*, is a rt. anisic: ift, 31. 
in tho /. ABD, tlie otlnn* _ AEJD, BAD tf)i4<‘tln*r - a rt. 
anisic ; I. 32. 

O 7 

that is, the l ABD, BAD together - the l ABF. 

From those (upials take the fojnmon l ABD; 
tho .L DBF -- the .1 BAD, wliich is* in tho altorjiato soi;- 
ineiit. • 
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J-J Ut; M J KI iKM K.N TS. 


A 



(ii) Iv'O.iuso ABCD is a (jiiadrilatcivil ins<a*ib<'(l in a 

llni ” BCD, BAD to^otluM* = two rt. anuflns: iii. 22, 
but tlui j_ *’ DBE, DBF i()g(‘th(U’ - two rt. r.ii^los; i. 12. 
tlui _DBE, DBF toi^(*tlK‘i‘ ' tlu; z, BCD, BAD: 
jlnd of tlicso ilio DBF--lli(' BAD; I*rovnL 
. (ln‘ „ DBE ~ tli(^ _ DCB, Avdiich is in tlu* alteniato si*'^- 


' IIM’Ut. 


t^). I-:. i>. 


j:\ek('isI':s. , 

1. State jintl pune the coiivcrso of this ])iopOMitioii. !' 

2 . Use tins Ihojx^sition to shew that the taiij^cjits di.iwii to a 
c;iv(iVj» from an external point are ecpial. 

2 . If two eirelea toneh one another, any stijiight line drawn 
tlnondi the point of cuntaet cuts off similar segments. 

I’lovo this for (i) internal, (ii) external contact. 

t. If tw o circles touch oiio another, and from A, the point of con¬ 
tact, two chords APQ, AXY arc draw'p:*^ then PX and QY are pai’allcl. 

I’rovo this for (i) internal, (ii) external contact. ’ 

r». Two circles intersect at the points A, B: and one of them 
thron«^ll O, the centre of the other: prove that OA bisects the 
smj^le betweeii the common chord and the tangeiit to the first circle 

at A. ( 

C. Two circles intersect at A and B; and throudi P, any point 
on the circumference of on?, of tliem, strai^it lines PAG, PBD are 
draw’ll to cut the other circle at C and D; sliew that CD is parallel 
to the tangent at P. 

7. If from the point contact of a tangent to a circle, a chord 
be drawn, the pcri)endiciil\irs dropped on the tangent and chord from 
the middle point of cither arc cut off by the chord are eqifal. 
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Pkoposition 33. Pkoblkm. 


(})i a (jiven utraiylU lint', to (fcscrihe a segiutotl of a circlf. 

v'hoft ahall contain an amjle equal to a (jiven aiujln, 

• » 



Lf;t AB bf) tlie u;]'v(‘)i si. liix*, ;in(l C ili(‘ i^ivoii aiiyir: 
il. is r(‘qu]'r(id to (loscribo on AB ;i s<‘Uf)ii(‘nt <»f a (nivlo 
sliall contain an aTn^lo (‘((ual to C. 

At A in BA, luako the. .1 BAD 0 (jiial U> i, 

^ From A draw AE at rt. angles to AD. j. 1 I. 

• iiisect AB afF; i. JO. 

and fioni P (lra\^ FG at it. aiii'los to AB, cTA,tijii( AE at G. 

Join GB. 

Tlir,n ill the AFG, BFG. 

AF -- BF, 

and FG is common, * • 

(and tlie ^ AFG - tlio 1 . BFG/being rt. anghvs, 
G^ GB : ‘ I. J. 


JJeeaiise 


tlie circle described fnjjn centre G, witli radius GA, will 
pass throjLigli B. • 

X)escribe this circle, and c;ill it ABH: 
then the segment AHB sliali contain an angle /'qnal to^. 

Because AD is'drawn at rt, angles to the radius GA from 
its extremity A, 

.*. AD is a tang(‘nt to the circle: ill. 10. 

and from A, its point of contact, a chord AB is drawn; 
the L. BAD —the angle in tho alt. segment AHB, iii, 32. 

BAt the z. BAD = th« z. C: Conatr, 

.‘.^the angle in the segment aViB = the l C. 

.*.«AHB is the segment required. q.e.f. 
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Noj K. Ill the iJarticLilar case A\beu tlic giveu auj^le C is a it. angle, 
tlic h('giMcnt rcciiiiiod \\ill he the 
M'im<‘irclc descubed on the ghon 
sL line AB; I'oi the angle in a 
^semicucle is a it. angle. m. 01. 

A . B 


KA'EiaJrSKS. 

I The l'()llb\\mg ex(‘reis('s depend on the corolbiry to I’roposituni 21 
givet. on pagj 1X7, iiainely 

77/e ///fus of the reytici'', of tnoiiifle^ irhirh stand i>n the same base 
(Did hot e o (jtien ri'ilicol <\ttifle, t't the oie of the '^eif^nrnt stoitdinij on 
tht'> fuller, oitil eontotntmj oit otKjte eqnol tifthe ijiveti iinjile. 

I'ls'Meise'! \ and 2 alfoid good ilhislr.itions of the method of hnd- 
ing lecpiiied points 1)^ the Intel section oj IjOci. Se(‘ Jiage 1 I7.| 

1 . Jh^-tnhe o tuoiude on a fftien hose, hot inf/ o fiiren reitieol 

onote, ond hot tno reitei on o (iiren slroinht line. 

2. ('(/as/;//cA o tiiomile, Stontoj ifiten the ////he, the cirlitol omjle 

ond (i) one tMher .side. ^ 

(n) the oltiinde. * 

(ill) the hn<i(h of the inedton whieh bi<eets the bose^^ 

(i\) the fHont ot tehnh the petpendienlor Jioiii the leete.c 
^ ^ ‘meets the hose. 

0. (•instiotf o tiionole hovino Hieen the hose, the terlirol onole, 
ond the 2 >oint ot nlneh the hose is eot Inj the htserfor of the leitieol. 
o nil le. 

[Tict AB be tlie ba<(\ X the gi\en })oint in it, and K the gi\en 
angle. On AB di'M'iilic a segnaiit o^'a eircle containing an angle 
t'(|iial to K; eomidc'te tin* i. by diawmg the aic APB. Bisect the aic 
APB at P: join PX, and piodticc it to inei t th(‘ at C. Thru ABC 
shaH he the rpipiiied tiiangle.J 

1. (\)in>tntet a tuonole hortmj rjiren the bos(, the reitieol angle, 
ond the sum of the renunmng sides. 

[Let AB bo tin' given base, K tho givc'n angle, and H the gi^en line 
equal to the sum of the sides. On AB describe a segment containing 
an angle ecjual to K, also another segment containing an angle equal 
to half the Z K. From ceiitio A, \Nitli radius H, describe a eiicle 
cutting the last drawn segment at X and Y. t7om AX (or AY) cutting 

the lirst segment at C. T,hen ABC shall be the required triangle.] 

« 

5. (^mstruct a triangle having given the base, the vertical angle, 
and the difference of tho remaining sides. » 
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Proposition 31. ]*roble.m. 

From a cjiven circ/e to cut ojf a w/nrh shall 

cmitaiii an angle equal to a given angle. 



E B F 


Tift ABC 1)(* tlio circli', D tliii ujixtMi 

it, i.s roquii*p<f to cut cWl’ tVoui tlc' c; ABC a Kf-ifiiuMit ^\llic]l 
slinll conta,in an C([iial to D. 

Take any point B on tlu; Tj"', 
and at B di-aw tlio taiiifcnt EBF. iii. 17. 

At B, iiTi FB, make tin' l . FBC ccjunl to tlic i D. i 23. 

TIitMi tin* .‘*‘<(nn‘nt BAC sltnll contain :in anj^lc ('(jual to D. 

Pocauy* EF is a t;i,nufcnt to tin* <‘ii-('k‘. and fi-oui B, its 
}>oint of contact, a chord BC is dmwn, 

tin* ..'.FBC tin* ;umlc in tin* alti*rnjit(‘ soi'iin'nt B/ft?. • 

"in. 32. 

Put tin* .1 FBC —tlio Z-t); Ctnisfr. 

.’. the anufh^ in the sci^nicnt BAC tin* z_ D. 

Ifcncii fi'oin the li^iven •c; ABC a se^nn*nt BAC has been 
cut oft‘, containing an angle e<|ual to D. Q. n. r. * 


EXERCISES. • 

1. The chord of a givcMi .segment of avirclf*. is produced to a fixed 
point: on this straight line .so produced draw a segment of a circle 
similar to the given segment. 

2. Through a given point witliout a iiicle draw a straight lino 
that will cut oil a segment capable of containing an angle equal to a 
given angle. • 

li. E. 


14 
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Piioi‘osiTiox 35. Theorem. 

Jf tfro chords of a circht cut one. another., the rectniiffJe 
cOHt<iiiieil htf the se^nu'nts of o})e sJtaJl he, ('//((((I to the rrcl- 
aftfjle cotUaiited the. seijmen.t'^ oj the other. 



AB, CO, two (jlionls of tlio (oACBD, cub oiu' ;uiotli(M’ 
E: 

tluMi sli.'ill tli(‘ rod. AE, EB tlio I’oct, CE, ED. 

' Find F tlio contro of tlu' (-'ACB: ill. 1. 

om F (Ir.iw FG, FH r(*s[K*ctivo]y to AB, CD. I. lli. 

Join FA, FE, FD. 

'J’luMi hocausc'. FG is drawn from tlu*. coiiti’o F ])oi‘|>. to AB, 

.'. AB is l)iso(‘t(^(l at G, ill. •>. 

For a similar rt'asoii CD is ))isoct<'(l at H. 

A^am, lK‘oaus(‘ AB is divid(‘d csjiiall) at G, and uii(‘(|ually at E, 
.'. Iho root. AE, EB ilh tlio si^. on EG tlio siji. on AG. ll. 5. 

'Fo oaoli of tlu'so <‘(juals add tUo s(j. on GF; 
thon tlio I'od. AE, EB ^vitll tlu^ sqij. on EG, GF -tlii' sum of 
tlio .S(j((. on AG, GF. ^ ® 

lUit tlio s(j(|. on EG, GF - tUo .sq. on FC; i. 17. 

j and Jill' sqq on AG, GF tin' sq. on AF ; 

for tlK'aiii;U*s at G an' rt. ani^los. 

.'. die root. AE, EB Avitli tlio sq. on FE -tlio sq. on AF. 
Similarly it may bo shown that 

tho root. CE, ED an itl’i tlio sq. on FE - tlio sq. on FD. 

J>iit tlio sq. on AF : the .sq. on FD; for AF FD. 
tho loot. AE, EB Avith tlio on FE — the root. CE, ED 
Avith the sq. on FE. ' 

From those equals take the s(j. on FE: 
then the rect. AE. EB —the rcct. CE, ED. g. K. d. 
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OoROLLAKV. ]f through (I fixed point loithui a circle 
an If number of chorih are drawn, the. recianglen contained 
by their segments are all equal. 


No'i’k. 

jiolico. 





• (i) wlifii till’ cl)i)rtls bt4.h ])>iHs thioiij'li the (iciiiro: 

(ii) when one elund passes throuj'h the contie, and cuts tlio 
, other’ at aiij^des: 

(iii) when one cJxjid passes through tlio centre, and cuts the 
other ohlhpiely. 

In eacli of liiese cases tlie general proof reyniies sonui niodilica- 
tion, wliicli may be left as an exeicise to tlie stiidc'nt. ^ ' 


KXKIKHSKS. 

1. Tico slrniyht li)ies AB, CD intn'ucct at E, .so tiiat the rectauf)le 
AE, EB in equal to the reetaiujle CE, ED: nheio that thy four i>Ant.-> 
A, B, C, D arc eoueyclic. 

2. yhc rectangle contained by the segments of any cliord drawn 
tlnoiigli a given ])oint williin a circle is e(]ual to the sipiare on Jialf 
the shortest choid which may be drawn tlnough that point. 

3. ABC is a triangle right-angled at C ; and from C a iierjicn- 
dicular <I')D is drawn to the, h\potenuse : shew that tlie square on CD 
is eipial to the leotanglo AD, DB. 

4. ABC is a triangle; and AP, BQ tlie perjicndiculars (l?opped 
from A and B on the opposite sides, intersect at O: .shew that the 
rectangle AO, OP is equal to the rectangle BO, OO. 

o. Two circles intersect at A and B, and through any point in AB 
their common chord two chords are drawn, one in each circle; shew 
that their four extremities arti ooncyclic. 

G. A ahd B are two points within a circle such that the rectangle^ 
contained by the segments of any cliord drawn through A is ei^nal to 
tlie rectangle contained by the segments of any chord through B: 
shew that A and D are equidistant from the centre. 

7. If through E, a point without a nrelc, two {.ccanta EAb* ECD 
arc drawn; shew that the rectangle EA, EB is equal to the rectangle 

EC, ED. ‘ ’ 

[Proceed a.s in in. 35, using ii. 6.] 

8. Through A, a point of intersection of two clrchs, two straight 
lines CAE, DAF are drawn, each passingsthrough a centre and termi- 

t n.atcd by the circumferences; shew that the rectangle CA, AE is equ-d 
g to the rectAnglc DA, AF. 


M-2 
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Proposition Thkorkm. 

J/ from (Diff jxihit vjitho'nf a cirrir a Unujrnt aud a 
MiCdkd hr. drcurih, tUrn thr rrcAdOfflr. conUtinr I hij thr 'irlwJr. 
srcdat (ttul tJtr pdrl of if wifhonf tin'. cirvUi shall hr, r<puil to 
thr sijuarr ox. ihr Uunjrnt. 



ABC 1><^ a circh*; .‘iiid fi’oin D n. point witliout it, l«‘t 
1)0 flr.'iwn tlio s(*(*;int DCA, ;hk 1 tlio t,'iiiL((Mit DB: 
t' “11 tlio roct. DA, DC sli;i,ll l)o to tlu' S([ <»m DB. 

Find E, tli(^ coiiti-(*, of tho (oABC: '\l. 1 

and from E, draw EF iH'rp. to AD. i. 12. 

Join EB, EC, ED. 

* 'rium bocaiiso EF, ])assinuj tln'ouujh tlio conin', is ])('rp. 
lo tho chord AC, 

' ^ AC is l>iso(;l('d at F. III. J. 

And since AC is bi.socti'd at F and ]>roducrd to D, 

.MIk' r(*ct. DA, DC with tho S(| on FC tlu' s<j. on FD. li. 0. 

To oacli of tln'Si' oipial.s ad<l tlio sij. on EF: 
tin'll tho root. DA, DC with tho .sipp on EF, FC - tho sijq. on 
tF, FD. 

I>ut tho sqq. on )EF, FC tho sip on EC ; for EFC is a, rt. aii^lo; 

" th(^ sip on EB. 

A nd thCvSipp on EF, FD tho sq. on ED ; for EFD is a rt. an"lo; 

the sipp on EB, BD; for EBD is a 
i‘t. aimh*. III. 1(S. 

the root. DA, DC with the s<p on EB - the sqq. on EB, BD. 
From these equals take the sep on EB: 
then the rect. D.\, DC — the sip on DB. R.i). 

Notk. This ])roof may easily bo adapti'd to the case wlicn the 
secant passes tlnough tho centre of the circle. 
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CoJioiiij.vuY. // j’rotn (I ijireih ]>ou(t ii'ifhotit a cirvJp, 
<(ity tiutnbpi' of ^rr<inf.s' arp drau'ti^ the rertamjjpa coutaim'd 
by the ichole scrauts atul the ports of them fcithoot the circle 
(ire oJl €<1 lull; for eocJi of these recfooijles is ('(jool tfi the 
s<]oore oil the toiojcU droo n fron^. (he yircit poiot to the. 


ill ihci ;i(ljoiiiiiiLi;" 

(‘iirli ()1 llio PB, PA Jiiid PD, f^C 

.'lihI PF, PE is (‘«{u;il to tliii s<]U.ii‘c on tli<‘ 
t;iii!^(uit PQ: • 

tho n>c(. PB, PA 

tlio W‘ct. PD, PC 

§ ' 

- m-t. PF, Pt. 



Nt)iK. lloiin'iiilx'i in^ thiit tlic s<‘^'nu-iils into ^^lucll the oluiKl AB 
is (lisjilccl sit P, aiv tlic JiiK'S PA, PB, (■-«•(! fNirt I. P>1) wo jiio 
<•11.tilled t(.* iiielutle tliu coiollai’i<,’.s* of l*rt> 2 )Osi 1 tons iJo iiiul <J0 in ti 
.sni}d<‘ emnioiatioii. ^ 

If (Oil/ iiuihher t>f rJnmI.'t of tt, enele are tlnocii tUioaijli a (liven 
jionito.inllun or nithout e circle, the reitauiilin contained hij tin* 
M’eiiiilits of the chorih arc cipiaL 


K\KUCISh,S. » 

1. U.so tliis |)iu 2 >o.sjlioii to .show that tajif^eiiis lUawji lo a circli’ 
from nil cxlcrnal ixuiit ai^ etiuitl. 

2. Tf two circles intersect, laiiKents diawii to tlieiii fiom any 

jioiiit ill tlieir common clioid luoiliiccd aio ctiiial. ^ ^ 

If two ciriilcs intersect at A and B, and PQ is a taii^^'ciit to 
both Clicks; sfiew tliat AB inodiieed bisi'cts PQ. 

'1. If P is any i>oint on the straij'hf line AB jneduced, shew tliat 
tlu* tangents drawn fiom P to all ciieles wliu h jia.-'S th^oiif.;h A and B 
aio eiiual. 

/>. ABC is a tiian;,de ii^^lit-anjdcd at C, and fioin any iioint P in 
AC, a lieijx'ndii'nlar PQ is diawn to tin; ]i>]K)teninc; shew that the 
lectanf'le AC, Ar is e<inal to the iecti«iolc AB, AQ. 

(i. ^ABC is a triangle right-angle<l at C, and from C a jierpcn* 
dicular CD is irawn to tlie hyi»otenube: shew that the lect. AB, AD 
IS e(2ual to the squaic on AC. 
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Pitoi'usrrroN ^7. Tiieohem. 

ff from a poud 'trif/ioiU a circle there be dniwn two 
straight liiws^ one of ivhich cuts the circle^ and the other 
nicets it, aud if the o'cctaugle cvtttaiued hg the rvlude Hue 
whidb cuts the circle a.td the pu.rt of it vnthout the circle he 
equal to the square ou. the Hue 'which 'meets the circle^ then 
the Ibic 'U'hieh uwets the circle shall he a tangent to •/. 



ABC Im' ;i circh'-; niid from D, ;i ])()int Avit-lioiit it, 
1)0 (Iniwii two st. liuos DCA ;infl DB, of Avliicli 
DCA cMits Uio oifclr' ;it C ;iik1 A, DB iiu'ots it; nul l(‘t 
llio rod. DA, DC tli(' s<|. on DB: 

tliou sliJiil DB lio ;i tamront to tho c'lvlo. ' 

Kroiu D draw DE to touch tlio ojABC: 1 iir.l7. 

lot E ho tho point of contact. 

*' h'ind tho coiilro F, and join FB, FD, FE. ill. 1. 

'!"hcn sinc(' DCA is a s*cant, and DE a taiij:^cnt to tlio circlo, 

tlu' rc'ct. DA, DC tho sep on DE, III. 36. 
r>ul, by hypothesis, tiio rod. DA, Q,C the sq. on DB; 

tJio sq. on DE tho sq. on DB, 

.'. DE DB. 

' flonco in tho A“ DBF, DEF. 

f DB = DE, Prored. 

Ihaau.so - and BF = EF; in. T)ef 1. 

[ and DiF is common ; 

tho _ DBF - the .l DEF. i. S. 

But DEF is a rt. angle ; . iii. 18. 

.'. DBF i^also a rt. angle; 
and since BF is a radiu,s, 

DB touches the OABC at the poifit B. 


Q. K. D, 



NOTK ON TiyC MEpiOI) OF LIMITS AS AI'PLIKD TO TANOENCY. 


FiUclid {It-finoH a taiif^ont to iT, n'lclo as airahjht line irJiich nu'cfA 
the circumference^ but he ukj prodtued, does not cut it - inid I'loni lliiH 
d('/’initiou ho deduces tlie fiiuduinental llieojeni that a tangent is per- 
licndiculariio the radius diawn to the point of contact. Prop. 1(1. 

Put this result may also ho ost.ihlislied by the i^fethod of Limits, 
\\hich regards tho tangent as the nllnnote po^il.on of o^secunt when its 
two points of intcrsi ction with the Ciii untieicnce^ore hrouffht into coin- 
cidcnce [See Note on [lagii ldl|: and it may bo slifwii thfft e\(‘ty 
lh('oi('m relating to llio tangmit may he denied horn some moio 
genejal ])ropONilion relating tollie secriiit, hveon.sideinig the iiltniialo 
ease i\hen tlip two 2»oints*of nilerseel ion eoincide. 

1. To prove by the Method of t.units that n tnnyent to a circle 
(s (it iiyht (UKjIc'i to the rndiui dtaicn lo the point of contnet. 

Let ABD ho a circh*, wliO'O centK* 
is C; and PABQ a sc'eant cutting the 
' "■ in 4 and B; and let P'AQ' ho the 
liiniUng jioMtfou of PQ when the iionft 
B IS l)r(»ug|it into ci'ineideiieo with A: 
then shall CA hoperp. to P'Q'. 

Piset^AB at E and join CE: 

then CE is jieip. to PQ. in. .‘h 

Now let tho secant PABQ change 
its 2 »osition in such a way that while the 
jioint A remains fixed, the iioint B con¬ 
tinually appioaches A, and ultimately 
coincides with it; 

then, however near B approaehes to A, the st. lino CE is always 
perji. to PQ, since it joins the Ueiitic to the middle jioiiit of the cli«:d 
AB. 

Put in the limiting jiositioii, when B coincides*\ith A, ^nd tho 
secant PQ hccouii»s the tangent P'Q', it is cleai that tin; [mint E w'ill 
also coincide with A; and the jicrpi'iidicular CE heconus Ihi* mdins 
CA. Hence CA is perp. lo tlio tangi'iit P'Q' at its ixunt of contact 

A. t • Q. r.n. 

Notk. It follows from Proiiosition 2 that a straiyht line cannot 
cut the circumference of a circle at vioie than two points. Now’ when 
tho tw'o points in wl^ich a secant cuts a,circle move towards coinci¬ 
dence, tho secant ultimately becomes a‘tangent to tho circle: we 
infer tlier«fore that a tangent cannot meet a circle otherwise than 
at its point of coiftact. Tims Euclid’s deJinition of a tangent may bo 
deduced from that given by the Method of Limits. 


I 
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2. litj this Method Projwsition 32 may be derived as a special case 
from Proposition 21. 


Por let A and B b(5 two points on the C;" 
of tlio 0 ABC; 

and let BCA, BPA bo any two ant,des in 
tlio HOt;nu‘nt BCPA ; / 

then tlio ^ BPAthe / BCA. in. 21. 

Produce PA to Q. ' 

Now let the point P continually npproacli 
tho fixed point A, and ultimately coincide 
with it; 

then, hoirev.'r near P may approach to A, 

, the, ^ BPQ,—the ^ BCA. in. 21. 

Tint in tho limitinj^ position when 
P coincides with A, 



and the secant PAQ becomes tlu^ tanj'ent AQ', 
it is clear that BP will coincide with BA, 
and tho z BPQ becomes tlieZ BAQ'. 


llcMice tho Z BAQ^ - tlio Z BCA, in tho alternate segnicnt. (j.K. ]>. 


Tlio contact of circle’s may bo treated in a similar nyinner by 
ndoptin^^ the followin;,^ delimtioii. 

DiiKiNiTiov. 1/ one or oilier of two intersectjnj' ciicles alters its 
position in such a way tliat the two points of intersection continually 
approach one aiiotlier, and ultimately coincide; in the lii‘ itiiif? posi¬ 
tion they aio said to touch one another, and tho point in which the 
fwu.''oints of intoisection ultimately coincide us called the point of 
contact. • 

«.\AMPLES ON LIMITS. 

1. Deduce Pioposition 10 from the Corollary of Proposition 1 
and Proposition 3. 

2. Deduce Propositions 11 and 12 from Ex. 1, pai?e 15(5. 

3. Deduce Proposition (5 from Proposition 5. 

4i Deductf J'roposition 13 from Proposition 10. 

5. Shew that a straight line cuts a circle in two different points, 
iwo o’uneident points, or not at all, accoidinp; as its distance from the 
centre is less than, cipial to, or ^neater than a radius. 

(». Deduce Proposition J?2 from bhx. 3, iiage 188. 

7. Deduce Proposition 3(5 from Ex. 7, paj'e 201). 

8. The anyle in a semi-circle is a riyht anyp. 

To what Theorem is^this statement reduced, when the vertex of 
the ri^ht angle is brought into coincidence with an extremity of the 
diameter? , 

9. Prom Ex. 1, page 100, deduce the corresponding property of a 
triangle iiificribed in a circle. 
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THEOREMS AND 


EXAMPJ.es, ON 


HOOK Ill. 


. I. «»N THE t’KNTRE .\NJ) OlfORDS Ob' A C11{(H.E. 

See Pro[K)sitioii« ], 3, M, 15, 25. 

1. JIl circles which throuf/h a fixed jlnunt, <Pnd hiii'm their 

centres on a given straight linCy pas'! also through a second fixed point. 

h 

Let AB bo the given st.» line, and P the given i)oint. 



From P (li’tiw PR peq), to AB ; • 

and in'oduco PR to P', making RP',c<iuiil to PR. 

Then all ciicles \vhi(?h pass through P, and have tlieir centres on 
AB, shall pass also tlirough P'. 

For let C be the cei^t(;o of ami one of these circles. 

• Join CP, CP'. 

Then in the a* CRP, CRP' 

{ CR is common, * • 

• andRP—RP', Consti. 

and the L CRP—th(' l CRP', being rt. angl^jj 

CPrrCP'; I. 1. 

the circle whose centre is C, and which j)iisses tbiough P, must 
pass also through P'. 

Jlut C is the centre of any circle of tlie system ; 
uU circles, which*pass through P, and Iuinc tiii;ir centres in AB, 
pass also through P'. * • g. k. n. 

• 

2. Describe a tircle that shall pass through three given points nut 
in the same straight line. 
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H. I)«scribo a circle that sli.ill pass tlirouf^li two ^Jivoll jioiiits an( 
liavc its centre in a f^iven straif^ht line. When is tJiis impossible? 

4. Describe a circle of ratlins to pass tli^ouf^h two given 

•points. When is this impossible? 

5. ABC is an isosceles tiianghj; and fioin the vert(*x A, as centre 
a circle is dosciibed cutting the base, or the base inoduced, at X and Y. 
Mhew that BX -CY. 

1 ^ 

0. Tf two circles which intersect aie Ait by a straighi^ lint 
jiarallel h) the coiiinion choid, shew lhat the i»arts of it iiiteiceptetl 
between the ciicniiiferenci's aie eipial. 

7^ If eircl‘s cut one another, any two stiaight lines drawn 
through a point of'section, making eipial angles with tlie common 
clioid, and terinmated by tho circnnifeicnees, uie eipial. [Kx. 12, 
p. lob J 

M. If two ciicles cut one another, of all straiglit lines drawn 
thiongli a jioiiU of sc'ction and hMininated by (he ciienmfeHMices, the 
greatest is tint which is parallel to the lino joining tho eenties. 

0. Two circles, ^Yllose, centres arc C and D, intersect at A, B, 
and thiongh A a stiaiglit line PAQ is diann teimina^i'd liy the 
ciicumreiences: if PC, QD iwtersert ut X, shew that tlie niigle PXQ 
is equal to tho lui^de CAD. 

10. Tlnoiigh a point of section two circles which cut on<' 

anotlu'r draw a stiaight lino t<‘imiuated hy the e.iieiimrf nnu-es and 
bisected at tlie jiomt of section. 


* H.\ AB is a fixed diameter of a ciiele, who'-e oentio is C; and 

liom P, a*ny point on the ciiciiinfoienet', PQ is diawn ]»erpendiciila.r 
to AB; sht'W that the bisector of the angle CPQ always iiiters(‘Cts tho 
circle in one or othei ot two lixed points. 


12. Circles aie described on th^ sides of a quadrilateral as 
diametois: sluwv that tho commoii e.lioid of any two coiiseentive 
*ciieles is parallel to the commoii chord of tho other two, [blx. J), 
‘ p. 07.1 

I. h Tw'o eijual idieles touch one another externally, and througli 
the point of contact two clioids aie draw'll, om* in (aeli circle, at 
riglitf'angles to each other: shew'that tho straight lint! joining their 
tillier extremities is ocpial to the diameter of eitliei ciiele. 

II. Straight linos are ifrawii from a given external point to the 
ciicnmfereiice of a circle: find the locus of their middle iioints. 
[Ex. H, p. l)7.J 

15. Two equal st'gmauls of circles arc described on opposite sides 
of the same chord AB; and through O, the middle poiii.* of AB, any 
straight line POQ is draw n, intersecting the ares-of the segments ut 
P and Gt: s-hew that OP—OGl. 
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II. ON TIJK TANGKNT AND THK CONTACT OK CUKChKS. 


Sco J’roiKjjiitions 11, 12, 1(5, 17, 1!). 


1. All equal chords placed in a |,dveu ciicle touch a iixed coiiccn- 
I liio circle. 

2. If from^,an external point tauKonts are drawn to a circle, 

Ihc couiiained hy»thcni is douhle the anj^h* contained hy the 

(liDid of contact and the diameter drawn through one of the points of 
conlact. 

.‘I. Two circles touch one another externally- and flirough the 
]ioiMt of contact a straight line is diawii U’tiiiinsiTed hv4he cinSliiu- 

eiices: shew that the tangents at its ('xtreinities are j'arallel. 

, 1. Two circles intersect, and thniugh one point of sc'ction any 

stiaight hno is flrawn terminatc'd by the ciieumferenees: shew that 
tlu' angle between the tangi nts at its extonnitios is equal to the angle 
i between the tangents at the iioint of soelmn. 

j /). Shew that two parallel tangents to a circle intereeiH on an^ 
third tangent a segm(*nt which subtends a light angle at the centre. * 

0. Two langtmts arc draAvii to a given circle from a fixed external 
point A, and ayy thiid tangent cuts them }iroduced at P and Q: shew 
that PQ subtends a fionstaut angle at tho centre of tne circle. 

7 . In a iij qiKuJnhttrnil cimnnacrihi’d about a circle, the ftuvi oj 
one imir of ofqionite sides is equal to the stun of the other imir. 

8 . If the Slim of one jiair of opposite sides of a qnadnlateii^i^i'i m 

■'(iial tiPthe Slim of the other pair, shew that a circle may be tuscrihed 
III thefii/nre. , 

[liisect two adjacent angles of tho figure, and so de.scrihe a ciicle to 
touch thi'ce of its s'des. Then prove indirectly by means of the last 
excixisc that this circle must Also touch the fourth side.] 

O 

t). Two crt'clcs touch one another internal];v: shew that of all* 
e.hords of the outer circle wliieli toueli tlie inner, tho gn'atest is that 
which is perpeudiciilur to the straight line joining tlie ci^itros. • 

10. In any triangli5> if a tircle is described from tho iniildlc point 

of one side as centie and with a radius equal to halt tin* sum ol^ho 
other two sides, it will touch the elides desciibcd on these side.s as 
diiiineters. • * 

11. Tliroiigh a given point, draw a straight line to cut a circle, .‘■o 

lliat the part intereeptej,! by the eircuiiifcrcnee may he equal 1o a given 
•stiaight line. • 

111 order ^lat the problem may he possible, between what limits 
in list the given line lie, when the given point is (i) without the circle, 
(ii) within it ? 
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12. A Korics of circles touch a pivcii straij^lit line at a f^iven ijoint: 

shew that tin* taiiKonts to them at the points where they cut a 
])at}il]el stiaight line all touch a fixed circle, whose centre is the given 
point. t « 

13. If two ciicles toiicli one anotla'r internally, and any thiid 

ciicle he (lescrilied Vmching hoth; ilu'n the HUin of the distances f)f 
the ceiihe of this tliiid ciicle from the centres of the two {fiven ciicle.', 
is constant. * 

11. l’’ind lli(> locus of points such that the paiis of tangents 
drawn from them to a given ciiclo contain a constant angle. 

15. f'’ind appoint such lhat the tangents drawn from it to two 
gfvcn ciiMes may be eipial to two f’lV'Cii straight lines. When is this 
niijiossihle? 

Ifi. If tilled circles touch one auwther two and two; prove that 
the Ijingouts drawn to them at the thii’C points oV continjt are con 
curient and cipial. ^ 




Tirii Common 


Tan CENTS lo Two CiitcnES. 


17. 7’o a roiimum tdinji’iit to iifo circles.* 


Tiist, if the gdveii tiieles aie 
iiitei si'ct. 

Jj<‘t’ A he tlu' I'entre of the 
gn'ater circle, and B tlic ci'iitre 
V^'.tho ]es.s. 

Flull'll A, With ladius equal 
to the dilT'“ of the«,iadii of the 
gi\(‘n ciicb's, di'serihe a circle: 
and from B draw BC to toueli 
the last dtawn circle. Join AC, 
ainl pioduee it to iiii'et the 
gicater of the given envies at D 
^ 'J’hrougji B diaw the radius 
diiectiun. 


external to pno ariother, oi if they 


D 




BE pai* to AD, and in the same 


Join DE: 

ifien DE sliall I)»* a eommon tangent to the two givtm ciicles. 


Ko^ since AC- the dill"' between AD and BE, Consti. 

* • CD- BE: 

and CD is pai' to BE; ( Vul.^//■. 

DE IS equal and pai‘ ^o CB, i. 3,i. 

iSut since BC is ajiitngent to the circle at C, 

the z ACB is a rt. angle; in. 18. 

hence each of the angles at D and E is a rt. awgle: i. 21). 

.. DE IS a tangent to both circles. y.E.F. 
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Tfc follows fiom liypotliosis llisit llu' point, B is ontsnlo Iho oiivlt’ 
fiptsl in tin* CdnstiiK'tiou: 

!►’ • two tani^enis siuih sis BC insiy silwii\s l»e drawn tt> it from B ; 

lir'iKS! tico common tiinf'cnts may sil\\:i,^s In* diawn to tin' f»ivon 
( iiulos 1 )T the sihovo motffod. TIh'so sue csilK-d the direct common 
tang^ents. 

* AVh('n the Ki'f'n circh'S sire external to one ftnotlH'r an<l do not 
inters('(d, two more common fsinffents may he drawn. 

Fos', from ceuiTre A, wi^h a rsidins eqnsil to the sum of the radii of 
the t'lven circles,*descnhe a ciiele. 

From B diaw a tant'i'nt to this circle; 

• andjirocecd as before, but tlr.iw BE in tlie iliieetion ofipustlm to AD. 

It follows from hypothesis tliat B is extia nsil to tfle ciie^> iis( sUii 
the < onstruetion; 

.• two tsuifTents may be drawn to it from B. 

Hence tiro more*common.taneeiits may be diawoi to the ;.M\en 
circles: the^e wilMie found to ji.iss bet\. ‘en the i^jiven eiieles, and aie 
failed the transverse common tanjjents. 

f Thus, in e(*neial, four common tanyeiit^ ma\ be diaw'n to two 
//i\en elides. # 

Tin* student should in\esti;^at(* for himself tin* number of ciunnion 
tangents wlij^h may be diawn m tin; following'special c.asi s, noting' 
111 eacli case where The j'em jal consii ucfion*faiN, or is niodihed •- 

• (i) Will'll tlS^ j'iveij ciicli'S inti'i.sf’ct : * 

(ii) When the e;i\en Ciicles have exleinal eoniaet; 

(m) When Hie eiveii ciides have inleinal contact: * 

ti\) When one of tin* rdieii eircles is wholly within Ihe ol]u*i. 

• 

Is. Dniir the ilhrrt common ituments to tiio njuul cirrh's. 


19. Tf the two direct, or the two tran.s^erse, common tani'entfi 
aic drawn to twai ciides, the pairfs of the taneeiits inteicejited be¬ 
tween tlic pointy of contact arc eipia'i. 



lanji;ents intersect on the straif’ht lino wdiich joins the centres of the 
circles. • 

21. Two given circles liave ext(*rnal contact at A, and a direct 
common tangent is drawn to touch them at P and Q: shew that PQ 
subtends a right angle at the point A. 

\ 22. Two circles have external contact at A, and a direct common 

tangent is drawn to touch tlicm at P and Q': sliew that a circle 
described on PQ as diameter is touched at A by tlio straight line 
whicli joins the centres of the circles. 
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23. Two circlos wlioHfi centres arc C and C' have external contact 
at A, and a direct coiiiinon tanjjcnt is drawn to touch them at P 
and Q: show that the bisectors of the angles PCA, QC'A meet at 
right angles in PQ. And if R is the point of intersection of the 
bisectors, sliew Unit RA is also a common tangent lo the circles. 

24. Two circles have external contiict at A, and a direct common 
tangent is drawn to Itmcli them at P and Q: shew that the siiuare 
on PQ is equal to the rectangle tiontained hy the diamcteis of tliu 
circles. 

2.J. Diaw a tangent to a gi\en circle, so that the part of it 
intercejited hy anotlier given circle may be c<xnal to a given straiglit 
line. When is this imxiossililo? 

•10. I)/?iw a s'^cant to two given circles, so that the parts of it 
intereexitetl by the circumferences may be eixual to two gi\en straight 
lines. 


TjionriKMs ox 'J’AXiiicxcy. 

Tlio following OAorcises aro solved by the Metliod of Inter- 
soctioii of Loci, explained on xiage ] 17. 

Tlio student shouhl begin by making himself far uliar with 
tlio following loei. 

(i) Tin' locU)f (>/ tilt; tu’ntn’s of cirri ps which £.v/.s-.s- throuijh tuo ijiven 
poiniH. 

(li) I'hc locii'S of the centres of circles which touch a yicen stranjht 
hue ot a ijtvrn point. 

pu)j. The locus of the centres o f curies which touch ii ijivenjurele at 
a (fivcn point. 

(iv) I'hc locus of the centres of circles which touch a gi ven straiijht 
line, and hare a given radius. 

(v) The locus of the centres of curies which touch a given circle, 

and have a given radius. * 

(\i) The locus of the ccnties of circles which touch two given 
str fight Iiiiefy. 

In each exercise the student should investigate the limits 
iiiia relations among the data, in order that the iirublein may bo 
Xiossiblo. 

27. Describe a circle to touch three given straight lines. 

28. Describe a circle to pass througli a given point and touch a 
given straight line at a 4 ;ivon point. 

29. Describe a circle to pass through a given ijoint, and touch a 
given circle at a given point. 
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30. JVseiibc n. circle of ^ivon laOiuM to pas.s tlirouj^li a givoii 
ami toncli a given stiaiglit line. 

31. Descriljc! a circle of given ladius to touch two gi\eii eiicles. 

3‘J. l>evSciilte a c*ii(^e of given i.idius to touch two givioi .stiaiglit, 
lines. 

33. •Pesciibc a circle of given raihiis to touch a gi\eM liicIo aiul a 
gi\en straight line. «* 

3t. T)esc#ihe two elides of gi\en laihi to tom h oik' auotlier and 
a gnen stiaight line, on the s.nne side of iL 

3.“). If a circle toudies a gnen eirele and a given .ft.raight hiu*, 
shew that the points of coni.let and an e\tu'iiiit;j|#of tln^ihamcyT of 
the given ciicle at light angle.s to the gnen line aie eolliiu'ai. 


3tl. 7V) u enrh'*fn a ifnrn c/ic/c, <nul <th(> to touch n 

(Uren uttKinjht hue at a tfircii, point. 

Let DEB he the given ciide, PQ q 

the giMni st. line, and A tli(> given 
])nint ill it: 

It is ri'ijuired to desciila' a eiide to 
tniich the^o; DEB, and also to toucli 
PQ at A. 

At A diaw^F to PQ' i 11. 
then the centie of thc^rinpined circle 
must lie in ^F. in. Itl. 

h’ind C, the ci'iitie of the e DEB, 

111 . 1 . 

and d?aw a diameter BD perp. to 
PQ: P . A Q . 

litiii A to one extremity D, cutting 
the y “ at E. 

Join CE, and jiroduce it to cut AF at F. 

Then F i.s*the eentre, and FA*the radius of the re<[uiied ciiele. • 

fSu])])lv the proof; and sln-w that a second solution is ohlairu'd hy 
joining AB, and piodncing it to meet the G'“: * • 

als^) distiugnish between (he nature of the contact of the circles, when 
PQ cuts, touches, or is without the given ciicle.] % 



37. Lescribo a eiicle to touch a given,straight line, umlL to touch 
a given circle at a given point. 

3H. Describe a circle to touch a given circle, have its centre in a 
given straight hue, aiitl pass through a given point in that straight 


[For other problems of the same elasa sec page 235.] 
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OimuMJowTi CiRCfirs. 

Dkkini'imoX. f!irck‘s wliidi iiitorsorfc at a-point, so that the 
t 4 \No taii^cMits at tliat point are at iij;ht air^los to one another, 
ar‘<; said to 1x3 orthogonal, or to cut one another ortho¬ 
gonally. * 

Ml). In two intorsoctinf' ciides the aii^'le bet\vo(‘n the tangents 
at one jxnnt of inteiscction js equal to tli<5 angle between the tangents 
at tlu) otlier. 

40. If tuo circh^s cut one another oritnxjonaUtj, the taiKjent to 
each eixle at a poi^it of inter-'icrtioii u'tH pans thfouijh the centre of 
the other eireh''. c 

41. Jf tno circles cut one another ortlnujonalhp the square on the 
ilistanee th’tu'cen their eenties is equal tofhe sum of the squares on 
their ruiUi. 

i‘J. ]‘'in(l the lo(3iis of tlu; cenlu'S (»f all eircles wliieli cut a given 
circle oi Ihogonally at a given point. 

. . 4M. Desotibc a clrelo to pass tlirough a given point aiul cut a 
given circle orthogonally at a given point. 


III. O.V ANCLKS IN SlClJMKNTS, AND AN*"!J.KS AT TIIK 
(0':NThM-:s \ND ('Un'l'MI KTlKNincs OK CniCTiKS. 

.S^'A.JVopositions ;l(), t>l, i>-2; 20, 27, 28, 21); .*11, 32, 33, 34. 


1. Jf tuo chords intersect v'ithin. a circle, theif form an anyle equal 
hi that at the centre^ siihtended by half the sum of the ares they cut off'. 

Ix‘t AB and CD be two cboids, int^n’secting 
^^lt E witliiii the given (-'ADBC: i 

then shall the L AEC he c<|uul to the angle nt 
the centre, subtended by half the BUin of the 
ariys AC, BCJ. 

Join AO. 

4iien the ext. z AEC— the sum of the iut. 
opp. Z " EDA, EAD ; 

that is, the sum of the 'L *CDA, BAD. 

Jhit the Z*CDA, BAD are the angles at 
)he subtended by the arcs AC, BD; 

‘ . their sum — half the snra of the angles at tlie centre subtended by 
the same arcs; ^ 

or, the Z AEC —the angle at the centre subtended by liaK the sum of 
ihe arcs AC, BD. ^ q. e. d. 
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2 . If tu'ochouh irhcii produci'il hitfrscct outsidt’ ti ardr, thi p form 
on nnr/Jr equal to that at the ernOe 'iubtinded bij lialj the dijleieiiee of 
(he are>i theij cat off. 

•i. Tilt* Kuiil of tl]^* iocs (Mil olf 1)V' two clioul^ of !i ciiflo .it 
Mii'_'l('s lo oiif .uiollior is iMjiijil to (lie scnii-ciicunifoionoo. 

1. *AB. AC ate .my two < lionls of :i cn* lo jiial P, Q aio tin* 
])oiii(s of tlu* nii’ioi an'o cut olf by lliciu. it PQ is joiiu'd, 

(Mil tin*' AB ai.’d AC at.X, Y, shew (li.it AX AY. 

$ 

o. fl one \/de oj a quad/ ihileml m^enlnd tn a < nele juoiluet'd, 
the I'j'tei on aiiiile /s equal to the ojijiof^ite lutetio) uiiqh' ^ 

b. If two oiiclcs iiibuscef, and any siv.iij'lit^mcs a^odiaw^i, oju» 
tliroiiyli (M< h jioml (»t scclioii, t<Miiim.itcd by llic clrciiinfci(.’iiccs; 
'In \v that the cboi (Is Inch join Ibcii r\tu‘iiiitics iow.irds tin* saiiu: 

pai Is au‘i>aialJ(‘i^ . 

• 

7. aBCD is a (|iia(liil.it('ial iiiscvdx'd in aidrclc, and I1 i(M)])))(>siI(' 
sid('s AB, DC arc | rodiiccd to nic(‘+ at P, and CB, DA to jiicct .at Q- 
if Ibo oiiclcs (MKMiiiisiM iIkhI about llu' tiiancics PBC, QAB intcisect 
at R, shew lliat tlu' p.nnts P, R, Q arc (olliiu'ai. * 

fj^.a circl(‘ is dcsciibcd on oiu' of tJic sidi's of .a liylit-anylcd 
ti ianjfb', tlu'n trtc t.iiij'ciit diawii to it .It the jioint wIkmc, it cuts tlu' 
h'vpotcniise Insects tlu; othci side. « 

1). (iivcii tlivco fic'inls not in tlu* s.inio strai^'lif lin<': slicw how 
to lind anyiiiuiidicr of ])(tnds cm tin; ciicic winch p.issos tlnRn<.',h tluMii, 
Without lindino tluj caMitn*. 

10. Tlirouf-di any one of tim e f,nvcn jioiiit.s not in* 4lic saino 
sti.aijdit hni‘, draw a tanyiud, to the c.iiclo which passes 1111011*^11 tlu'ni, 
without liiidiiig the centoM 

11. Of two ciicles which iiiteisect at A and B, Ibo ciicninfiMcnee 
of one J).l^s(•''throngb the cciini; (d' tbo othei : lioiii A any sliaiedit 
line IS diaw i.*to cut tlu* liistat C, the .second at D ; sliew that CB CCT 

12. 'I’wo tangents AP, AQ aie di.iwn to a eiiclc, and B ^s the 

middle j>onil of tin* .in PQ, convex to A. Shew that PB bisects the 
angle APQ. * 

«i 

13. Two circles intersect nt A and B ; and at A tangents mo 
(li.awn, one to each circh*, to meet the cip nnilhrences at C^iJid D : if 
CB, BD arc joined, shinv that the tiiangle.s ABC, DBA aro eipiiangular 
to one another. 

14. Two segniciit.s* of ciredes .arc dcsci^icd on the same chord .and 
on the same side of it; the extremities of tht*coinnion chord are joined 
to any point^on the .arc of the exterior .sogirienl : shew that tlio arc 
intereopted on the iiUeiior segment is con.slant. 


11 . E, 


15 
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15. If a KerioH of triaiifflos aro drawn standinj^ on a fixed base, 
and liaviii}' a j^Lvon vertical finale, shew that the bisectors of the verti¬ 
cal angles all pass through a lixi'd point. 

10. ABC is a tii.iiigli; lusciiljcd in ji <-ir(l>c‘, and E the niiddb* 
|V)int of the aic siihh'JidMl by BC on the sale lemoto Ironi A: if 
tliroiiglt E a diameter ED i-i di.iwn, sliew that llu; angle DEA is luilf 
the difference of the angles at B and C. [See Kx. 7, i>. lOl.] 

17. If two cirelos toueli I'ach other inteiiiall.v at a ])oint A. any 
(•hold of the ("cteiior circle which touches tlie inlei lor is (tuided at its 
point of contact into segments which subtend (Mpnil .m^dcs at A. 

% - 

18. If two ciieb'S toiu h one anotliet inteinally’, and a sliaight 
line* ihC^liawiiSo cut ii'iem, 1 lie egmeiils of it iiitereepicd het\v«*<‘U (he 
cireimifereuces subtend ctpial angles at tlii' point of contac t 


'run (>KTJio(ai;N'nu. os a 4’iuamim' 

* 11). 77/(* pfj'pmdinilnr'i dvatni from the m tires of n tiunn/Jr to 

the opposifr sidrs ore roio'ui t rut. 

( 

In the aABCj let AD, BE be the 
peip" drawn fioiii A and B to the oppo¬ 
site sides; and hd them intiM’si ct at O 
Joni CO, *and piodnee it to meet AB 

at F. 

// is rrpinrrd to shrir Unit CF /'v }u > p 

to AB. 

Join DE. 

Then, hecauso th<* / ''OEC, ODC aie 
it. angles, 

• .. the points O, E. C* D are coiicyclic . ,, 

thi^ / DEC -the z. DOC, in the sami* S(‘gment; 

. - -tile vert. opp. /. FOA. 


Again, because the Z AEB, ADB are it. angh«t^. Ifyp. 

.■ the ]ioiiits A, E, D, B are coucyclic : 
the Z DEB —the / DAB, in the sumo segment. 

the slim of the z '* FOA, FAO -the sum of the / ® DEC, DEB 

-u rt- angle: 7////). 

• the remaining L AFO-^^art. angle: i. i;*J. 

that is, Ch is perp. to AB.^ 

Hence the threo perp" A‘0, BE. CF meet at the point O. t^. v.. n. 


A 



[For an Alternative Proof see page 'lOG.] 
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IMOFINITIONS. 

(i) Tl»o mtersec-tioM of tlio ]i<‘r[)rinlicul.irs ilniwii from ilu* 
\'(*rtu(*s of <i to tlio opjioMto siMos is tMlIcd its ortho- 

centrc. . • 

f'ii) 'I'ho ti’iimglo formod hy .j<»iniiii( ilu; fi^'i, of llio porjM'iidi- 
< uljirs^‘s o.dl(‘tl the pedal or orthoceiitric triangle. 

20. In nil ocitti'-djipii’d frnnhih’ ///«• pfriwufUi'Kldrn thoivn from 
the n'ltice'i if> the <*}>]>(>.',ite .snir.s tfi^ret thi <>l the titaiifil^ 

t/nuniih irhn h thetf 

fn tlin a ABC, Icl, AD, 

BE, CF lu‘ thu in'i]!*’ di.iwn iioiii the 
\ril,ic('s to tlu* opposite smI('s, mcftiii" 

;it till' (ntlio'-(‘n%i' O, :iiul U-t DEF !•»' 
t]i<* pedal ti Killed** • * 

Uk'JI shall AD, BE, CF hisi'ct i -^peet- 

ively the /. ^ FDE, DEF, EFD. 

For, as in the last theoiem, it iii.iy 
Im> slu'wn that the points O, D, C, E air 
concyclicv, 

the z ODE —the / OCE, in tlu: .sanio sej^ineut. 

% # 

Similaily the pnanls O. D, B, F au' coney die, 

/. thu Z ODF- the z OBF, iu tJie same semnent. 

Ihit the z OCE -tile z OBF, i-ach hein*; the comj)‘ ol' the z BAC. 

. the Z ODE- tlie z ODF. 

• 

SiAiilaily it may be shewn that the z " DEF, EFD aie hiseeted by 
BE and CF. • q. n. j>. 

(Jonoj,T.AUY. (i) Kvenj tiro sides of the pedol tiioiujle ore eiinolltj 
inclined to that side of the orii.^nol triont/le in icJiirh theij meet. 

Foi the \ EDC-=.tho comp*^ of the z ODE 
---tlic eonip'’ of the Z OCE 
=-tlio Z BAC. • 

Siiniluily it niay*be shewn tliat the Z FDB -the / BAC, 
the Z EDC —the Z FDB — tlic z A. 

In like manner it may be proved that 

tho z DEC —the z FE/^T—the Z B, 
and the z DFB-xthe z EFA -the z C. 

CoROLLAKY. (ii) •T/*/' triowjles DEC, AEF, DBF are eqnianijnlor 
to one another and to the trinmjle ABC. * • 

Note. If the angle BAC is obtuse, then the perpendiculars BE, CF 
bitoo-'t exteniallij the corresponding angles ot the pedal triangle. 
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KUCLTD'S ELEMENTS. 


21. Jil any trianyli’, if the pcrpcndienJarx drairn fiont the rertire.^ 
on the ttpposUe .sules are jjrodneed to meet the eiraiinscribed eirefcy 
then eaeh side ln'->erts that portion of the tine perpendicular to it irhich 
lies heliveen the orthorent re and the circnintei enei\ 

4| 

lirt ABC 1 m* ii tiianj^li; iti wliich tlx; 

<li*-uj!iiM AD, BE aii* di m wu, iiitnscctin^ at. O tin* 

(!) thoccjilIt*; Hucl l('t AD 1m* piodncM**! to iixM't 
Iho (ol' tin* (‘i>(*\in)sciil)mjj; (*n<*l)‘ )vt'G 
tlx )i .shall DO DG. 

Johi BG. 

I'hcn Jii tl o two a''OEA, ODB, x 

tlio^Z OE/^ llx'^' ODB, hciiio 11. js,n}^d<’s , ' (; 

iiml llx* / EOA “llii‘\(*)L op)). / DOB; 

Ih<* )( iiiaii)i(i;.C / EAO tlx; !'(iiiamin; / DBO. 7. .‘12. 



IJiit tlx* / CAG tlx’ z CBG, ill tlx* . mix* St ;pi)(“nl; 
tlx* z DBO tlx' z DBG. 

Th. ill tlx- A" DBO, DBG, 

(tlx* z DBO -tlx* z DBG, I'loied, 

r>i'(‘{ins(* tlic Z BDO—the z BDG, 

/ ;iixl BD is eoimxDM; 

• DO DG. I.-JC. 

(J. X. D. 

22. [n^jin acnte-anyted trianyle the thier ,side'> me the eiternal 
hiseetors ol the anyles ol the pedat triaiofle: and in tin obiU'-e-antf/ed 
tiia^jjjte the .\ide'> eontmniny the ohtii'ie aiuite me tin' intriinil hrseetors 
of the cttro'epondiny anyles of the pedal Irianyle. 


22). If O IS the otthoeentie ol the trianqle ABC, sheu that the 
aiijiles BOC, BAC are .siijiplenientaiy. 

24. If O is the orthoeentre of the feimnite ABC, ttn n any one of 
ti,e tour points O, A, B, C is the (]rthoeentre of the tijanyle irhose 
rertieeis are the other three. 

2;). The three enchs which 2 ntss thronyh two vertices of a triainjle 
and its oithocentre are each equal to the circle einhiniseribed about the 
triattfilc. 

20, D*, E arc taken on the eireiiintereiu-e of a seinieiicle (l(^.seribeil 

on a given straight lino AB ; the chords AD, BE and AE, BD 
intorbcct (prodnceii if necessary) at F and G: shew that FG is per¬ 
pendicular to AB. ♦ 

27. ABCD is a parallelogiam; AE and CE are diawii at right 
angles to AB, and CB respectively; shew that ED, if produced, -will 
ho perpendicular to AC. 



TKKOHKMSs AND EXAMl’KKs ON BOOK •III. 


*28. ABC is :i tiian^^lo, O is its orfliofonti o, ainl AK a din motor 
td' tlio oii’ounisorihod circlo: show that BOCK is a paialhdiijijam. 

‘2W. Tlu‘ oithocontrn of a trian^'U- is joiuod to tlio iiiidillo |)(»iiit of 
tlio biLKO, and t^io joifliii}.,'lim^ is |)iodiic('d to nu'ot tlio cncuniscnhod 
ciioli': ])rovo that it will tjiK'ot it at tho saiiu' us tho diaiiudm* 

\\liich pusses throuf^h the vovti'^. , 

• 

,‘)0. Tho ]>ei’]iondi<‘nliii’ fmiif the Aorlo'c of a ti’iani^lo on tlio h.iso, 
and tho stiai^Jit lino joinini; tlio orthooi-ntro to tho inuldlo ])omt of 
the huso, avf ])i'()dnood to Tinsd tho t noiini-'Oiihod oiiolo ut P .ind 
show that PQ ^s parallol to tho huso. 

31. Tilt'of i'lK ]i V('>’tri'ot o lintiKfh’ inmi fh,' ort hoct'iit'e 

i> tlonhh' ot tilt'j)fi})riiih( idtir thoini liom tlif lln’ 

.si'nhftl riich' oil tlw ttppitsif,’ tiiilt', 

32. Thio(‘ o*rolos an'do^oiihod (.kIi pas.'^liii' llnou<.'h thooitho- 
(•('iitri'^if a tilanj^'lo and tno of ■*< \oilioos sliow ihnt Ihi' tnunj^do 
tonnod hy joinil!}'Ihoir cent isitju.d in all losprd , lo tho ori;pna,I 
inani^Io. 

33. ABC is a tiianjrli' iiiseiihod in a (di olo, and tho hisiolois o^l s 
anf^dos ^shIoh intoiM-ot :it O .n<' ]>iodii(*od to nit (‘t lln' oiionmioioiK o in 
PQR: #iu'W tli^'t O l-^ tl o oi lh<>oontio vf llic ti i.iiodo PQR. 

3(. ('otjstiiu t :i til, ill",lo, ha\ III;; piM n i \oil#\. llio oi (hooontro, 
and 1 ho oontie of tfip on oninsci iln- 1 i iloIo 


3o. flti'i'ii /III' h ml, I'lilit’id tiii'ili' i>i ii Inoiitifi. jnul (hr locii'< 
of its o) (horrnti r. 

fjoL BC ho tho ;-;iV(‘n has**, and X lln* 

}^i\on aiij.;lo; and lot BAC ho ^n\ tiiun;-;lo 

on tlie lijiso BC, liavin^f its \oi'ti(.il z A p 

otpial to the*/ X. 

Draw till' poip'' BE, CF, infoisootin;; f 

at tho orthocoiiiri' O. 

It is leiiuiied t<f find tho loons of O. 

Sino-O tho z ■* OFA, OEA ate 1 1. .in;d('s, _ 

the iioints O, F, A, E aio oonoyclie, B C 

.(ho Z FOE is the supjilouiont of the ^ A: iii. *22. 

the vort. ojip. Z BOC is the siipploini’iit of tho z A. 

Dot tho / A is of^nstant, Iwiin; ulwav.s o([iial to the z X; 

'. its .snpjiloniont is Ov^ipstunt; 

that is, the a BOC has a ti.Kcd hase, and constant vertical aiiKh'; 
hence the locus of its 'vertex O is the arc of a segment of whicli BC is 
the chord. ^ [See p. 187.] 



228 


kucijd’k elements. 


30. (iivtn the hu.ir and vertical a7i()lc of a trianijlc, find the Zor«.s 
of the 'intersection of the htsectors <f its angles. 

Let BAG be any on the f'ivon 

^taso BC, having its vei’tifal angle equal to 
the given L X; jtnd let Al, Bl, Cl bo the 
bisectors of its angles: ,[hOo Ex. 2, j). 103.] 

it is required to find the locus cf. the 
])oint I. 

» Demote the angles t)f the a ABC hv 
A, B, C; and let th<‘ L BIC be denoted by I. 

Then front', the a BIC, 

^(i) \ I 1 IBq tC two it. angles, r. .32. 

and from tlu‘ A ABC^, 

A I-B ! C two u. angles; i. .‘>2. 

(ii) so that yA + tB .tC —one rt.‘angle, 

, taking the diiTeienees of the e(i:ials in (i) .iml (ii), 

I - tA one vt. an<.d(“: 
oi, I --one rt. anghn tA. 

^ lint A is constant, being always equal to lla* L X, 

.• I is e»m'^tant: 

.■ , since the base BC is (ixed,,the locn.s of I is thi* a^c of a ;egnu‘nf 

of which BC is the chord. 

< « 

\ 

37. (ii'Cen the base and iertwal aiuiir of a trianijU\ find, the loens 
of the centf<)id, that is, the interseetion of the medians. ' 

, Zi^t BAC b() any tiiangle on the give.n 
1 ais<i l^C .driving its vei tical an'.rle equal 
to the ['uen angh' S; b't the medians AX, 

BY, CZ inter.si'ct at file centioid G |see 
Kn. t, p. jor>i: 

it isieciuired to find the locus of'the j»oinJ,G. 

» Through G dr.uv GP, GQ 2iar' h) AB 
^ .ind AC res[)e(!luel;v. 

N T]'en ZG is a tiiird ^lait of ZC; 

fix. 1, p. 10.1. 

and .since GP is jiav^ to ZB, 

^ BP IS a tliiid pait of BC. K i. lit, ]). 1)1). 

.Similarly ^QC Ls a third jiart of BC; 

.• P and 0 aie lixed points. 

K»iw since PG, GQ are par’ respeetiiely to BA, AC, Con.^lr. 

the L PGQ - the /. BAC. . t. 21). 

* - the L S, 

that is, the l PGQ is constant; 

• and since the base PQ is fixed, 

.. the locus of G i.s the arc of a segment of which PQ is the chord. 


S 
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Ohs. Ill tliis the iiohits A and G iiu»\c dii the aics of 

St mildr >;c<jmenis. 


JJH. (rivri^tlie h;kh»‘ iind tlie lUifde nf u tiiiiiif'le; lind tlu: 

locus of llio intersection of Die bisectors of tlie exleiior base an|L;I('i> 

SO, Through tin* e\lremilit's of a ^iNen^stiiii^rht line AB any t\V(» 
parallel stiaielit lines AP. BQ aie diawn ; liml llio locus of the, inter- 
s(‘cti<ui of thj.* hi^tetois of tin' aPi^h-s PAD, QBA. 

40, Fiftdtln loeiis of the iiiicldli* ))oints of cliords of :i cjicledr.i^i 
through a liKi'd ]>oitU, 

Distiii’piisli h(tAM‘. n the case,; \\lien the ''ixen is within, 

on, or W'ltiiont tin* cn cunifei c nee. 

■11, I' ind tin* locus of the ]>oinIh i»f «iiiilac! t*f Lanj'i nt:i di.iwn 
fnuu a poyit to a sv-item ot eoneeiituc envies. 

• 

•12^ Find* the locus of t ht* iiil'*i sei (ion of htiai,",hl Inn s wliieli ]>ass 
thron;/h two fixed ]>o!Jits on a ciic.'e and niti'i’ccpt on its ciieinnfcienci* 
an aic of constant lennth. 

4!h A and B are two tixed ])oints on the ciiciinih renc*e of a 
and PQ is any diameter; lind the locus of the intcrscclioti of PATiinl 
QB. / 

It. BftC Js any tii.iindc ile.scuhed on Ihe^lixtd ha^e BC and 
liavinj:' a conshnA voitieal ancle; and BA is iirodiiced to P, so that 
BP is <'()na.l to the sum of tin* sides coiitaininj' the xeitieal aii^le: find 
the loeiis*of P. • 

to. AB is a fixed ehoid of .i eiicle. and AC is a nio\ei^>l('i;li 4 >rd 
liasiMii^' fhrouj^h A: if the iiaialh loj'i.nn CB is coinj»h‘V d, find the 
locus of the inteiseetion of its dia;!onals. 

4(>. A straight rod PQ slides helween two luli'rs placed at ri^'ht 
aii;.de.s to one another, ainl fioin its c.xtieiniiit s PX, QX ari'diaw’n 

I'cipendicular to the rulois: fi^id the loens of X. 

% • 

47. Tw'o circles whoso centies aie C and D, intersect at A and &: 

thioueli A, any stiai;(ht line PAQ is drawn t(',rniinaW-‘d hv fho^cinany- 
fcicnces; and PC^, QD intersect at X: find the locus of X, and- slieiv 
fliat it passes through B, [Ex. U, 2>. 21(3.] ^ • 

48. Tw'o circle.s intcr.soct at A and B, and tlirongh P, any 2 ioint 
on tlie circninferorice of one of them, two stiaight Ime.s PA, PB 
are drawn, and 2'iodaced if nc*cessai'y, to rait the otlier circle at X 
and Y: find the locu.s of tlie infeiseclitui of AY and BX. 

40. Two circles intersect at A anti B; HAK is a fixed straight 
lino drawn through A and tiTininated liy the ciicumferences, and 
PAQ is atiy other straight line similarly diawm: find tlu; locus of the ' 
intersection of and QK. 



ICUCLID’tS KLKMENTS. 


2;3() 


TiO. Two scj^nients of circles are on the same chonl AB and on 
the sMim* side of it; and P anti Q arc any iJoints one on eacliaic: 
lind t.lic locus of llic intersection of the hisectuis of the ant'les PAQ, 
PBQ. 

« * 

• f»l. M’wo enclos inteiseot at A and B ; and Ihrouj^li A any straight 
line PAQ is diawn tenuinated by the ciicunireioma's: jind thcloensof 
the middle point of PQ.‘ t 

I 

^ "\Iiscv,i iiA\j;ors hlxAJii’i.i's ox Axom'.sTv a 

r»‘2. ABC is a ti iangle, and circles aie draAvn tluough B, C, cutting 
the sides in P, Q, P » • ^I'cw tliat PQ, P'Q' . aie ]>aiallel to one 

aiiotluv and O lh<! janginit di'a\\n at A to tlie enele cncnmsciibed 
about the trunigle. 

r>‘\, 'Pwo ciridi's inti'iseet at B and C,* and fioin any iniint A, on 
tile <‘ircninreieiiei* of one of them. AB, A’C jik' tliaw n, alul inod.iced if 
iieces.-.,!ly, to meet the ollu'i’ at D juul E: shew lliat DE js jiaiallel to 
the tangi'iit at A. 

hi. A si'(‘ani PAB and a tangent PT are dia\\n to a eiiele fiom 
an external point P; and tin* bisc'cloi of the angle ATB iiu'ets AB at 
C : sliLW that PC is equal to RT. < 

r>o. J’roin a ]>oint A f)ii Ibe eiirmnfeieneo of a eirele two elioids 
AB, AC aiedrawn, and also t be diameter AF: if A £>, AC .lU'produced 
to nu'ct ilu‘tangent at F ni D and E, shew that the tiiangles ABC, 
AED aio e(|iuangnlar to one anothei. 

*■ O is an_> point x\itbin a triangle ABC, and OD, OE, OF aie 
dia\Mi pel j*l(‘ndienlar to BC, CA, AB i >e» lived y • slmw tliai, tJie 
< «ingl(* BOC IS ecpial to Lbc snni of the angles BAC, EDF. 

oT. If Imo tai^genls an* drawn to a einde fiom an (‘xteinal ])oijit, 
shew tliJil tlu'veontam an .ingh'eeinal trtlie dillVu'iico of the angles 
iiulho segments eul oif by the eboid o‘r contact. ^ 

^ bS. 'Pwo (ireles inleisect, and tluough a point of section a straight 
Une isvhawii bi*ieeting the angle bedwei'ii the diameteis tbiougli that 
])oiut: shew that this straight line cuts olf siiuilai 'segments from the 
two cv- des. 

r»0, Txyo eipial eiiides interseed at A and B; aiiel fiom ('emlre! 

A, with any radius h'^s than AB a thiiel eirele* is ele'se iihe'd cutting the 
gi\en eiiclcs on the same side of ABat Caiiel D. shew that the peiints 

B, C, D arc col linear. , 

GO. ABC and A'B'C' aio twe) tii.ingh's insei iheil in aciude, so that 
AB, AC are respectivt'ly parallel to A'B', A'C' : shew that BC' is 
parallel to B C. 



THKORKMS AND KXA:^U’1 KS ON 1UH>IC 4U. 


01. Two t'irrlos iiiteiscct at A aiul B, aiul tliioiij'li A two strai};lit 
liiirs HAK, PAQ aip djawii toimiiiatpj hy tl)p < in iinifoiciicts ; if 
HP anil KQ intPiHMjt at X, slifw tliat tlio jiouils H, B, K, X aio 
com-vclic. ^ ^ 

l)("-<'iilu' a piiclc* toiu'liiii*,' a ":n<'n siraij-dit lino at a 
|)oin(, so that taii^a'iils cliawii to n t'lom two Jixial })Oinls in tho ^mvou 
J iiH* ijsiiy ho jiaiallpl. [Si'o h'/V ID, j). is;} j 

ft.'}. C isotlio conirc of a ciiolo, and CA. CB two livil ladii: if 
fioni any piAiit P on iTn* aic AB ])»'i ju iulM-iilais PX, PY aiytliawnjj^ 
CA and CB, shiwv tliat the distanei; XY is roiist.int. 

(» 4 . AB is a ehord of a ein-h', and P any point fn its (nrinn- 
fci(‘iK*(‘; PM IS drawn pnpfiidnadar to AB, and^AN i-^^hawn j)t i[M'n- 
(liciilar to tlio tan^i’iit at P • shiwv that MN is jaiialh'l to PB. 

ho. P is an^•])olnt on |ho ciiciinifi-ioiifo of a f*in lo of wliicli AB is 
a ti\(‘d diaiiioU-r, and PN is drawn ])oiiK'iuhenlar to AB , on AN anrl 
BN as*‘lh,inictci< nclos aio ilr- rihod, whndi aio cut hy AP, BP 
at X and Y : shew that XY is a coi.inion taii,':oiit to thosi' inch’s, 

h(). T|)on th(‘ sanu’ choid and on the same side of if t.hicefti’c- 
nicnts of eni’lcs aic dc'sciihcd (•ontainin;.j i('spoctncls .i ^nen iiD^ji', 
its snp|>^‘’ni(‘nt and a i i;;ht aii^do; slu'W tliat tin* intciccpt made liy tin* 
two fonner sc'i'inents upon any sti.upfit line diawn tluoiij'h an i’\- 

tii inity of Ike {.iii\cn clioid i-. lnsi*oti‘<l I13 tin* lattci^sccin(*nt. 

• 

l> 7 . Tw'o stiai;4rit linos of iinlornutc Icn^^lh toiK'li a {.n\(*n oiiclo, 
ainl any ecoid is diawii so as to In* hisci’led h_v fin* chuid*of I’miiact. 
if tin* fornn'r < hoid is jiiodincd, shew' that tin* iiitcrce]its Ix’twccn tin- 
(ircnnifeienco and tin* tanocnls an* (*(111:11. 

r • 

(“)S. M’wo eiich*s intoiscct one anotln*i : lhion;-di one of tin* point;. ^ 
of con tact diaw' a stiai;^dit lino ot h'li.'dh hi iniinih d liy tin* cn 

(■unifoi‘cno(*s. 

(\[). On tho throo sides (^'giny ttiani-de (*(]uilat(‘ial liiaii;„'hs an* 
desciihod jt^niote iioin the ',i\en Irian.-rh . slu*w' tlial the eiiehs (Te- 
seiihed ahoiit tlK*ni int(*iso(.t at a jannl. ® 

• • 

70 . On BC, CA, AB the sides of a tiiancU;» ABC, any points 

P, Q, R arc taken; shew tliat ilu* circles d<‘^eiihi*d about tln^ trianj.fTcs 
AQR, BRP, CPQ ino( t 111 a point. ^ 

71 . J'’ind a point witliin a laianL,diw al which tie* .•'uh*fi .snhtend 
(•(pial anirlcs. 

72 . l)(*scrih(' an, ('([iidatcial trianylf so that its side*, may pass 

tliroiit^h thieo ]»oints. • ^ 

78. Describe a triangle oipial in all respects to a given triangle, ■ 
and having its sidc^ passing through three given iioints. * 
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EUCLID’S ELE51ENTS. 


Kimson’s Lim-.. 

74. Jf flow, nun circumference of the circle circum- 

srribed nhont a trit(ii<fJe, perpeudiculorn are draihi to the three sides, the 
]eet of these pnpeudiculars are coUinear, 

TioL P be any point cii tlio ( of tlio 
fii(*lo cir<;uiiisen))e(l al)oiit tlio A ABC; 
and let PD, PE, PF bo 11i(‘difuvu 
^fioin P l() (lu‘ (hi'('o si(lo<?. 

Jt iH roqiiiiod to jirovn that tbo points 
D, E, F an* (‘ollinoar. 

,T(tiii FD and DE : 

tlion FD aiiiloDE sl^dl bo in lli(‘ Kanu' 

.st, lino. 

.loin PB, PC 

IJt'oaiiKo Iho Z ^ PDB, PFB ard it. ani,'los, , /////». 

. tlio points P, D, B, F .iH'com*;, la*: * 

tbo z PDF;-tlio z PBF, in tlio sanio si'pinonli. iii. 21. 

lUit siiioo BACP is n (puid* insciibod in a oii(3lo, bavin;' ono of its 
skK'S AB prodnoi'd to F, 

* tbo oxt. z PBFtbo o}) 2 ). int. Z ACP. K.r.\l,p. 1S8. 

•. tbo z PDF-tbo Z ACP. 

^Fo oficli atbl tbo z PDE: 
lln'ii tf.io Z'^PDF, PDE~-tbo Z‘’ECP. POE.*' 

I)iifc .MiR'o tbo z " PDC, PEC aio it. Kiiji^los, 

, tbo points P, D, E, C aio conejlio ; 

tb(* z ’* ECP, PDE t.o;'<'tbor . two it. anpb's:' 
lb(' /“PDF, PDE to;i;i'tboi t\so 1 1. an;dos ; 

FD and DE aio in tbo same st. lino; , i. 1 1. 

that IS, iho ])oints D, E, F aio colbnoav. 0 . r,.i). 

I Tbo Inn- FDE is i alb'd tin; Pedal or Simson's Line of tbo tiiaii;'lo 
ABC lor tlio pond P ; tbow/b Ibo li.i<lition atli ibutin!' tbo llii-ou-m to 
b’oboil Sinison lias boon u-contly sluikei by the losean-lu's of J)r. J. S 
Mao bay J ' ^ 

\ 7.'». ABC is a 1riaii''lo insoiibod in a oirclo ; and from any point P 

on tbf-'oiroimilcicnoo PD, PF aio dr.inn poiqu aduailar to BC ami AB : 
lb* FD, or FD juodiiced, outs AC at E, sliow that 'PE is ix-i'jiondicul.ir 

to Afif'. 

7b. F,ind the locus of a iioint wliiih niovos so that if ])ci‘pcndiou- 
bus aro ilrawn from it to tbo siiUs of a y;i\on trinn.i'lo, tlioir foot arc 
i*oIlnioar, 

77. ABC and AB'C' arc ta\o triaiif'los lia\iiio a oomiiion vorlical 
aiij;lo, ami tlio cirolcs circinnsoribed about tboin moot again at P : .show 
that the feet of porpoiidicular.s drawn from P to the four Iikcs AB, AC, 
BC, B'C' aVe collinear, • 


A,- 



i 
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78. .'1 ft iuitijJf’ /s mscnhnl m rtii/rlr, frjiff )uiinf P oii ihr i'U' 

cit)nf‘nr',i('(' i'< johu d to tin- orfltoct nfi c ot tfo' tnamjlr- ,dictr (hat (Ins 
joianaj Ii,ir /s hisvclal by tlh' pedal of the pood P. 


I\ 


(»s a'ln: ciucli: ln ('(►nm’(ti<>s mivu imx’t\n(jle.s. 


Scf Frojio-^il KMis ;i‘), 3 l*, 3' 


1. // //»•/;/ an\i I'l'friOiil jjontt P //O) iiiiifiiiil-, diotni to a 

iliii'ii <‘iii'h’ ti/am' rvutt'e is O, and U OP nwcM the tjioitl ol^roiilart 
at Q; then the leetaiKile OP, OO is e<jual to t hf sej iiai <’ on the ladins. 


Ji<‘t PH, PK*li*' (li.iMii I’loiii 

llio (‘Airrii.il P lo th(‘ I*. HAK, wIu'm' 

(‘i‘nLu!*“is O, find l<‘t OP iik t‘L HK Hk* 
I'iioid (d’ <'onl;i(*t at Q, find tin* ( " at A: 
ilu’ii f-'lijill tho K'fd. OP, OQ the* }-.(]. (til 
OA. 

On HP as dianiclt'i di'.sciibc a ciicli* • 
ihis ( i/clt* nni;»t ]'.iss thi’ou!')! Q, Hincctlu! 
z HQP is ]’L. an.Ld'*. iii. .‘il. 

»lf)\n OH. 

Tin'll MiK'c PH is a liuif^n iit t<f fin* ' HAK, 

. .•ill'* z OHP IK a 1 f. iinnli*. 

And since HP is fi dianictcr ol tlic •< HQF^, 

. OH ioncIn'S llu; - HOP nt H 
■ flu* ici t. OP, OQ- flu* S(j. 1)11 OH. 

- tlin .s(|. on OA. 



H' 




• 1*. T0. 

in. ;{d. 
(.1. I.. n.» 


2. ABC IK a <ii;iM''lc, and AD, BE, CF the ])ci)« ndicnlai s diiiiN n 
trinii flu* vt'itici'.s to flu* opju^nd* sid'.-s, nucfiijn m flu* oi’tliocciif h* O: 
slu'w Ihfit Mjc n*(‘L. AO, OD- llu* icct. BO, OE tin; k'cI. CO, OP. 

3. ABC ii a tiian;.d<'. end AD, BE flu* ix'rjtwidicnlun^duiwii 

from A find B on ^lu* oppositt* .^ulis: slu*\v lliat tlifi ]cctun;.'lc CA, CE 
is t*(inal to tlu' rcctan^lo CB, CD. ^ * 

4. ABC is a fiian;.d(* ri%dif-anj,'l(*d .it C, and fioui D, anv point in 
the lopolfiiu.sf* AB, a sfiai;,dit Inn* DEds drawn pcijieiid^nilar to AB 
and nun-tiii" BC at E: slicw that tho square on DE is (*qual to 
tho dilTcnmoo of llu* roctanoh'S AD, DB and CE, EB, 

t 

3*hom an oxti'rnal point P t\v#) tanj^enta arc drawn to a 
pivcp cii'i^lc whose centre is O, and OP nicets the chord of contact 
at Q: show that,any circle which pa.ssos through thc%point.s P, Q 
will cut the given circle orthogonally. [Sec^Def. p. 222.] 



K U(,- M I) 's V. Li: M V. N TS. 


2;^ 


(». .1 sfuf'i (if iiii'lt’ii tlnoiniJi tiro iitvcii points, tnnl trom a 

J'urtl point in tlir loininon r hord proilnrrd ton;/i'nt‘> <u r dnmn to all tlir 
rirrlrs. sfirtn iJint thr points of contort hr on o rtxlr ivhirh rots 
all thr ffiren i itrlrs orthoifonolhj. ^ , 

I 

7. All nrclrs irhirh fioiis thi'oiujh o. fi.trd ptont, ond rot a picrn 

circle orthoifonolhj, jniss ntl.^o throiiifh o second ji led point. ^ 

8. Fiinl tlu‘ locus tlic contics of all cIkiIcs which,|)ass (hnuij^li 

a pivon point and cut a f^non ciiclc oithojj;onall'r. , 

I 

[), Describe a circh* to ])ass thioii^h hvo /^dvcMi poinls and cut a 
j'iven cuelt; in*uhoo()ually. 

. V ' . . 

10. A, B, C, D aTo four peunts takioi in older on a j^isen sliaij-'ht 
Inn*: lind a ))oint O lu'tAvc'iui B and C ''Ueh that the lectaiif^le 
OA, OB may Ix' equal to tho lectan.L^le OC,. OD. * 

• 

11. AB is’ o filed dioineter of' o ( irele, ond CD o /} red \(iotoltt 
line of indefinite leniftli enttinif AB or AB ptodneed ot t t<fht otnihx : 
ontf stroitflij. line <s droirn throiojh A to rut CD ot P ond the ctrrie at 
QL^*Khew that the re< tonijle AR, AQ ns ronstont. 

12. AB is a ti\<'d diameter of a einde, and CD a lixo^ chord 

at ri'^dit angle's lo AB ; any'stiaiyht liin; is dranii llnoii.uih A to 
cut CD at P and fr*ie mieh* at Q- shew that tln^ rert!an^.,lo AP, AQ 
is equal io tlu' square on AC. * ' 

I. ‘h A <t ft red point ond CD ft final stroijht line o/* indejtnite 

leniith , AP IS ontf sirooiht line dionn thnouih A to meet CD ot P, 
otol^in 4\P o point Q ts toluii 'Oteh that the reetomile AP, AQ is 
ronstont jtnd the loeix of Q. ' * 

4 

II. 'Fwo eiicles inlcisect oi(In); 4 <»n.dly, .ind lam^eiits aie diaun 

iVoni anv ]>oint <*u the i nemnfeienc > ol one In 1«»iieh the ollur: piovo 
Dial llie first ench' ]).is.ses Ihrouudi Iln^nuMdle jtoint of Ihe chord ol 
cotilaet of the l.iin^enls. (Ivv 1, p t 

le.j A seiiiu'iii'h* IS de.ciihed on AB as (hiunelei, and any two 
edionls AC, BD auAdiawu interseeliim at P slu'w that 

4 AB---AC . AP i-BD . BP. 


1(). Two eiivh s iuterseet;it B and C, ;iml the two direct coninuni 
1ani.fcnts AE-a1nl DF aie diawn : if tho eoninion ehonl is piodueed to 
iin'ot till' tangents at G and H, shew that GH-’ AE" t-BC-’. 

|7. If fioin a point P, without a circle, PM is drawn ])('rpeiulh ular 
to a tliaiinder AB, and aKoh secant PCD, .shew that 


\ 


r 


PM^ = PC . PD + AM . MB. * 
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18. Tliroi'ciK’li's ut D, ‘iiul ihfir otluT points of iiilor- 

"ctioii :iro A, B, C ; AD cuts tlio oiiclc BDC at E, and EB, EC t'uL 
tile <‘ncl(‘s ADB, ADC irspt ctn (dy at F ;ind G : .slicw that tlu' points 
F, A, G .ii'i* coHincar, pud F, B, C, G coik v’ln*. 

ID. /V hciiijoiiclo is (ii'sciil)('d iui ii <ii\cu dianuder BC, and fioiii 
B and C any two clioids BE, CF aic ili»iwn intci.-iudin'' willnn 
tin* ''Cinicli<'10 at O; BF and CE an* piodiaid to meet at A; slaw 
l});i't the .siiiii.ol llie ‘-(juaM's on AB, AC is el|n,l^ 1 o Iwiei- the M]iiaie on 
till' tan.'jeiitjioin A tifL'elhei willi the .s-piao- on BC. 

20. X and Y aie two (imhI ])oints in llie di.itneler of a <*nc-Ii* 
(•(pndislant i‘ioiii 1 la r’c'ntH'C: tlnoiedi X anyelioid f*XQ is di.iwn, 
and its i'\( ieinities aie joined to Y; sliew ^lal. ll |0 siinumt llu* 
sijUaies on (lie .sides o)' llie liian;;]e PYQ is eoiislanl. | .’^ei' p 117, 
1^211 


I'l.oin.i-■'.IS ON 


'I'WOKNCW 


21. 'J'(^ fhi’ n I/n Ir t<i thnmifh (tii> t/uuii ittnl h> 

taiicli u line. ** 


Tjet. At'md B lie tlie }/i\en [loints, 
and CD tin* ^nven st. line 
it J.s lequiM'd to des<‘i die a (iielo to 
}u.ss*’thioue)i A and B and to touch 

CD. 

.loin BA, and produce it to nieid 
CD at P. 


B 


/' - ‘ 
A 


Q 


Di’seiilu* a square eijuaP to tlie C P 
roct. PA. aB; ‘ii 1 1. 

and fioni PD (or PC) cut off PQ e([ual to a side of this siiuaie. 

Throu<fh A, B and Q desenhe a circle. * Kv. I.^p. 1.71). 
'J'hcn sfnee tlic lect, PA, PB the .scj. on PQ, « 

. *. the (V ABQ touclics CD at Q. iir. 37. 

(/. i:. 


Note, (i) Since PQ may bo taken on eitlier side of P, it is 
clear that there are in general two solutions of the problem. 

« 

(ii) When AB is parallel to the give^i ,]ino CD, the aho\e method 
is not applicable. In this case a simple constructuin follows from 
nr. 1, Cor. and m 1C‘ and it will bo found that only»jjio solution 
exista 
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EXJCr.lD’H KLRMENTS. 


22 . 'I'o deacrihe a cucJe to jttiss thromjh tiro (jivrn points and 
to touch a ijivcn circle. 

Tjet A niid B ho llio 
points, and CRP tin; {^ivoii 
ciicK;: 

it iH U‘<iuiiod io dosonlu' a 
oiV( lo to ]»ass lliion”li A iind 
B, and to toncii llio voCRP, 

Throu'xh A and B do- 
H »iho aiiif oiulo to out tho 
{a:i\on oil do at P snid Q. 

Join AB, [?Q, and |no 
diioo, tlioMi to ni<‘<'t al^D. 

l‘'iohi D DC Vo (ouoli llu* oiNi'ii ciu'lo, and lot C !>*' tiu‘ )(oint 

of ooiil.iot. 

'J'hon tlio (-iioln di'sonlx'd llnonoli A, R, C '\\ill *londi tin* ;n\on 
cin‘lo. ^ 

l''or, fioni tlioi-iABQP. tho loot. DA, DB - tlio loot. DP. DQ: 
and fiom tho PQC, tin' H‘ot. DP, DQ - tlio sif. on DC, in. dtJ. 

^ .*. tin; net. DA, DB- tlio sip on DC' 

4 DC tonchos tho o) ABC at C. iir. .‘{7. 

Ihit DC toiK'hos tho (-• PQC at C; (.'oasn*. 

.‘.tho M ABC touchos tho tt^Von ciivlo, and it passir, through Iho 

^d\oii points A ^^ud B. q.i .k. 





B 


Noth, (i) Riuoo two tant^onts may lie drawn fiom D to tho 
f^ivon ciido,»lt follows that tlioro will ho two solutions of tlu jiroblom. 

(ii) 'I’ho ooiioral eonstruction fails whi'ii tlu* stviii;^dit lino hisirt- 
inh A'B at rioht anolos jiassos thronidi the contio of Iho f^ivoii cii'olo: 
tho probltMii then hoooiiios symiiiotncal, and tlio solution is obvious. 


2J!. JO desenbt! a circle to jxiss tJiroUfjh a <itrcn point and to 


touch tiro (fircn stiaiyht lines. 

‘Lot P ho the Kiveii point, and 
/.B, AC tho ^ivon stmiitht linos; 
it is m.iiivod todlosciihc a circle 
to ,nass through P and to touch 

AB, Ar. 

Now tlio oentro of every circle 
which touches AB and AC mast 
lie on the bisector of tho z BAG. 

Ex. 7, p. LSd. 
Hence draw AE bisecting, tho 
Z BAG. 


C 



From P draw PK perp. to AE, and prod’oicc it to P', 
making KP' eijual to PK. 
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Th<'n pvc'ry circle whicli lias its 0 (‘ntic ni AE, anfl jias.ses throiisi' 
P, must also jxiss tluouf'h P'. K\. 1, i>. 215. 

JJc'iu'c 1he ])rolil(*iii is no\v ri'diu'cd to (lr:l^\i^}.^ a ciirlt* tlirou^li 
P ami P' to loiicli citlh'r AC oi AB. I ’a. 21, p. 255. 

* P P lo merl AC at S. 

Describe a s(pi,i,ie etiual lo tlu* u'cl. SP, SP', ii. Dlf 

ami cut oil SR (‘(jual to a sale ol“ tjie s(|iiaii‘. 

• Desciilie a (*uc]e thiou^'li llie points P', P, R: 

then since tile rect. SP, SP'--11ie s((, f)U SR, (.'onstr. 

.tlie oilcle toiK lies AC at R ; iii. 57. 

and snice its ci-iitie is iii AE, the In,sector of the / BAC, 

it ma.v he sIuomi also to tou<‘h AB. 0 . i.. r 

Norr, (i) Sima* SR may la* taken on either sido of S, it hillows 
that tlieo* ^\lll he two solutions of the ]irohlem. ^ ^ m 

(ii) If the oi\i'n .sti’ai;'ln, lines are ])ai.illel, the eeiitie Tu's on tin* 
j>aia.llel sti ai'-dit^lmo mid-wa_v between them, and the const met ii»n 
]uocee<ls as heioie. 


/ '\Q> 



21. 7V> licsvnhtt u rnrlt' (o tnm'fi lito t/inn .'^Iruiifhf fuif'< antl a 

fjirru rirrlc. • ^ 

Tj('t AB, AC f »e the two i^iven H • 

st. lilies^ and D the eimtre of th<* 
yivcii circle: 

it is ic([uii<gl tg dcsciihe a circle 
Lo touch AB, AC !ipd the cneJe 
wliosc oeiitie is D. 

Draw tp, GH jiai' to AB 
and AC les])ccti\el^, on the sidi's 
lemota Irom D, and at detancts 
fiom tlu'm C(jual lo tlie radius of 
tlie Riven circle. 

Describe the ei MND lo touch EF and GH .at M and N, and 
to pass throiiRh D. • Plv. 25, p. 25(5. 

r.et O be the fti’iitio of this ciiclc. • 

.Toil! OISff, ON, OD meeting AB, AC and the Risen circle at P, 
and R. ■ * 

Them a ciiele described from centre O with racjius OP w'ill*toucli 
AB, AC and the gifen c.rcle. • 

hor since O is the centre of the 0 MND, 

OM=^ON^OD. 
lint PM-.QN-ftD; 

.-. OP-OQ-OR. 


»« 


* 

Comtr. 


\ a circle desciibod from centre O, with radiu.s OP, will pass throiigli 
Q and R. * ^ 

And since the z " at M and N ai*e rt. angles, iii. IK. 

• the z ■’ at P and Gl are rt. angles; ^ i. 21). 

the 0 PQR touches AD and AC. 
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KUriJD'S KLKMI':NTf?. 


And Hincc R, tin.* point in wliicli tin; circles inoi't, is on tiu; line of 
con ti es OD, 

. llio PQR toiiclios the }^n\(*n ciicli'. <.). r. f. 

Xo'i'K. TIh ‘10 will l»o (wo solutnnis of tins jiroldcin, siiici' two 
<*.I f l(‘s ni!i> l)c ill'll\\ n Io toiicli EF, G H iind to ]).iss tlnoiij^li D. 


‘^o. V’o (/<•',<} ihr If I firli' to fuiss tUioiiifh o i/n < )i ponit oml tout h n 
ijiii'ii ',(miif/it Ifiir 41)1(1 (f (ffti'i) ( iirlc 


V*. * 

Ijct f’ ])i; till' point, AB llio 

(pM'ii st. hni’^ ;nid DHE tlio ^ivcn 
(•nolo, of w’liu’li C IS tin; contic: 
it js »<». inircd v'o dosijiiho a oncli'in 
puss thioui.'Ii P, and to toiicIi AB 
Mild tiio Cl DHE. 

'I’lnon^h C diaw DCEF poip. lo 
AB, ciiifni” llu: (‘iiolo at tin* points p 
D and E, of w'liioh E is liotwcoii C 
and AB. 

Join DP; ] 

and l>y dosiMil)in}f a ciicli* tlnon^li 
F, E, and P, lind a point K iw DP (or DP 
I’fct. DE, DF—tlio loot. DK, DP. 



J^oscriLe a ciiolo to jiass tlironj-di P. K and touo’i AB : J*’ x.21,p. 
Tins eiri^o shall also touch the ijjivon o* DHE. 


For lot G ho tin* jioint at which this oirolo tomthos AC. 
' ./i'llin DG^ catting tho t^ivon onclo DHE at H. 

' Join HE. 


Then the /. DHE is a it. aip^h*. hoin^ in a soniioiiolo. iir. .‘11. 

also till* anj^li* at F is a rt. aii^lo; ('o».s//-. 

. . tlio points E, F, G, H 'mi* oonovclio • 

.-. till* loot. DE, DF -tho root. DH, DG • ui. Jii. 

hnt till* loot. DE, DF---tho I’oot. DK, DP : ('o)isi), 

till* root. DH, DG -tin* root. DK, DP: 
o ' . tho point H is on the c) PKG. 

Let O he the coiitio of tho ci PHG. 

Join OG, OH, CH. 

Then OG and DF aio ])ai'. since they ate hotli l>oii). to AB ; 

and C)G moots them. 

/. the L OGD - the L GDC. i. 20. 

But since OG = OH, and CD --CH, 
the l OGH --the /: OHG ; and the z CDH — the Z CHD : 
the z OHG - -the z CHD ; 

.-. OH and CH are in one st. line. 

the vi) PHG touches the given 0 DHE. o. k. r. 
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THEOREMS A^'D EXAMPLES ON HOOK *111. 

Notp:. (i) Since t^s'o ciiclcs may be drawn to pass tliroiigh 
P, K and to touch AB, it follows that there v^ill be two solutions 
of the present problem. 

(ii) Two flioic sblutions may be obtained by joining PE, aqd 
])roceeding as before. 

The student shoirld examine the nature of«the contact between the 
eirclo!? ill each case. 

2(». Pe^eribc a circle to pass through a giNtar pointt to toii^ 
a given stiaight lino, and to ha\e its centre on another giren straight 
line. * • 

27. Hesciibe a circle to jiass tlirongli a given j^int, iff toucli 
a gi\eii eiiele, and t(j have its eentic on a givi'ii straigdit line. 

2-'^. Pesei'ibe a ciiele 40 pass through two given iioints, and to 
intiMccy^*^ an ate of giv<'n length u.. a gi\en ciicle. 

29. Dcvseiibc a ciiclc to touch a given cLielc and a given straight 
line at a giv’eii point. » ^ 

.'10. T)escribc* a ciiclo to touch two given circles and a 
stiaight line. 


V. ON MAM.VfA AM) MINIMA. 

gallu'r from •fin.! Theory of Loci ih.it tho jiosniion of an 
angle, hue or liguro is c.apable under suital)lc conditions of 
gradual change ; and it is usually found that chaiigi* of position 
involves a corresponding and gradual change of inatjiiitude. 

Under these circunist.iirovs we may ho reiinired to note jf 
any sitiiati«^iis exist .at which the niagnitnde in question, after^ 
increasing, begins to dccnaise; or after docre.isin^, to incroa.sn: 
in such situathms the lllagnitiide is s.aid toj Inmi rcacfied a 
Maximum or a. Minimum v.alue; for in the lormer case it Is 
gre.atcr, and in the latter case lcs.s than in adjacent sitiiaftons 
«)n either side. In the geometry of the c-ircle and stry,ight line 
we only meet with such c.asc.s of contiguous change •a-s admit of 
one transition from an increasing to a tlecreasing state—or vice 
vorsii—-so that in ajl the problems with which we have to deal 
(where a single circle is involved) there onn be only one Maximum 
and one Minimum - the Maximum being tho grcate.st, and the 
Mmimura being tjic least value that the variable magnitude is 
callable of taking. * 


H. E. 


16 
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KlKTJP^K KLEMICNTS. 


Tlids a variablo jt^ooinoirical jiia<!fniUi(l(: roaclics its inaximuia 
or miiiiijjuiii value at a turiiintf towards which tlio magni¬ 

tude may mount or descend from either side: it is natural there¬ 
fore to ex])ect a ma\imiim or minimum vabie to occur when, in 
the course of its eliange, the magnitude assume.s a 
form or position; and .this is usually found to he tlie case. 

This general connection betweep a symmetrical form or posi¬ 
tion and a maxinmni'or minimum valium is not exact enough to 
li’^nstitut^. a jn-oof in any particular ])rol>le'ni; hut l.y means of 
it a situation is suggested, wluch on furtlier cx.iminatioji may be 
shown to givf the maximum or minimum v<dae souglit for. 

Fof example, sir^'pose it is iXMiuin'd 
U> fnc ihc It mi ih<{t ho tint o'a perjion- 

t/fouhit' t<> tha ohoril o/ u nrjjnioHt oj a cii'rlo int<rco^iU'd 

heticcctL tha chord and the are: ' , 

wo imme«liatcly anticipate lh.it the gri'ab'st [>ei*pcndjvad,ir is 
that whu h occupies a ntfuanctrleal j)osition in the hgun*, namely 
thoiporpmldicu'i.ir whuJi passes through the mid<llo j)oint of tlie 
clibfd; ,ind on further ex.iminahon this m.iy be proved to be the 
case by means of i. 11), and i. III. 

Again we are abl(‘ to liud at \ihat point a geometrical magni¬ 
tude, v.irying under certain comlitions, assumes u.s ,^^a^unum or 
^Minimum value, if we can discover .i (.onstiUetion for dr.iwing 
the magnitude .so that it m.ay h.uc an a,'<tiltfia‘d valvsi: for w'o 
inay then e.xamine betwemi what limits the assigned value must 
lie ill S^u'der that the touslruetioii m.iy he possible; ;ind the 
higher or lower limit wall give the ilaxiniimi or iMn'iimum 
.sought for. ’ 

Tt xvas ])ointed out in the eh<a])ter on the Interseidion of Loci, 
[see page lll)J that if under i-ert.iia comlitions exusting among 
the data., solutions of a problein are possible, and under other 
•conditions, 'no .solution exists, there will always l>e some intor- 
meilii'd.e coiidilion under which one and <ndp one distinct .solution 
i.irpossiblc. ^ 

ruulcr these circumstances this single or limiting solution 
will always be found to correspond to the maximum or minimum 
value of the magnitude to‘l)e eonsiructed. 

1. For examine, suppose it i.s required 
to iliritlo a girvu stroajht Inn' so thot the rerttoit/le contained hy the 
two segments may be a nn/.Aniion. 

We may first attempt to divide the given straight linp so that the 
rectangle Contained by its segments may have a .given area—that is, 
be equal to the square on a given straight line. 
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Let AB be the given straiglit line, aiul K tlic side of the gi\oii 
square; 



it IS lotiinietl lo ilivsh; tluj st. lino AB at a j^iiiit IV^, so tlint 
tlu* root. AM, MB may bo oqiuil to tfic sq. on K. 

Acloptiiig a iionstiuctioii buggostotl by ir. 11, 

clesciibo soniicircle on AB; and at any point X in At3, or AB 
produV.*'d, diaw XY i>erj). to AB, and oipial lo K. 

Through Y draw YZ i)ai'' t(» AB, to iiK'ot tho aio of tlu nieiiele 

at P. • ^ 

TIu'ii if t]io*poi’]). PM is drawn lo AB, it may lie shewn atU^llio 
maiinor of ii. 11, or hy in. .‘to that 

* ‘ th(' loot. AM, MB -tlio sii- on PM. 

, ^ -- the sip oil K, 

Ho tliat tho iciftaDgle AM, MB incri'asos as K increases. 

Now K is less than tho ladins CD, then YZ wn'lltmeet tho arc 
of the Komieirele in two points P, P'; and it follows tliat AB may he 
divided at two jioints, so that the lootangle contained by its^egfllimls 
may, be equal to the square on K. If K ineroases, tbt'*st. line YZ 
will recede from AB, and the points of intei'soction P, P' will con-, 
tinually appioach one anotlur; until, when K is e<|ual to tlu* radius 
CD, the st. line YZ (now in the position Y'Z') will meet the aie in 
two anneident 2 niint}<, that is, will touch tho semicircle at D; and 
there will he only oae solution of the piohlcm. « 

If K is greater than CD, tlic straight lino YZ will not meet tlwo 
scmicirchi, and the problem is impossible. • • 

Hence the grcr,tcst length that K may have, in^ordcr that tho qjm- 
struction may bo possible, is the radius CD. 

the rect. AM, MB is a maximum, when it is equal to the square 
on CD; • * 

ii ^ 

that is, when PM coincide s witli DC, and consequoiitly when M 

is the middle point of AB. 

• 

OI)s. The sixicial feature to he noticefl jn this )>rohlem is that tlie 
maxiinum^is found at the transitional point between two solutions 
and no solution; that is, when tho two solutions coincid&*and become 
identical. • 

16-2 ^ 
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EUCLID’S ELEMENTS 


The following exainplc illustrates the saiiio point. 

2. To find at what point in a if men straight line the angle subtended 
hij the line joining two gmen point<i, which are on the same side of the 
given straight imej IS a mtiwimum. •: » 

* Let CD he the given st. line, and A, B llie giv(‘n points on the 
same side of CD: , 

it is required to find at what in^CD tlie angle subtended by the 

st. line AB IS a rnaxivnura. 

Tirst determine at what point in CD, tlie st. line AB-subtends a 
given angle. 

This is don ; as follows: - 

On AB des(j^»’ibe a'-^egnuMit of a ciicU' containing an angle equal to 
the gi\eu angle. iir. 

if the arc of this scgininit intersects CD, tno points in CD aie 
found at wdiich. AB subtends the given angle: but if thp arc does not 
meet CD, no solution is given. •< 

In accordance with the ]i:iJieiples explained aboNC, wo expect tliat 
a npjixiiiiniii angle is deleinnned at tin* Inmling ]>o,sition, tliat is, 
wli 4 :i Ibo arc touches CD; oi iiieols it at two coincidf nt ])oints. 

I See pagi' 2111.] 

Til is we may prove to be tbi* ease. . \ 

Desciibe a ciicli,^ to pass through A and 
B, and to toucli the st. line CD. 

IKx. 2i,p. 2:r>.i 

Tiet P b(^ till' point of contnet. 

'^'lieii sliall the L APB bo gieati-r than 
any oth(<v angle subtended by AB at a point / 
in CD on tfie same side of AB as P. / 

I 

Vor talvi* Q, any other point in CD, on ' 
the same side of AB as P ; 

and join AQ, QB. 4 , 

j Since Q is a })oint in the tangent oilu'r 
than llio ])oint of contact, it must be with¬ 
out the ciicle, 

•. either BQ q'r AQ must meet the me of the segment APB. 

Let BQ meet the arc at K : join A'K. 

Then the i APB--the z AKB, in the same segment: 
but the ext^ Z AKB is greater tluin the int. opji. z AQB. 

, . .•. the Z APB is greater than AQB. 

Similarly the Z APB may bo sbewm to be greater than any other 
angle subtended by AB at a point in CD on the fjanio side of AB: 

that is, the z APB is the greatest of all such angles, q. e. n. 

Note. Tw^o circles may be described to pass through A and B, 
and to touch CD, the points of contact being on opposite sides of AB: 
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henco two points in CD in;iy be foniul such tliat the aiif^lo «iiibtt»nticd 
by AB at eacli tJiein is gioatci* than tlie angle subtended at any 
other point in CD on the bume aide of AB. 

A\ o culd two iiioi'o cMiiiipk's of coiisuli'rahle import.ince. ^ 

3. lu a '^tniijfht line of indefinite leni/th find n point aneh thiit the 
sum it-i distances from ttco piren piiintty on^he -^amc side ol the piceii 
line, shall be a inmimum. • . 

I* ® 

Let CD,be tlic giVen st. line (*f 
indefinite length, and A, B the gne-n 
points on the same side ol CD : « 

it is required to find a point P in 
CD such that the sum of AP, PB is 
a minim uni. 




# 


(\>nsti 

• • 


])iaw AF*ix*i’p. to CD; 
and p’i)duoeJ\F to E, innbing FE 
equal A AF. C F 

Join EB, cutting CD at P. 

Join AP, PB. 

Then of all imes drawn fioiii A g 

and B to a point in CD, 

, the sum of AP, PB sleill be the least 

• * 

For, let Q be any olhei jioint in CD. 

• , Join AQ, BQ, EQ. * 

» 

Now in the A’AFP, EFP, 
t AF- EF, 

Ih'eause 'ami FP is cominon, ^ 

(and the z AFP -the Z EFP, bei1 ^g li. angles. 

.• AP— EP. , I. 1., 

Similarly it may be shewn that 

^AQ- EQ. 

Now in the a EQB, the Uto sides EQ, QB aio together gicitlc'r 
than EB; , 

hence, AQ, QB are together greatei' tha ’4 EB, ^ 
that is, greater than AP, PB. , 

• j 

Similarly the sum of the st. line.s drawn fiom A and B to an|f other 
point in CD may be shewn to bo greater than AP, PB. 

.• tlio sum of AP, PB i^ a minimum. • 

•• 0. K. 1). 

Note. It follows from the above proof that 

* the Z APF-=thc Z EPF i. 4. 

=rthciBPD. 1 . 1 .';. 

Thus ftie sum^of AP, PB is a minimum, when th».se lines are 
equally inclined to CD. , 
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• i 

4. (hVi'H tiro iiitemcct'nig strtiiffht linm AB, AC, ami a point I 
hrliret'ji them; aliew that of all ntniiifht Hues u'liicit patis throuijh I 
mid are terminated hij AB, AC, that ichich is bi'terted at P cuts off th 
triamjle of minimum area. 


Lot EF bo tijo Ht. line, terniinatod 
by AB, AC, js biu-L-ted at P: 

Llieii the a FAE hliall l^c of mini, 
nnnii aica. 

let^HK bo any otlier st. lim; 
passinj.^ tliroii^li P: 

Unongh E dvaw EM ))ai' lo AC. 

TIk^i in A" A;°F, MPE, 


C 



i tlu! / HPF -tlio / .MPE, 
liooauso-land llu) Z HFP -tlio Z MEP, 
( amlFP-EP; 

Ibo A HPF--thc A MPE 


1 . !;■). 
j. 21). 

^ ////;>- 
]. 2(5, Cor. 


Iiut tlio A MPE is loss than the a KPE , 

, tho A HPF is h'ss than tlu' A KPE: 
to oaoh add tlio li^'. AHPE; . 
thou Iho A FAE is loss than tho a HAK. 

I • ' 

Siiniliirly it may bo shmvn that tho a FAE is loss than any otlu'r 
trian^lo Ibrinial by diaivin^^ a st. Imo through P: 

that is, tho A FAE is a niiiiiminn. 


Kwmit.ks. 


1. Two sides of a (riangdo aro giyoti in length; how must they 
bo filacod in order that the anai of the triangle may be a iivaximum? 

ft 

2 •')/’ all trtani/les of ifven batie and area, the /'.vt.sco/o.s' is tlnit 

irhi^h has the least fen meter. , 

^ (liven the base and vertical angle of a triangle; construct it 
so that its £\roa may bo a maximum. 

♦I 

4. Find a point in a given straight line siicli that tho tangents 
drawn from it to a given circle contain the greatc.sj, angle possible. 

If 

r». A straight lod sUiis between two straight rulers placed at 
light angles to one another; in what ])osition is thb triangle 
iul' i’Cepted between the ruleis and rod a maximum T 
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^ m 

(>. Divide :i fjiveii strai^dit lino into two parl'^, so that tlie sum of 
the s<ju.ires on the sejjjinents may 

(i) ho equal to a ^iven stiuaro, 

(ii) m:*y b(i a minimum. 

7. Tlnou^di a jioiiil of inteiM'etmn nf two eiKdes diuw a ,s(iMi‘*lit 

Jim; teiminate(l liy tlic (iieumfeienee's, « 

(i) so that it may he of i^iveii leiif^dh, 

‘(ii) so ^hat it may ho a maximum. 

8. Two taufji'iit^ to a ein'le cut one another .it ii;;ht an^tes ; 
tind the point on tin* inlei. cptcdv ai<“ .siieh th.it the .sum ol the 
piU'jieiidiL'ul.'irs ili'.i w u fiom it to the t.indents m.as he aniinimiim. 

9 Sti.iieht lines aii' <Iiawn fiom two ^M\^“n jxnfits to meet one 
another on the ('f)n\e\' l■^•enmlelcnee of a. "iven ( ireh* * prove tlnit 
tlieir Slim is a iiTinminin \\hen tlwy nrike equ.il an^'les w ith the, tangent 

at the tioint of inli iseel ion. * 

} 

10. (^f all triani/les of given vmticMl angle and altitude, the 
isoseides is that wliieh li.is the least aie.i. 

9 

11. Two shaight lines CA, CB of indefinite Imigth .are d^awn 

from tlio centio ol a circle to meet the cin*ninfei(ni(;o at A anff B ; 
Then of all tangeiit.s that nia\ he diawp to the ciieh* at points on the 
aie AB, that w*liose inteieejit is hiseeted at the point of contact cuts 
oft' the tinrtigl<*of mininuiui aiiai. • 

12. (fiven two*int(‘rs)'eting tangmils to a cireh*, draw a tangent to 
the coiiv'^x aic so that the tiiangle hirnied hy it and tJio given tan¬ 
gents may bo of maximum ari'a. 

I. d. Of all tiiaiigles of given base and area, tlie i'-oticeft s is tliat 
wliiCli has the greatt'st vertical angle. 

I # 

II. Find a point on the circumfeicnee of a ciicle at which the 
straight lini' joining two given points (of wliicli both ato within, 
or both witJiout tJio circlel siilitcnds the giis-itest angle. 

^ • 

lo. A^hridgo coTisist.s of three aiches, whose .spans are 40 ft , 

32 ft. and 10 ft. le.sjiectividy: shew that the point on either haiflx. 
of the riv(*r at which the middle arch suhtmids the greatest angle 
i.s (13 feet distant 4rom the hi'idge. * ^ 

IG. From a given point P without a circle whose centn? is C, 
draw a stiaight lino to <-ut the circmnfeienco at A and B^ so that the 
triangle ACB may bo of iiuixiniuiu aioa’. , ^ 

17. Shew that the greatest rectangle which can be inscribed 
in a circle is a square. 

18. A and B are two fixed points wiHiout a circle: find a point 

P on the ©iroumforcnce sncli that the sum of the squares on AP, PB ' 
may he a minimu'fn. [See p. 147, Fx. 24.] * 



Euclid’s ELf]MENTs. 



Xiiwn an wiif'lo and the ladii of the iiibciihed and ciicuniscribed 
circlcK; jonslruct tlie tiiaii;'le. 

fi. (riven the base, an angle at the base, j'lid the distance between 
the contie ot the inscrd)('d circle and the ecnitie of tlie escribed circle 
\vl>’ch touches the base; cjnstrnct the triangle. 


7. In a given cirede inscribe a triangle such that two of its sides 
may pass tlirougli two given points, and the third side be of given 
length. • 


}^. In any triangle ABC, I, I,, h,, 1. ai;c the centres of the in¬ 
scribed and esciila d circles, and Sj , So, S., are the centres of the 
citcles circiunsVrdK'd about they triangles BIC, CIA, AIB: shew that 
the tiiaiy'b'. S,SjSjha:^ its side's jiarallel to tl «^se of llu' tiiangle. Ijl.jl;,, 
and is one-fourth of *it in un'a: aho that the triangles ABC and 
S,S,Sj luivc the same cncijiusei ibed circle. , 

{). O is the^Viliocentve of a tiiangle ABC: shew tlu«t' 

AO' 1 BC' - BO- + CA- CO- l- AB- - d-, ^ 

wlicre d is the dianv^ter of the cdrcuniscrilH'd ciicie. 

I 

tl 

10. If from any point within a n'gular polygon ot ii sides perpern 
dicidais are d|’;ift\n to the sides the sum of tiic perpendiculcirs is equal 
to It tiiuos tlie radius of the inscribed circle. 




• ov. The sum of the perpendiculars drawn lion the vertices of a 
regular polygon of n. sides on any stiaight line is equal to a times the 
perpendieub'r drawn from the centre of the msenbed ciiele. 


ISx The area of a cyclic quadnlati'ral is independent of the oider 
in which tliO sides are placed in the circli'. 


IJl! (liven tlui orthoccutre, thecc'iitre of the nine jioints ciirle, and 
the niiddlo point^of the base ; eonstiuct the triangle. 


11. Of all polygons of .a given i uinbov of .«i(lt‘S, wliieli may he 
inserihed in a given circle, that which is regular has llu niuxiinnni 
aiVa and the max|nmiu perimeter. 

l.^>. Of all polj^ons of a given nuinher of sides circuinsciibed 
ihoit given ciieb', that wliicli is legular ha.s the minimum area and 
the minimum perimeter. 


l<h Giv*ty^ the vertical angle of a Inaugle in jicsitioii and magni- 
liid(*, and the sum of the sides containing it ; ^ind the locus of the 
•eiitvc of the circumscribed circle. 

tt V ^ 

17. P is any point on^lic ciicumfercncc of a circle circuinseribed 
about an cipiilatcial triangle ABC; shew that PA-t PB.j-fPC- is 
coiistaut.*" < 
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TIIKOUEMS AND EXAMl’LKS ON BOO 



7. PQ a li’cpd chord in a circle, and PX, Q'^ any two }>aiallcl 
(hords tlnoiij^h P and Q: shew that XY touches a iKcd conccntiic 
ciicle. 


H. Two c<)iial cir*;les inh'iM'ct at A and B; and from C any ])oint 
on tho ciicuiiilerenoe of one of them a pei])ciidiciilar is diaw n to AB, 
ineehn'; the olhor circle, at O and O': sliew that citliei O or O' is the 
oi lh()|^entro of the tiian}j:le ABC. Distinguish betNNoen the h\o cases, 

9. Tlirc'Q e<[ual circles jiass* tinoiij'h the f«rime point A, and their 
• eiier ])oints of intersection aie B. C, D. shew that ojf tlm font 
points A, B, C, D, (‘ach is tlie oithoceiitn! of tho tiiaiif'le fornfC’d 
hy joiiiinj' the other thioe. 

' • 

10. Prom a <dven jioint without a mhele^diaw a straij^ht line 
to th(3 coiieavii ciKMimfeienei^ S(‘ as to lie h^eeled^iy the con\<'\' 
iMicumfoioms!. AVlii’ii is tliis piohtem impossible? 

11. Draw, a straij'ht line cuttinj' two conceiilnctcin h'S so that 
llie eh* d interceptetl hv the eii••nmfmenet* of the {'leatei each'may 
I't' double of the eh nd jnieiee-iited oy the less. 


12 ABC is^a tiianj^le insciibed in a tiiele, and A', B'*, C' ai’« the 
' ‘ llo points of tlie arcs snhtended by the sides (rinnote fion^^tlie 

[.o-iito veitiees): liiul the ii-latioii helwceii the an;.'les of the two 
' anj-des ABC,»A'B'C'; and ]mo\(; that’the jiedal tiian;^*' of A'B'C' is 
11111 , 114 'Lila* to«tho tiianj'le ABC. • 

Id. The op]>osife sides of a ipiadrilateial inseiiiied in a circle aie 
iOvh'ced#to iiu'ct : shew' that the hiseetors of the Iwf) anj-'les so 
luniud aie pcipeiidicnlar to one anotlic'r. 


14f Tt a (piadrilatcral can have one ciide iiiseiih<'<> in it, and 
auotlM'r ciicnmsciilu'd about it; shew that the strai^'ht lim's joiiiin/^^ 
the opposite jioiiits of contact of the insciibed eiiclo aie peijusidienhir 
to one another. 


Id. Given tlie ha'^e of a Uiaii}.*lc and tho sum of the reinainhijj; 
sides; filu? the locus of tlie foot of tho ])(‘ipeiKhcular from one 
cxticmity of the base on the bisector of tho exterior ^ertlcal angle, • 

ir>. Tw'o ciicli's touch each other at C, and» stiaight lines aic 
drawn through C at light angles to one anotlier, inectii|g *he 
enelcs at P, P' and Q, Q' lespectively : if the stiaight line which 
joins the centres is terminated by the ^circumferences at^ A and A', 
shew' that •* 

P'P'-* t- Q'Q-^-A'A-. 


17. Tw’o circh's* cut one another oi^thogonally at A and B; P 
is any jioint on tlie aic of one circle inti'iceptcd by tlie other, and 
PA, PB all! produced to meet the cireuiiiferciico of the second circle 
at C and D : show “that CD is a diameter. 
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Euclid’s elements. 


\ 

18. * ABC is d tiian^k*, ruid from iiny point P x)crpemUculars 
PD, PE, PF ar(j drawn to tlio sides: if Sj, S^, S,aro the centres of 
tlic circles circmn.scrihcd ahoiit the lnan<^les EPF, FPD, DPE, 
shew that the triaii'^le S|S,S., is (spiian'^ular to the triangle ABC, 
and that the sides of the one aic respectively hali of the siilcs of the 
other. 

It). Two tanj^eiits PA, PB are drawn fiom an external point P to 
a j^iven <’ir<de, ami C is the middle ,])oint of the chord of contaid 
AB : if XY is any chord throiioli P, shew that AB bisects the angle 

20. (liven the sum of two stiaigiit lines and the leetangle con- 
lamed by them (ecpi.il to a givam .s(piaie) fiinl tlie lim-s. 

21. Nliven too Sind of the s(|nares on two .straight lines and the 
n*etaiigle contained hy them : tiiul the lines. 

22. (liven ‘‘he sum of two straight lines and the .sum of tin* 
•stpuire.s on them : lind the lines. 

2.‘>. (riven the dilference helw'een two .straight linos, ami tin' rect¬ 
angle eontaineil hy them : find the lines. 

21. (riven dhe .sum or dilferi'iiee of two .straight lines and the 
<lillerenee of tlieir .sipiaies : lind the lines. 

25. ABC IK a trl.H,ngle, and the internal and exteiiLil lusoetors of 
the angle A meet BC, and BC produced, at P and P': if O is tlm 
middle iioiiitgjf PP', .shew that OA is a tangent to the circle circum- 
Bcvibed about tlie triangle ABC. 

20. A3C is a triangle, and from P, any point on tJio ciicuui- 
fereiieo of the cade cii cum sen bed about it, perpendiculars are drawn 
tO the sides BC, CA, AB meeting the circle again in A', B', C'; 
pi‘ov«J that 

(i) the tiianglo A'B'C' is identically eiiual to the tiiaiigle ABC. 
(li) AA', BB', CC' aie parallel. 

27. Two eiiual circles intersect at li.xed points A and B, and from 
any pon t in AB a pi'j’peiulicular is drawn to meet the ciroiimfereinM's 
on U,io same side ot AB at P and Q : shew that PQ is of constant 
lengdlu 

28. Tli§ straigdit linos which join the vertices of a triangle to the 
centie of its civcumsciihcd circle, are perpendicular respectively to the 
sides of the pedal triangle. 

29. P is any point on the cireiimfereuco of a'ciicle circumsciibed 
about a triangle ABC; and^pTipendiculars PD, PE are drawn from P 
to the sides BC, CA. Find the locus of the centre of theeiro’oeiremn* 
scribed aboiu the tviauglc PDE. 
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30. P is any point on ilie circiiinfonnioe of a nrSlt' eiiciiinscribcil 
about a triangle ABC : show that the angle betw«'en Siinson s Ijine for 
the point P and the side BC, is otjual to tlie angle between AP and 

the diameter of tlic ciieunisenbed eirele through A, 

• • 

31. Shew that the ciicles tireuuiseiibed«about the four triaugli;p 
formed h}' two pairs of inteisei>ting sliaiglit lines meet in a i>oinl. 


32.» Sliew that tlie oitlioi’entivs of the four tiiangles formed by two 
jsiirs of inleis^ etiiig straight liiieS are collineai.^ 


33. (iivi'Ji the \oitieal angle, one of the siilf's conffiimiig V., and 
the h jigtli of the perpendicular fi oni the vertex on tlie base: coiistnud 
tin; tiiangle. * , 

. * • • . 

3t. ^liven tlii' fe«‘t t)f the ])en)endiculais diawii fioiii the veitico.s 

on the opposite sides : coiifstruet tlei tiiangle. 

3.'j. (ji>en the base, the altitude, and the iiidais of ilie cirt^ini- 
seiihed chele: cohstruet the triangle, • 

3fi. tdiveii yie base, the veitieal angle, and the sum of the s<piares 
oi. the sides containing tlie \eifu:al angle : <•,oust met tlui tiiangle. 

. • • • 

37. (li\en tlietiy-se, the altitude and the sum of the squares on 

Ji<' sides containing the vertical angle: constiuct the triangle. 

• • 

3.S. (liven the haso, the vertical angle, and tlui dilTereiieo of the, 
squares on the sides containing tlie vertical angle: coustiuu^. till? tti* 
unglm • * * 

HU. Given the vertical angle, and the lengths of the tw’O medians 
draw'll from the extremities of the base: construct the triangle. 

40. (liven tlie ba.se, the \^ijLical angle, and the difference of the 

angles at the base: construct tlie triangle. • 

41. Given the base, and the iiositiori of the Iiisect^r of the verticaT 

angle: construct the triangle. ^ 

42. Given the base, the veitieal angle, and the length •£ fho 
bisector of the vertical angle: constiuct the tiiangle. 

43. Given the pei’pondicular fioin \he vertex on base, the 
bisector of the vertical angle, and the median wliicli bisects the base * 
construct the trianglj^. 

44. Given tlie bisector of the vertical .angle, the median bisect¬ 

ing tlie bas#, and the difference ot the angle.s at the base: coiistryct tlie 
triangle. • • 



BOOK TV. 


Book I V. (Miiirc'ly of problems, doiilinij ^vith 


\;inous !(*( 


A)ass tlir<jnL(li their 


l^s (MitircMy or 

ru'al'^SteSfcl'X'.s ill n'^lation to tla* (Movies Avliieh 
(!• points, or ai'i'* toiieliod by theii’ 


sioos. 


A- 

A* 

I )KKINITJO\S. 


1. A Polygon is a n'etilim'nl fl jun* Ixmmled bv more 
i li.in four sifh's. 


A Polygon of /In- siihvs is called 

a Pentagon, 

,, sides „ 

Hexagon, 

• ,, sides ,, 

Heptagon, 

,, rifjf/it sides ,, 

Octagon, 

/^‘)h sid(‘s ,, 

Decagon, 

„ inrJre sid(*s 

Dodecagon, 

n f\fU‘e)i shies 

Ouiudecagon. 

"2. A d'olygon is Regular avIkmi all 
d all its angles ar<‘ oipial. 

its sides af(' (‘ipiab 



,3. A • ri'ctilineal iigiiro is .said to Ik* 

.inscribed in a cirela, wlieu all its aimnlar 
points ai'o on tlie eircninba’eTK'e of tlio circle: 
and a eii’cle is said to be circymscribed 
ab^.ut a re(;tilin(\al ligiire, wlien the eirciiin¬ 
ference of the circle ])asses through all I hi* 
anguhv*? points of the ligure. 

‘T. A rectilineal ligiire is said to bo 
circumscribed about a circle, when each side 
of the tigvro is a tangent..to the circle ; 
and a tarcltf is said to bo inscribed in a recti¬ 
lineal figure, when the circumference of tlie 
circle is touched by eacluside of the figure. 

5. A straight line is said to Ix' placed in a circle, when 
its extremities are on the circumference of tne circle. 
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PUOPOSITION 1. PkoIJLKM. 


I4I' it tjiv*‘)t rirrlt'. lo pUv'i' o cJnh'd npml a <fhyii, 
slmiffht K'Jiii'h la not ijrealrr t/itmufi’r of the, 

circle. 


D 



lj(‘t ABC 1 )(‘ IIm' unison circN*, ;nul D iln* 

Jiiio not i(i‘(*;itvr th;in tin' of tin* ciivlr : * 

it is r(*<[uir(Ml to place* in tlui oABC ;i cl)(H'(N'(|U;il to D. 

• * , • 

Praw CB, a (lianu'ti'i' of tlio f- ABC. 

itiiCB D, tlic filin'^ I’csjuii'eaf is doiu*. 

I»ut if not, CB innst bc! i^iT.itcr tli;ni D.^ 

Ki'oni CB cut oir CE cejiial to D : I. o. 

and fiom centre; C, witli radius CE, (b'sci’ilx* tlu; • A^FT 
cutting the i;ivon circle* at A. 
fJoin CA. 

'J’hcn CA shall be* tin; chord ri'ejniicd. 

Por CA — CE, bf'yiiij r.idii f)f the- •. AEF . 

and CE D , (^mxlr. 

CA D. ^ * 

<1 K.K 


K.\j:iirisi:s. 

1. In a pven circle place a chord of ^(ivon Icn^dh so as to pass 
through a given poi^t (i) without, (ii) witliin the circle. 

When is this preddom impossible ? • , 

2. In% given circle place a chord of given length sej^that'it may 
be parallel to a gi\1;n straight line. 

■' 1 • 
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EUCLirys ELEMENTS. 


Proposition ‘2. Phoblkm. 


' In a (fiven circle, to inHcrlhc, <i truuujle cqnlaufjidar to u, 
gimn trian/fle. t 



' Ijft ABG )m*- tluj DEF tli(^ trianjj^h'. 

il. is ip(|uii’(‘(l to iii.sc‘iTl)c hi t ha (OABC a t (j((iii;tiigulai‘ 

to tli(! /> DEF, ^ i, *. 

r 

At any point A, on the 0 “' tlu^\-,)ABC, draw Iho 

tajiijoiit QAH. i' iir. 17. 

, ( At A niak(^ tlio, L GAB (M[ual to tlio L. DFE ; i. 2.‘5. 

and make the l. HAG cijual to the L DEF. l 2*5. 

k Join BC. 

Tlieu ABC sliall bo tlio triangle required. 


liecaiise GH is a tangent to tfho o'* ABC, and frojii A its 

* ■ , fli ^ 

]>dint ot contact tlio chord AB is drawn, < 

* the _ GAB - tlH‘, I. ACB in the alt. segment: iii. .‘52. 

" J-. tlio L ACB - the ^ DFE, Constr. 

\ I 

'■ hihnilarly the l HAC - tlie L ABC, in tlie alt. segment: 

.'. the I. ABC — tlio .1 DEF. Constr. 


Hence .t*be third i. BAc the third z. EDF, 
for the three angles in cacli triangle are together equal to 
two rt. angles. ‘ I. 32. 

the A ABC is equiangular to the A DEF, and it is 
inscribed in the OABC. *' 

t I 


4 


t^. E. h\ 
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PjIOFOSITION rHOULICM. 


Ah<i}(t f/irru rircJf to 
(ni(/ul(tr to <t (jLL'cn triamjle. 


vircftmsrrl/jc a ir'mmjlo eqni 



li('t /VpBC tlic! cii’clc, ;iimI DEF jj^ivtoi /. ; 

it. is ^‘nnin*(l io rin*uiiis<Tilv‘ tlu^ oABC :i t 

tsiuiMii/jfulai’ to tlic /. DEF, 

Vi-o(hi( (> EF Ijotli vvjiy.s to G ;ni<l H. • 

l^’iiid K tli(^ (•(>ntr‘(‘ of tlic (• ABC,« ni. J. 

* f, jLiid (lr;n\ .-niy f.ulius KB. 

\i in;ikc tlii‘ _ BKA 0([n:il to DEG ; i Ik’I. 

and ni.^kc the BKC C(|iial to tlic i. DFH. 

'I'hr^MijLrh A, B, C draw LM, MN, NL ])ci-]>. to iCA, KB, KC. 
^Jdi(‘U LMN shall 1)(* the tnani;h'- l■(‘<plir(‘(l. 

.r,( 3causn LM, MN, NL an*, di-a.VMi pc-i’p. to ifvlil at tficir 
exti‘(aiiitics, , 

LM, MN, NL arc tann'ciits to the cii'ch*. in. KJ. 


And lK‘caus(i the foi«’ aiii^lcs of the <piadril.'i,t(*ial AKBM 
t Oi^idlicr* four rt. angl(*s; T. 32. ^Jor. 

*and of th(‘se, tin* " KAM, KBM, ani rt. arnjfh's; Cons^r. 
the „ AKB, AMB, to;,'etli(‘r tv^o rt. angled. 

liut the _ ^ DEG, DEF together two rt. angles ; ^ if 13. 
the Z-« AKB, AMB-the _ DEG, DEF; * 
and of th(;se, the z. AKB ~ tjio z_ DEG ; • Coiistr, 

.'. the Z-AMB- tlie z. DEF. 


• • 


Similarly it luay he sliewii that the LNM - th(* z. DFE. 

the third z. MLN the,third z. EDF. i. 32. 

.*. t4ie ALMN is equiangular to the A DEF, aud it is* 
circumscribed ^bout the OABC, Q.K. F. 
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I^KOI’OHITIOX 4. rJlOULKAI. 


To 'hiHCA'lhc <i circle io. o> (jirctt triaiujlc 



B F 

Jj(‘L ABC In' tin* tl : 

it is iu inscribo <1 (.-ii’clp, in tlin AABC. 

\»is('<*t. llwi /_'* ABC, ACB by tlio sb lin(‘s' B(, Cl, Avbicli 
intnr.scrt :it t. 1 . 9. 

I^'iom I (lr;i\v IE, IF, IG junp. to AB, BC, CA** l. 12. 

^riuMi in ilio A”* EIB, FIB, ' 
t ^ ilio EBI ilu' .1 FBI ; Coil'llr. 

l>c<’anso y'liul tlu‘ L BEI tiu‘ _ BFI, Ixmh*^ it. ;in'L;li‘S ; 

« < ^ ( aiul Bl is comiiiou ; 

.■ IE- IF. I. 2b. 

‘ Siniil.'ii’ly it mny^bi* .slu'wn lli.it IF IG, 

IE, IF, IG Jiro all i'(|ual. 

From ci'iitio I, A\ itli radius ••IE, dc.scrilx* a circle*: 
ibis circle' must pass ibrouii^li tbe' jioints E, F, G; ' 
anebit A^ill be^ iiiscribcel in t}ie3 .AABC. 

• t 

IA>r siiie*t*, IE, IF, IG are raelii of thc^ (oEFG ; 

* and since the l.^ at E, F, G are* i-t. a.n^le'.s ; 
ilio (^^EFG is touebed at these points by AB, BC, CA: 

HI. IG. 

the OEFG is inscribed in the AABC. 


Noiv.. From pa}j:e 103 it is seicn that if Al be joined', then Al 
bisects the abgle BAC. 



1300 K IV. nioi*. 1 


Hence it folIona that the his-ecton of the ontflea^of a tiinnfilc me 
concurrent, the point of iniccitcction bcnoi the centre of the lU'^cnhcd 
circle. 

Th(' (M'lir.n* (jf tlio cin'lo in a iriari^li! .m)n)etiinort 

itrt In-centrc. 


1 >KI<yMTI()N. 

A circii* A\ liicli oiio siMn nt’ n 1 

< \v<) siclns ]>ro<liU (‘(l is said to 1m* nn fiscribed < ir< lo of 


t li(‘' 

To dime mi c'lciihcd circle of n tjn cn 11 i<iinih"* 

Lft ABC 1 m! tilt* tiiiiiif'lt*, of wliicli 

tlu' two sid<iS,AB, AC ar?' ])io(lii(*<'(l V) E ^ » 

and F : % 

d IS riNjuiM'd 1(‘ il(‘*x‘ijl )0 a t^Michiii;' / \ 

BC, an«i AB, AC piodncod. / \ , 

f'n.si'ot Lh<! / '^•CBE, BCF by tlio st. lim-s / 

Bl,, Cl,, winch intcTscct at I,. i. 1). / ^ \ 

I’loyii Ij draw l,G, l,H, l,K to AE, Br - — \ c 

BC, AF. ^ 1. 12. L /’ \ 

TIkTi iiTlh'* aMjBG, l,BH, h' / \ 

/the /. IjBG tin* Z l,BH , ( I ' 

,, Lind Iho z l,GB -th.' z l,HB, A •]# / \ 

h<*can‘-.(' • 1 • . , ‘ \ J \ 

j iK'ino 11. an^d/'s; M. J \ 

\ also l,B is oonnnoji; E' 

Hiinilarly it may h(3 sliown that l|H - l,K; • 

.• I,G, l,H, l,K ai(‘ all etjual, 

Fioin centin I, with ladiii.s l,G, desenbo a «‘,n(Ii*: 

this eir/ilc must j/asj-Mnon^di tlu; j/oiiits G, H, K* 

jj,nd it will bo an osefihed circle of tlu; a ABC. * 

* For sine/' l|H, l,G, l,K aic radii f)f the '• HGK, 

and since the anpb;s at H, G. K aie it. anftb's, • 
the '•') GHK IS jouehed at the-^e points by Bl^ and by AB, AC 
produced: ^ * 

the (•'I GHK is an oscribi'd circle of tlic a ABC. (i.K.i'. 

It is clear that every triangle has three escribed circles. • 

Notk. From pa^^o 101 it is seen that if Al, bo joined, then Alj 
bisects the an^le BA0: hence it follows that 

The hisectors of tiro exterior onijlc'i of a tyimiffle mid the hixector iff 
the third mtifle me concur)ent, the point of intersection heina thexentre. 
of an escribed circh^. 


n. F. 


17 



256 


EUCLID’S ELEMENTS. 


r*ROPOSITION 5. PuODLEM. 


To circumaryihfi a cirrle nhmil a giv/'ti lrmn(jlf\ 



L(*t ABC bo till’! c;ivon triaii^lo; 
it is roquirod to cii-cninscrilx* a oii'clo al)out ibo A ABC. 

Draw DS bisoot in," AB at rt. ani,dos ; ' i. 11. 

aiul draw ES Idsoctiiiiu: AC at I't. audios, 
ilioH siiwo AB, AC aro noitlior par', nor in tlio saino st. lino, 
.OS and ES must m(*et at sonio point S. 

Join SA; , ■ 

;ind,if S bo not in BC, join SB, SC, , 

Tlion in tlu' A" ADS, BDS,’ 

• J AD BD 

1,'ooanso -'and DS is oonnnon to l)olli ; 

* (and tho ADS -■ tlio .i BDS, boiiii^ rt. amtrlos; 

/. SA r-SB. 

fSimilarly it may bo sliowii that SC • SA. 

.*. SA, SB, SC aiy all equal. 

* From contro S, with radius's A, describe a (jirclo : 

-this circle must ]>a.ss through tlio j)oints A, B, C, and is 
tliorefore circumscribed about the A ABC. Q. e.f. 

^ K 

It follows that 

(i) ^vhon the contT’c of tho circumscribed circle falls 
u'lthin the ■ triangle, each of its angles must be acute, for 
each angle is then in a segment greater than a semicircle: 

I 

(ii) wlien the centre falls on one. of the sides of the 
tiiai^gle, the angle opposite to tliis side must be a nglit 
angle, fot it is the angle in a semicircle : 
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• # f 

(iii) when tlie centro falls toUho^d the trian^e, the 
anj^le opposite to tlie si<le beyond whioli the oeutro falls, 
must be obtuse, for it is the aiii^le in a segiiuMit less than a 
S(Miiioirele. * 

Thervforf, coiiversolif^ if the, (jlven trimKjle he acute uuijled^ 
the, mmtre. of the, circuynaerihed circle J<dh tvithiii it: if it he 
a, riijht-anylcd tria)uj1(\ the, centre falf.^ ou. the. ht/poteuuse : 
if it he ani, ohtuse-intfjfcd triitm/lcy the. centre, fdh iBithou^the 
triawjJe. * 

^ • 

Notp:. Froin page lO.'i it is Roon tliiit if S J)p joined to tlje middle 
point of BC, then the joining lino is pm jH'iidienhir 

Hence the perpendiculurK drawn ttt the sv'i/es-o/'n tnamfle front their 
middle pointu at*e eonrnt re^it, the poin* of mter.'iection heintf the centre 
of the eircd (mrentn'^erthed ahout tl " triaiKile. * 

Tln^eentie of tlu* eiicle circiimsci ilx d fibeiit a Iriangh* Is some- 
times ealh'd )ts circum-ccntre. 


KXKRCISfts. 


Tim iNScainFfl, OincintRCRmEr), axp FiSeiiiitK.n' (huei.vs of a 

TrilANOT.E. • 

1. An equilateral triangle is inscrihod in a circle, an«4 taifgi^its 

aro^ltfawn at its vortices, prove tliat * 

(i) the resulting figure is an equilateml triangle: 

(ii) its area is four times that of the given triangle. 

2. Describe a circle to •nrcli two parallel straight lines and a 

third straight lino which meets them, ^hew tliat two such cii'Cloa 
can i)« drawn, and that they are eipial. • 

3. Trianttlcn which hare equal haws and e^[ual verticaf atn/Ies 

hare equal circnnutcrihed circles. * # 

4. Ill the centre of the circle inscrihed in the iriantjle ABC, and 
1^ is the centre of the circle whtch touches BC and AB, AQ produced: 
shew that A, I, Ij are colUncar. 

5. If the inscribed and circumscribed circles of a trianffle are con¬ 
centric^ shew that the triangle is equilateral; ami that the diavuder of 
the circumscribed circle is double that of fhi inscribed circle. 

6. ABC is a triangle; and I, S arc the centres of Vie iifscribed 
and circumscribedVircles; if A, i, S are colliyear, shew that AB = AC. 

17-2 
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7. Kum of tlio (liiimotors of the inscribed und circumscribed 
circles of a Hght-iinf:»lcd triangle is equal to the sum of the sides 
containing the right angle. 

8. If the circle inscribed in a triangle ABC touches the sides at 
D,*E, F, sli(3\v tluat the tiianglo DEF is acute-angled; and express its 
angles in tevius of the anodes at A, B, C. 

0. If I is the C(*ntro of the circle ,inscribed in the triangle mBC, 
and Ij, the cimtr4; of tlu*- escilin'd circh' wlneli touclu's BC ; shew that 
I, Ij, C are concychc. ' 

L 

10. In any triangle, the difference of two sides is e(in{il to the dif¬ 
ference of the 'seg'iiu'nts into wlficli the third side is divided at the 
])()int of,contacl^ of lh% inscribed circle. 

11. Tn the triangle ABC the' l)is4'e.t()r of the angle BAC ineels the 
base at D, and from I the eentre^of the insciihod circlua periiendicular 
IE IS drawn to ETC; .shew that llio angle BID ^s equal to ihe.angle CIE. 

12. Ill the triangle ABC, I and S are the, centres of the in ^ciihed 
and ciicumsciibed cijcl<'s: shew that IS subtends at A an aji{d<’ e<|ual 
to luiif the difference of tlic angles at the base of the tiiangle. 

1^. Tn a triangle ABC, I and S are the centres of the inseiibed 
and ciicumschilied eiicles, ami AD is drawui peipi'iidicuhir to BC: 
shew that Al is the bisector of the angle DAS. • 


11. Shew that*tlic area of a tri.angle is Ofiua.^ to' the rectangle 



15. The diagonals of a (piadrilateral ABCD intersi'ct at O: shew 
that lire (j*‘litres of the eiri’les ciieumsciibed about tlie four triangles 
AOB, BOCjiCOD, DOA arc at the angular points of a 2 )arallelograin. 


' lb. In any tiianglc»ABC, if I is tlic cenlro of the inseiibed circle, 
and if Al is produced to meet the circumsci ilied circle at O; shew that 
O IS the centre of the circle circumscrihed about the triangle BIC, 

• 17. Given the base, altitude, and 11 ic radius of the circumscribed 
ejicle; construct the triangle. 

18. ♦.Descrilu^a circh' to intercept ecpial chords of given length on 
three given straight lines. 

HR In an equilateral triangle the radii of the circumscribed and 
escribed circlc.s aro lesiiectively double and treble of the radius of the 
inscribed circle. • 

t ' 

20. Three circles whoso centres arc. A, B, ,C touch one another 
externally tw’o by Iw’o at D, E, F : shew that llm inseiibed circle of 
tho triangle ABC Ls the circumscribed circle of the triangle DEF. 
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l*KOl‘OSlTroV (). 1‘llOULKM. 


I'o hiAcrib*) 


a sqiiftra in. a, <yir*'n, circlf. 


A 





ABCD 1h* tln' . • 

it is K'l^uirod In iiisuilx* a in tin? .• ABcd^ 

^ Find C ihn (M'litrt; .nt’lli<; cii <*I(;; • m. I. 

.Did dniw t^'o diaiiirl(‘rs AC, BD p(*i]\ to o)i<5 niiotlior. t. I 1. 
• • Join AB, BC, CD, DA. * 

d’licMi t.lu' iii^. ABCD slia-11 bo tin'. s<jiiar(; i*o<^nin‘d. 

For in tlui A" BEA, DEA, 

BE V DE, 

and EA is coiujiion ; , 

and t li(‘ I. BEA — th(5 _ DEA, Ikmdlj i‘(. ;m,t,d(‘S ; 

BA - DA. I. t. 

<• 

Sirtiilarly it may showti that CD DA, and that BC *CD. 
• th(5 (ii(. ABCD is o<|iiiIator‘al. » 

And sinoo BD is a diainotor of tUt‘, .-. ABCD,* 

* BAD is a soniicii-flo ; * 

. . llui .1 BAD is a it. an,i(h‘. ill. .’>1. 

►Similarly th(‘o(]u‘r aiiiLjh'S of tln‘ Hi;. ABCDaio i*l.. ani;Ics. 

the H.i;. ABCD is a S(|iiM,r(‘, ** 

and it is inscidbod in tJio givon circlip 

^ K. F. 


I- 


I^For Kxorcises see pafje 2Go.J 
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PitoPOSITION 7. Problem. 


To circuinscrihe a square about a tjiv*OL circle. 



ABCD 1k‘ ilu‘, crivtJli citvl<.‘ . 
ih is j(*(|uiivd to oircii»us<*r u sqimrt' aiMuil. il. 

Knid E <li(‘ HMitic of (oABCD : ,iiL L 

and draw two diaiiiotcis AC, BD to <mio a,iiotlK‘i-. i. II. 

Tliroji;,di A, B, C, D draw FG, GH, HK, KF jmtj). t<» EA, EB, 
EC, TD. 

Tlua? V.lic (ig, GK sliall In- lli(‘ s<|uar'(' n‘<|uir(*d. 

luHMUSo FG, GH, HK, KF a,ro drawn to I'.idii^ at tlioir 

oxiivmiiics, 

FG^. GH, HK, KF aiui tani^onts to tlic. rii(’l4\ jji. I(> 

And because the _ AEB, EBG ar<‘ l>otli it. ajii^lcs, Constr. 
‘ ^ GH is par' to AC. l. 

Similarly FK is par' to AC ; 
and in like* nianin'r GF, BD, HK art* par'. 

lloiKC tli(‘ figs. GK, GC, AK, GD, BK, GE aiv par"'\ 

GF and HK oaA - BD ; 
also GH and FK ea<*li AC : 
but AC BD ; 

. . Q>, FK, KH, HG aiv. all (‘(pial 
that is, tin* tig. GK is ci[uilattM’al. 

And since the tig. GE is a })ar"', 

.*. the _ EGA the _ BEA ; i. .‘I I, 

\ « 

but the _ BEA is a rt. angle . Constr. 

th(5 _ at G is a rt. angle 
Similarly the at F, K, H are rt. angles. 
tJio^lig. GK is a square, and it has been circiuascribcd 
about tlie (b ABCD. • q. e.f. 
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PllUliOSITION 8. PltOlILEM, 



.B H • C 


lii'l ABCD br . 

it is i’C(jyircHl to insoriln* ;i circlo, in tll(‘ s<|. ABCD.^ 

liiscct tIl(^ si(l(‘s AB, ad .it F .iiiil f>. f, lO. 

* 'rUonu^li E (lr<i/\v EH ]);iV' to AB or DC : i. .‘U. 

tiiid F dr;i\v" FK par' to AD or BC, EH at G. 

Now AB - AD, Ix'iii^ llu' si(I(‘S of .i ; 

and tli(‘ir luihi's an; (Mpial ; * Con.sfr. 

AF AE. ^ •i.'i 7. 

Hut tlu* AG is a par"'; *• ^'onntr. 

/. AF GE, and AE -»GF; 

GE GF. 

Siindarly it may l>f; .sluifwii that GE — GK, and GK GH ; 
k GF, GE, 6K, GH an; all oipial. • 

‘From c'cntn; G, Avith radius GE, dcsrrilM; a rircJo; • 
tins circin mn.st j)ass (hroui^li tin; poiiits F, E, Kf H : 

and it*Mill ho toimhod hy BA, AD^ DC, CB; in# Id*. 

for GF, GE, GK, GH arc* radii; * 

and the an_<;les at F, E, K, H arc; rt. aiiglcjs. l. 21). 
lienee tlie yOFEKH is inscril>c*d in the* sc[VABCD. 

K. p. 

# 

[J'or Exercises see 2J. 




KUCI.l 1)'» KJ-l'.AIKNTiS. 




l*K()i'(iSiri()x I). PjiomiKM. 

To circmiisrrlhe a circle about a fjiren sqnaro. 



iiOt; ABCD 1)«^ llic : 

it is r(M|iiii<Ml to (*ii’ciniisc‘iil)(^ ;i circh* aljout tin* sn* ABCD. 

ffoiii AC, BD, iiii(*rst5ctini; at E. 

Tln‘n ill tii(5 BAC, DAC, . 

I BA DA, ^ ‘ [.■ Dr/. 28. 

Ihv.'hiso sand AC is common'; 

(and BC DC; i. Dr/. 28. 

tlH‘ _ BAC -the _ DAC ; I. 8. 

lint is, tli(^ diai^mnal AC bisi'cts the. BAD. 

Similarly tin* nMi'ainiiiij; ani,d<'s of th(‘ sejuart' arc hisccti'd 
by the diaj^^onals AC or BD. 

Hence each of tin'. EAD, EDA is half a I't. angl(‘, 

the L EAD ^ the i. EDA : 

EA - ED. Cl. 

Siii.ilarly it may b<‘ shewn tliat ED EC, and EC EB. 

'EA, EB, EC, ED arc all equal. 

Krom centre E, witli radius EA, d(*scri])(‘. a circle: 
this eiiHtle must jiass ihr(miL,di llu' points A, B, C, D, and is 
therefore circumscribed about the s(|. ABQD. K.b’. 
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Dkkinition. a rcHitiliiHNil fijriii’C! jihoui wliivh 
in;iy l)c clt'scribcd is said to Imj Cyclic. 


a i*ir(do 


KXEIiCISKS ()N*l’JM)IH)SITlOf^S () - t). 

1. If a ciiclt’ (‘(in ha inscnhcd in n quadriBitcnil, .'^Iwin (ImT the 
atim of one imir of oppo.-^He sides is equal to the sum of yie other juiir, 

2 . If the sum of one pair of opposite sid(^ of a quadniateral is 
equal to the sum of the other pair, shew that (i eneH^maij be uiserihed 
ill the fill tire. ^ 

(DiM'cL t\v«i adjucpiit auj^l's aud so dpi^aibo a cirtilo io 

toiHi tliK’O of its skIps. Tlicii provo ijuliu'ctly by imcjmis of tlio 

last cxcicihO tint this circhi iiinst also toiivli tlio fouith sidc.J 

3 . Viore that a rhombus and a, siiuare are tin* onhj pihalleh^nams 

hi which a enef^’ can he inscribed, m 

I. .Ill cijelie jiaialleloi/rains aie re^damiiilar. 

T). riy‘ piealest reetamjle wliieh ran he inscribed in a i/iren iiicle. 
ii\ a square. % 

• • 

(i. Cilcuiuscrilio a rlunnhus about a j^ivoii ciido. 

7. All .squares circiinisciibed about a ^dveii elide aie eijual. 

M * • . 

iS, The aiea of a .square eircuiiiscribod about a cireKir is double of 
tbe*arca of the imeribed .squaie. ^ 

ABCD is a s(iuar(! iiisciibed in a ciieb’, and P js aiiv point on 
the arc AD. shew that the side AD subtends at P an aneb* tinee tnins* 
as i^'reat as that .subtended ai*P ])y any one of the other sides. 

* " tt 

10. lilscrihe a .squaie in a Kiveii squaic ABCD .so tli.it one of its 
aufjiubir points sliould be at a given point X in AB., ^ * 

II. In a gi^ep sipiarc inscribe the square of*yiiniiniiin an a. * 

1*2. Describe (i) a circle, (ii) a sipiare about a given rectangle, 

lib Inscribe p) a circle, (ii) a squaie in a given quadi;ijint. 

It. ABCD is a squsre insciibcd in a ciiele, and Pli?;iiiy ]tonit on 
the dieuiufereiiro ; .s*liew that the .sum of the aqiiares mi PA, PB, PC, 
PD is ilouble the sifuaie on the diamctei.* [Sec Kx. 21, p. M7.] 
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EUCLID'S ELEMENTS. 


PitoPosiTioN 10. Pkoblem. 


To describe <nh isosceles Iriduyle hachnj eack of the nwjles 
it \he base double of the third atiyle. 



' Pfifcr; fMiy liiu; AB. 

I)iviilr AB !i'». C, so iii.ii lli(‘ n'ot. BA, BC tlir S(j. on A.O. 

. II. II. 

I^’roni r(Mi(r<‘ A, with rjulius AB, (K'.st-i'ilxi the, (oBOE; 

;nul in it, tlio oliord BD (Mjinil to AC. l/, 1. 

‘ Join DA. ‘ 

' ' /,IMu'n ABD slinll bo tlio. tria.ni^lo roquirod. 

A • 


Join CD ; 

and about, tlio*,\ACD oirouinsoribc! a oiivlo. jv. 5. 

TJic‘11 tlio root. BA, BC sq. on AC Constr. 

tlie sq. on BD. Cotisfr. 
ibaico. BD is a tJin<^ont to tbo o'iACD : ill. -iT. 

and from tho ]>oint of oontaot. D a chord DC i.s drawn; 

.'. tho _BDCi.*tl)o _ CAD in thi^ alt. so/^i/iont. iii. o2. 


Il 


' 'J’o om*li of th<‘So oquals add tho _ CDA : 

then t,lio vholo _ BDA tho sum of tho _CAD, CDA. 

% 


But tlio o.vt. _ BCD tho sum of tho _ ^ GAD, CDA; I. 32. 

.•. tho „ BCD tho _ BDA.. 

And sinc<*, AB -AC, boini; radii of tlio 0 BDE, 

.'. the .1 DBA - the _ BDA : i. 5. 

' tlio — DBG — the L DCB ; 



BOOK IV. VRor. 10 . 


265 


DC*^ DB ; , I. 6. 

tJiai is, DC - CA : Conatr. 

. . tl?C5 _ CAD : tli(‘ i. CDA , I. 5. 

the suili of the _ " CAD, CDA Jjwice Um; ;it. A. 

Dili the 1 ADB the sum of CAD, CDA; Proird. 

/. e.'ieli of the _ ABD, ADB - twiee the JUigle at A. 

^ • ce. K.F. 


f:\KKnisi:s o.\ eKoposnioN 10 


1. 'll iiii i.Mwrh's ii Avlii<-li cik It of the uii}j:k*N ill, Um' 

liiisc irt (loiililo of IJic M iticiil anj^K-, hlicw that tin, M itical .iii^'lc is 
oiii'-lifth of two lif^liL • 


‘J. DivhU' n mjht an<jlc mloja' rqitdl poitiy. 


'iJi'SCiilv an isosct'lc's l,i iiinj'lo A\lioMi M ilical 
lliii'o at. t.lio Inisc. I’onil out a feiiaii 

ill the li^Miio of riAyo'^iOoii 10, ^ 


aii;j;Io shall he 
!^l(' of tins kind 


4 liipwe oj ProptHiituni 10, il Utr tint < in Ics nficiM’rt tit F, 

alu'w that BD--DF. 

Ij.* Ill till’ fitilin’ <if Vntpnt^itiiiii 10, sht-w that tin’ rinlr ACD is 
I’ljiiiil to thi' rnrii' cn'ruiimrnhi’d ohoiit tlu’ tnnwjh’ ABD 


0. In ilio lignru of Jhoposition 10, if the two circles inti iscct at F, 
bIiow that ft 

(i) iBD, DF aio bides of a rc'.'iilar decagon inscribed in Iho 

circle EBD. * 

• .ft 

(ii) AC, CD, DF aio sides of a icgnlai* iicntagon inscfibcd 

in tlio circle ACD.* * • * 

ft 

7. In tlic figure of I’lojiositioii H), shew tlial the centre of the 
circle circunisenhcd about the tii.ingU ,DBC is the nniuPic lunni of 

the arc CD. ** 

• 

8. In the liguie,of rroimsition 10, it I is the cculic of the ciido 
inscribed in the triangle ABD, and V, Satire ci‘nti<-s*of tlic iiibciibcd 
and circumscribed circles of the tiiaiigle DBC, shew that S'l — S'l'. 
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EUCLID’S ELEMENTS. 


2()6 


I 


‘ J^KOPOSITION 11. PkOHLEM. 


To iuscribe a reyulav yentaijon in a (jiven circle^. 

A 



> L it ABC l)(i ;i cij'oUi: 

it is i*c(|iiiro(l to iuKcrilxi a n\i^ular p('iitai((>u in tlui i-)ABC. 

I)< ‘Si*ril)(i oil isosc(‘l<‘s /\FGH, liavlng eacli of tiu* ai»<jjlcs 
at G and H ilonl>l<i of tlui aui'lo at F. iv\ lO. 

Ill tlio (,:;ABC iiiscrilxi the AACD o(|niaii:^oiIar to tlui 
.FGH, IV. 2. 

so that (‘acli of tlui _ ^ ACD, ADC is doulilo of the L CAD. 

liisixit i/he _ ACD, ADC hy CE and DB, whieh meet tlie 
(.>*'* at E and B. i. D. 

Join AD, BC, AE, ED. i 

'L'lien ABCDE shall be th(i reijiiired rc'^'ular pentagon. 

IVeauso eaeli of the “ ACD, ADC twice the _ CAD; 
and loejiiiso tlie _ ACD, ADC at’o bisected by CE, DB, 
t lie live ADD, BDC, CAD, DCE, ECA are all 
.’. the li\e are.s AB, BC, CD, DE, EA ai’O all (Mpial. ill. 20. 
.'. the live ehords AB, DC, CD, DE, EA an' all ('ijual. in. 2D. 
.*. tlui pentagon ABCipvI is equilateral. 

Aiiaiu the arc AB the are DE ; - J'roved. 

to ('ech of these eipials add tin' arc BCD; 

■. the wlidlii arc ABCD the whole ;\rc BCDE ; 

' |•('ne(i the aiii^h's at the whieh stand upon these 

equal ares are e((ual; in. 27. 

that is, till- .1 AED tlu; _ BAE. 

In lik(* manner the remaining angles of the pi'iitagoii 
may be shewn to be equal; 

.'. the pentagon is equiangular. 

H 'nee the pentagon, being both equilateral and equi¬ 
angular, is regular ; and it is inscribed in the ©ABC. Q.E.p. 
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I'lloroSlTLOX 





T(i cirrtunsrrihe. d t\(fuJ(ti' lu'dtdtfon 


(thituf a t/ivt it, rirrft*. 





L(*fc ABCD l)v iln‘^‘iV(‘u 

il. i.s r'‘(juir<‘<l to <*irc'iUMscril)(‘ ;i I’j'ijfnl.i)* pciitai^ou .'ihont, it. 

1 ii.Sfril>(• ;i iri^nl.ir ]>nit;ii^<)H in tl)(‘ (- ABCD, IV. I I. 
jiiul 1^‘t, A, B, C, D, E 1k' it.s ,' 1111(11 l.ii* points. • 

At tlio poiiit.s A, B, C, Df E tlrnw GH, HK,^KL, LM,*MG, 
t.iiii'ojits to tluj circh*. • * III. 17. 

^riiiMi^slijI 1 GHKLM ))(' t)io i('(juir(Ml rc^yJai* ])ont?i;4on. 

I^’in»] F the mitri* of tli(‘ i,-'ABCD ^ Hi. I 

j ;ind join FB, FK, FC, FL, FD. 


f 




Tlion in tlu‘ two . " BFK, CFK, 

^ BF - CF, lM*ini( radii of llui <ni'rl<‘, 

;iiid FK is roinnion : « 

and KB KC, l)(‘ini( tan_i((‘nts to tlio i'ir«*l<* from 
i tin* s;inn* poyit K. HI. 17. (*or. 

tim 6FK tin* _ CFK, l? 

.'il.so tim _ BKF tin: _ CKF. I. S. rW. 

llciK'r'tlm _ BFC twico tlio,.._ 6 fK, 
find till) BKC- twin* tIm CKF. 


Si mi tally it iniiv 1 k‘ s)H‘wn 

ttiat tlit‘ _ CFD - tw'k'i' tlie CFL, • 
and that^tli(‘ _ CLD tw ice tlio .L.CLF.** 

Blit,since the arc BC * the arc CD, i\\ 11. 

.•. the BFC -tlH!»^’CFD; ’ iir. 27 

, and the lialv(*s of tlif'se angles are fiqual, 
that is, tlie z. CFK the -l CFL. * 
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KU(’Ln> S ETjEMENTR. 



K C L 

Thon in the A" CFK, CFL, 

* tlie L CFK - the L CFL, Proved. 

HeeniWe the*, Z.FCK the/. FCL,h(‘iiii,n t.aniJJle^,T[r. IS. 

, aud FC is eoniuion : 

CK ' CL, • ^ I 26. 

and the u FKC the l. FLC. 

KL is dou])le of KC ; siniil.irly HK is doiibh' of KB. 

t. ' \nd .siiiee KC KB, in. 17. Cor. 

* KL - HK. 

Ill llie'saiiie way it iway be shewn llial e\erv two oon- 
soeuti\(* sides are oijual; ' 

the jientagoii GHKLM is eqiiilMteral. 

Ap;ain it lias Ix'en ]n*oved that tlio _ FKC tlie l FLC, 
and tlial the ' ** HKL, KLM are r(*speeti\<‘ly double of th(*S(' 
an\^fes : j 

. . tlie _ HKL "the _ KLM. 

fn the same w'n‘;y it may be shewn that e\(My two eon- 
seeiitive angles of the tif»uie are equal ; 

.’. the jmitagon GHKLj\s‘is equiangular. 

the pentagon is regiihir, and it is eircumserToed about 
t!he (.0 ABC D. • q. e. f. 

'* (^^OUOLLATiv. ' Similarh/ it mot/ be prored that \f taurjentfi 
are drauvi at the Vf'rtices of an p re[julnr polygon inscribed in 
a circle^ they will form another regular polygon of the same 
species circumscribed about the circle. ^ 

^ * 

* « 

[For‘Exercises seo p. 27(5.J 
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Proposition’ 13, ]^roblkm. 


To \o'i('r\h(' o circle h>. (t (jiri'n pt’ofot/oo. 


A 



E 

t 


Ji<‘t ABODE bo tlio i;ivoii roijiil.'ir jxMifaiLfoo : 
it is ]’o(juir<‘(l to insciilu* ;i cinlo ,\vi(hin,it.. 

Ibsoot t^ro ooii.socuf i\<• _ BOO, ODE ]>y OF ailjl DF 


M'lii<*li int<'r so<;t. ;it F. I. 9. 

• • Join f6 ; 

ami draw FH, FK piM'p. to BCf CD. I 12. 

*'rhon 111 tlio A*' BCF, DCF, 

[ BC DC, ////;>. 

l>iH‘ans(‘ I /ifiul CF is coiniiioii to hoih . * , 

[ and tlio 1. BCF — tho i_ DCF*, 

tlio ^CBF- t4io _CDF. I. 4f 


But tlu^ A CDF is lialf aii aiij^lo of tin* i’(‘gular ponta^on 

al.so the l CBF is lial^an aiifjlc of tho n^'^iilar 2 >ontaj,^oii: 

^ tliat is, FETbisects the* ABC. • 

•So it may bo shewn that if FA, FE wore joined, thf*^o 
linos would bisect the _ “ at A and E. * • * 

* Again, in the A« FCH, FC*K, • 

J the ^ FCH tho l FCK, Covatr. 

Because •< and the i.»FHC the FKC being ii t. angles ; 

( j also FC is common; ** 

FH = Fl^. I. 26. 

Similarly if FG, FM, FU be draVTi perp, to BA, AE, ED, 
it may l?e shewn that the five perpendiculars drawi^froru F» 
to the sides of the pentagon are all^ equal. • 
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A 

B 

“K D 

b^roiii o<‘i'<-r‘4* F, with r.ulins FH, (Icscrilx* ;i circle*, 

tills circle* imist in.'- Uii'ouijli tJic jioiiit -i H, K, L, M, G ; 

* 1 

.' 111(1 il will ))(* t/<»ucli(‘(l ;it, tlu'se* points by the sielcs of the 
|i(‘iit;iiroii, foi'+he* .it H, L, M, G .lie rt ('onsfr. 

till* i-iHKLMG is inscribi'd in the* i^iicii pcntairoii. e e. 

(..VlKOLLAIil. 'J7ir Oisrefors of t/tf. ont/ifs oj‘ (h rofjuldr 
prntt'ifiNi. mret ol a jHflnt. 

Til tlu' s:tnlc way it may he rthewii that the l)i.s(*(‘tois of tin* '',ii;dcM 
of :iiiy i<',iilai pol\c<ui mct'fc ut a i>oiiil,. [S('i* M\. I, j). Ii7t.| 

r 

|l''or l'i'c<*icis('.s on licj^jular I'oIncom'-: se'c ]>. *J7ti | 



M I SI J El .1. \ \ I'.or S K \ E IK ’ IS ES. 

1. Two taiic(*nts AB, AC arc draw*, from an cxtciiial point A to 
a {j;:v»'n ciiclc: dt'si’rihi* a circle to ton'cli AB, AC ami tlic conv«‘Kait; 
mti'iccptod l)y them on the civi'n circle. 

2 ABC i.s an is\*scelo.s tiian^do. ami iiom the vcrt(‘v A a stiaij^ht 
‘line is diawn tei me*t the base at D ami the eiKmmferemx* of the cir- 
ennisG'-’ibi'il circle at E: shew that AB is a tangent to the circle 
circKniscribeil about the triangle BDE. 

An 'eqnilatcial trianpU* i.s inscribed in a given circle: .shew 
that twice the square on one of its sides i.s equil to thioe times the 
urea of the square insciibed in the same circle. ^ 

Jt. ABC is an isosceles triangle in which each of the angles at B 
and C is double of tlie angle at A: show* that the square,on AB is 
equal to tliei cctanglo AB, BC with the .square on PC. 
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IMIOPOSITIUV J 1. riKHil.KM. 

To circtnirncr ’ibe o, rirrlc ahoot a (firc/i rf(/ttJ(ir /irntiojoii. 



A 



Ijt't^ABCDE l)f till* '.;i\«*M : 

is ri‘(|iji]('ll to circniii‘'iMM))r ;i cii'i li* aliout it. 

Jlisi'ct tlio _BCD, CDE liy CF, DF iiiti*is<*, (iiii< ;H, F, y t). 

•I oiii FB. FA, Ft. * 

Tlirii in till*. BCF, DCF, 

( BC DC, . ' /////;. 

I'n’iMU r ami CF is (.* 01111111)11 to both ; 

I ami tin* _ BCF tin* _ DCF ; (\pK'<h'. 

tin* _ CBF till* _ CDF. ' t. 1. 

I»ut (In* „ CDF Is half an aiinli* of tin* roi^nlar j)i*ntai,iii ; 
aloO tin* __ CBF is lialf an an,t;l(^ of tin*, ro^ula.r pentagon : 

that is, FB biM‘i*ts tin* _ ABC. 

So it, ni.’iy bi* .shown that, FA, FE bisect tin* _ '' at- A ami E. 

.Now'" tlu^ „ " FCD, FDC an* c*a(*h half an ana'll* of the, 
|L;iN(‘n r(‘i(w*la,i* pentatjfon; 

.'. (In* FCD tin* _ FDC, JV. A/ 

‘ FC FD. » ,.*<>. 

Similarly it may bo sln^wii that FA, FB, FC, FD, ocro 
all 0(|ual. 

From ci'iitro F, w ith'radin.s PA (l(*S(*,ribo a cii*t*le : 

(his circle imist p*,i,s.s throni^h tin.* points A, B, C, D, E, 

■ind therefore is cjrcujjiscribtal ahop^; the .cjiveii jientagon, 

Q. K. P, 

tn the jame way a ciitlo may ho c*iM;imi*ic*iiheil about any’cc{'ular 
polygon. 



Ti'2 \ KUCUn’s ELEMENTS. 

( 

5 ' n^EOrOSlTlOX IT). PuoHLEM. 



*jci ABDF 1>(‘ ili<' ciicl**: 

it is rtM|iurr(l io iiisi-rilu' ;i n'ljuliu- in it. 

^^‘iiul G tli(‘ of ABDF ; ni. I. 

and draw a di iinudcr AGD. 

Ki'oin p, with radius DG, d<*scrib(i tin* loEGCH, 

drill CG, EG, and jirodurn tluMii to cut tin* the* 

i^ivrt^d rircle at F and B. 

Join AB, BC, CD, DE, EF, FA, 

'l'li(‘n"ABCDEF shall la* tins roijiiirod r(*ij[nlar ]n'\/ij^nii. 

NciW GE GD, ln'inij; radii of tins loACE; 
ind DG DE, h«*ini^ radii of tin; lOEHC : 

GE, ED, DG art' all <st|nal, and tins EGD is t'tjuilatt'ral. 
Mt'iif'* tin' _ EGD---ono-third of two rt. ainxlos. T, dli. 
Similarly tins _ DGC ont' third of two I't. ani^h'.s. 
Ihittho .L'* EGD, DGC, CGB toi^t'tht'r two i t, an£,dt'S ; i. 1 
lilt' roinainini; _CGB ont* tliiid of twa) rt. audit's. 

.’. tin' throe EGD, DGC, CGEJ,are etjual to one another. 

And to these an,<,des tins vert. opp. _BGA, AGF, FGE 
are ri'spveetiv('’y etpial : 

this _ ** EGD/DGC, CGB, BGA, AGF, FGE; are all equal ; 
.'."tlie are.s ED, DC, CB, BA, AF, FE are all equal ; III. 2(5. 
.'. the chords ED, DC, CB, BA, AF, FE are all equal; in. 21>. 
.*. the hexagon is isquilateral. 

Again the arc FA ^ the arc'^DE : Proved. 

to each of the.sc equals add the a. c ABCD; 
then the whole aro FABCD - the whole arc ABCDE : 
henceAhe aiigle.s at the 0‘’‘’''V'hich stand on these equal arcs 
are equal. * 
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that is, tlu; _ FQD -tlu‘ .. AFL*. * yil. 27. 
* III liko maiiiirr tlio iviiiaininj^ aiiujli's of <li(‘ In‘xai;uii 
may )»; slicwii to }><‘ t»<{nal. 

tiui lioxai^oii is (MjiiiaiiLjiilar ; 

. (liv* lu*.\a.^)ii is I'cmilat', and it is iiismhrd in <li(‘ c- ABdV. 


(X K. J ’. 


(.V)lioLL*AUV. 77/'’ .s/V/c of a I'i’tfiiliir Arxtojint inscriin^d In 
a r.in'fr ia^cqtKil to (h*>, rinluix (f (hr rirrir. ^ 


l,*i»oi’o.siTio.\ Hi. ]h;oi;iS-:M. 

7o iifsdithr (fj t'tqHfoi’ qo ‘ io(i ('(fi/ott IH, <i ifftt'i th rti'i'h’. 



/D 


liot ABCD 1 m* (Ik* i;i\(‘n (.irch* . 

•it is iv(|iiiic(l to insciilx* a r(‘i;nlar <)nin(](*<*a.L;on in il. 

In ili(* ';)ABCD insfi-il)o an <*([nilat(“raI triani;!**, iv. 2. 
and lot AC^h<* ono. of its sidos. 

In (li^ sanio oiivl<‘ inscrilio a ro.i^ular ]K‘ntai;on, iv. 41. 
• an/I lot AB Im* oik* of its sidos. ^ • 

*IMion of siioh o<]nal parts as tin* wliok; o<)n(ains 
the aro AC, which is on('-thinl of tlu; “ * contains 

and tiio arc AB, which is om’difth of IJk^ ■ contains tliroi!: 
tlKiir diHori'iico* tin* arc,BC, contains two. 

JUsoct tlio aic BC at E ; itj. .‘10. 

tin*!) (‘ach of tli^; ai'cs BE, EC is f^io-tiftcoadh of tin; 

.’. if BE, EC 1)0 Joined, and st. Tjho.s (‘ipial to them he 
pla/:od smccessivoly round the circle, a regular ([uinfi^joagon 
will be inscribed in it. * q. e. f. 

18-9. 
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KUClid’s KI.KMENTS. 


ND'I'K 0,N ItKiaiLAIt |•()I.\ (IONS. 

Tlio ['ollowiHL' jnuposilions, piovcd by Kuclul foi' <i icgulur j 
L'oii, liold {'ood for all if'j'ular X)oly^oiiT.. 

^ The hist’ctoi.'i of tin' of any ]t-y)ihu jiolyyt 7, are eon 

eurrent. 

T«'t D, E, ‘A, B, C Ilf foiih> ruti\f aiif'ular 
|M)iids o» a ifL'iilar ])< 4 'yL'on of any nmnlifr of 
bidfs. 

liibfft tlif / EAB, ABC by AO, BO, ^^]llfll 
intfist‘i;t at O. / 

• .loni EO. 

It is rfiiuiifd to i^novo that EO bisi'fts tlaj /. DEA. 

■' b’or in thf a'' EAO, BAO, 

' (EA - BA,, la ■in^f bides iif a K'j^iila)' jnlyj^on , 

*' ISfcausf and AO is eonimon, 

’ [ and the / EAO I ho / BAO; (/(oit>l). 

Ihf OEA tlu! z OBA. ‘ I t. 

t » 

IhiL till) z OBA is half the Z ABp, ('onsti. 

also the z'ABC (ho z DE/\, biiiff llic jiob^'on is if^,nd<ir; 

'* thf /. OEA js half tho z DEA: 

^ that IS, EO hibfcts I ho z DEA. 

Snnilaily if O ho joinod to the loinainin'' angular laiints i.f tho 
jiohj'on, it may ho jnoM’d that oaoli joiiiiiij^ lino biscots tho aiiflo 
to wlioso vfitf.x it IS dla^^n. 

'fhat is to say, tho hisootoib of tho angles of the 2»ol,>gon inoot at 
tho ilOJllt O. Q. K. i>. 

, CloKoiiJ.\un;s. Siiioo-tho Z EAB —tho ZABC; 
and siiufo the Z '"'OAB, OBA aio rospoctivoly half of tho z “ EAB, ABC ; 

‘ tho zOAB -.the z OBA. 

t ' OA---OB. ’ T. (i. 

Hiiiiilaily OE-OA. 

llonco The bisectorii of the anyles of n reynlar poly yon are all eynal: 

and a cirtle desoiibod fioin the ooutio O, with radius OA, will ho 
circumscribed about tlie jiolygon. *’ 

Also it may*^bt* sIionm; < 7 s in J’rojiosition 18,‘that iioriioiidioulars 
drawn from O to tho sides, of tho iiol>gon are all oiiual; thcivforo a 
circle diisciibod liom ccntie O with any one of these x^nr^ieiidlcular^j as 
radius will fco inscribed in the iiol^ gon.' 




^BOOK IV. NOTE ON KEGULAIl POLVjONS. 

2. If rt polygon inscribed in*a circle is cquilutcrut, 
equiangular^ 



f 

is also 


Lft AB, BC, CD ho ^on.socnflvo sidos of an 
0 (juilalt'i'ul |)<)1yK<^>ii iiisoribc'tl in the ADK; 
tluMi shall tins poly;^(>ii he equianf^ular.* 

l^eoanse the cliord AB--tho olionl DC, Iltfj,. 
iJift iniiioi* an; AB - theininor aio DC. ni 2H. 
'Fo each tliesn ccpials add thi* aic AKD : • 
Uk'ii the jiic BAKD tJie aio AKDC; 

. the aiif^les at tlu' ^ ;,vhich stan<l oil these 
equal arcs, arc e»(ua]; 

that is, the z BCD tho z ABC. m. 27. 



Similarly th i reiiiainfnj' anj'les ol tlu* i)olyt.|m ho sh^wu to he 
equal: 


the ]K)lyj^'on is yjautiif^uhir. 


Q. K. n. 


M. Jf a pohjifon inscribed ir a circb is eqaiangnlar, if is alsif 
eijailati I III, jiioriaeil that the naini>er of its sides is odd. 

lOhr'crve that 'J'heoreiiis 2 and.'! arc only true flf po]y(.'ftns./a^*r//>ed. 
in a circle. • • » 


'Fho aeionijianyin,'.' figures an’ .snnhdtnt io shew olhev\^ise a 

,j)(il\,'>#ii may )><• e(|iiilaleial wilhoiit Tu-iu'^ equiaiqptlai, 1; or 

I ((ui.in^Milgr wiihont h»*ni;^ e(jiiilateral, h'l;,'. 2.] * 


F.g I 


Fig. 2 





Note, ^lio followinp; extensions of Ihiclid’s eonslmctions fpr 
Regiflar Polygons sliould ho noticed. 

' lly continual hisection of arcs, ‘iff^bled to divide tlu\* 

circumference of a ciiele, . • 

hy means of Proposition (i, into 1, H, l(i, 2.2'‘, equal parts; 

hy means of I’roposilion 15, i»to 2, 0^12, , .‘1.2'*, . orpial parts; 

by means of Proposition 11, into 5, 10, 20, , 5.2'‘, ••equal parts; 

by mt'ans of Proposition IC, into 15, 30, GO, ., 15.2", . equal parts. 

Hence we can iriiicribo in a circle a rtfgular jiolygfMi tho number of 
whose sides is included in any one of thc^fftnmila; 2.2’‘, 3.2’‘, 5.2*', 
15.2'*, n being any positive integer. In audition to the.-e, it has been 
shown tliAt a rcgijlar polygon of 2“ + l sides, piovideri 2**^1 1 is a 
prime number, may be iusciibed in a circle.. 



kdclid’s elements. 



1 

EXERCISES ON PROPOSITIONS 11 — 1C. 


1. T'lXpvrsa in terras of a, right angle tho magihtinlc of an anglo of 
the Cdllowing retjuJur |H)l;'i^^ons: 

(i) a pentagon, (ii) a hexagon, (iii) an octagon, 

. (iv) a decagon, (v) a (jnindocagon. *' 


2.1 'J’lio angle of a regular ])ent:igoii is trisected hy the straight 
linu wliicli join it h‘ Ihe opposite vertices, " 


3. Ill a jxdygon of n skhjs the straight lines uhieh join any 
angular point to the vertices nut ailjacent t<.\pt, di\id(i the anjde into 
« - 2 cqfial parls.^ * 

<t. Shew how to constinct on a given straight liui 

(i) a regular pentagon, (ii) a ri'gnlav hexagon, (iii) a regular octagon. 

«■ 

T). An erpiilateral triangle and a regular hexagon arc inscribed in 
a given fiicle; Khe\: that , 

, (i) the area of the Vviangle is half that of the*hexagon; 

(ii) l|iftS(piaie on tho side of the triangle is three times tho 
Ki|uaro on the side of the hexagon. 

♦ 3. ABODE is a regular pentagon, and AC, PE iiUersect at H: 
shew that • 

(i) *AB--cCH-EH. 

, » (ii) AB is a tangent to tho circle circuiuscribcd about the 
triangle BKC. * 

(iii) AC and BE cut one another in medial section. 


.. The straight lines which join alternate vertices of a regular 
pentagon inters(*ct so as to form anothyv regular pentagon. 


1 , 


'8. The straight lines which join alternate ^ertices t>f a regular 
polygon of H sides, intersect so as to form another regular polygon of 
11 si^h's.^' ' ^ ' 

^Tf n 0, shew tkat the area of the resulting hexagon is one-third of 
the gk'en hexagon. 


0. Byimoans of iv. inscribe. in a circle a triangle whoso 
angles are at,‘^the numbers 2, i), 8. 

* 

10. Shew that tlie area ,of a regular hexagor^ inscrilied in a circle 
is three-fouiths'bf that otlVe corresponding circumscribed hexagon. 



TNKOTIKM8 A?#!) KXAIVl PLKS .ON BOOK IV. 


I. -ON TIIK THIANaiJ-: 


AN J> 


ITS CIIiOLKS. • 


1. CH Er F iU'(‘ till? points^ (if ! (intact of tin' i^\cnbc<l cfrclc of the 
tiiaiKjle ABC, afij. Dj, Ej, Fj the ponit'i of contact of the csmtln'd 
circle, u'htcit touches BC and the other Kafex ptodneefi : a, b, c denote 
the Icfu^lis of the mden BC, CA, AB; s the semi -perimeter of the 
triiunjle, and r, I’j the radii of the. niscnhcd and ctcnhed circle'!. 




EUCLID’S ELEMENTS. 


2\ 'In \h(> trhuifjJe ABC, I is the centre of the inficrihed circle, and 
l|, l._., l;^\ the centres of the escribed circles tonchiiuj respectivehj the 
sides BC, CA, AB and the other sides produced. 



Prone the followimj properties 

* (i) The points A, I, I, are coUinear; so are B, I, I,; and C, 

I'(if; The point! I.,, A, I, aie ccdlinear : so aie I,, B, 1^; and 

V ’ ^» ^2’ ** 

\iii) 7'hc trianples BI,C, CI._,A, AI^B are equianijular to one 
another. 

I , * 

(iv) lllie trianflle is equianijular to the triangle formed by 
joining the points of contact of the inscribed circlei 

(v) Of tJ^e fourpointsi\, Ij, K,, l.j each is tlk’ orthocentre of the 
triangle whose vertices are thi' other three. 

(vi) The four circles, each of which passes through tht'ee of the 

points I, tj, 1^, are all equal. • • 




THEOREMS ANT> EXAMPLES ON flO 


IV. , 9^9 

t ill a tiiAii^^rc ABC, 


3. With tho notation of pa^^e ^77, sliow that ill a tiMnittfo ABC, 

if tho angle at C is a right angle, / 

r = A- - c : ^ r^ -= s - h ; r„ - s - a : r., -^s. 

4. With the lignre given on ]>ago 27S, sliew that if the eirelea 
ANliose^centies aie I, 1^, l.j, toiieli BC at l5, Dj, D ,, D,, then * 

(i) DDo - DjD.^ —/>. (ii) ,DD^ -DjD, r. 

• (iii) DoD, h + c. (iv) DD,- /f-e. 

o. Shi'w thtit tiu* ortlnuwnln' ami rcrticra of a Inawilr tfrv tin' 
rentir-'i inscrihed and t’Amln'd <w/'eh’s a/ thr pedal M'iiimile. * 

|Se(! 20, p. 2*25.] < 

(1. (liren the base ar»l vertical angle of a triangle, find th^ locii'f of 
he Cent)(I oj the inecnhed circle. • ,'h), j). 2*2M.j 

7. (lUen th'^hase and vertical aiiii^e ni*a triangle, find the locus of 
he centre o/ tjie escribed ch'cle ulnch touches the base% 


8. ^liven the tumc <ind verlira' angle oj a triangle, shew that the, 
centre of the eircuniscrtbed ciicle is ft red. 

• * 

9. (liven tl-^* hasc BC, ami tho vortie;*! angle A of a triangh^, fhnl 
the loens of the coutvc of Llic esciAioil circle which tom‘lies AC. » 

« 10.’ Civ on,the haso, the vortical angle, 

insciibod “liic^'; construct tins tiiangle. 

]]. (ri\on the*baso, tho vt-rtical angle, ami radius of the 
•'scribed yircle, (i) which toncho.s tlio haso, (li) w^^h ionchoH <1110 
of the .sides containing the given angle ; construct Ihe^angle. 

12. Given the ba.se, the vertical angle, and the })oiiitl>f contact 
\.’ith the base of the inscribed eiicle; construct the trianglo 

13. (liven tho base, the voitical angle, and tho point of contact 
with the base, or base jH’odiiced, of an escribed circle; constnict tho 
triangle. 

* • 

14. Fi4ni an external point A tw-'o tangents AB, AC are drawn to 

a givOn circle ; and the angle BAC is bisected by a .shaight line wliicui 
nioots the circuinfeienco in I and I,: sJiew that* I »is the contn^ of the 
circle inscribed in »the triangle ABC, and I, llie centre of one of|the 
e.scribed circles. • 


and the ladiijs of the 


15. I is the centre of the circle inscribed in a triangle, ‘tiid Ij, 1^, Ij 
the centres of the escribed circles; shew that llj, II., «.fc, bisected bg 
the circumference of tkc cirtannscribcd circle. 

16. ABC is a iriangle, and Ij,, I/the centres »of tlie escribed 

circles wliich touch AC, and AB rospco^vply: shew tliat the points 
B, C, lo, 1.^ lie upon a circle whose centre is on the circinuf(j;cnce of '' 
tbe*circle circuinsesibcd about»ABC. » 



2Sb * EUCLID’S ELEMENTS. 

‘. \ I » 

iS’. * W^th th|Go f'iveii i)oints as centres describe three circles 
toucliinli one .another two by two. How many solutions will there be? 

18. Two tan^'ents AB, AC are drawn tq a given circle from an 

external ])oInt A; and in AB, AC two points D and E are taken 
so,that DE is equal to the,sum of DB and EC: shew that DE touches 
the circle. * 

19. Given tlie peiim'cter of a tii,angle, and one angle in magjjitnde 
and position: shiw tha/ the opposite ritlc always touches a lixed circle. 

20*. Gi/ en the centres of the three escribed circles ; eo,n.struct the 
triafigle. • * 

' 21. Given«the centre of tlie inscribed circle, and the centres of 

two eHcrjbed circles; (y)nstiuct the triangle, v 

22. Given' tlfo vertical angle, perimeter, and» the length of the 
bisector of the vertical angle; construct tire triangle^ 

23. Given the vertical angle, perimeter, and altitude'; construct 

'the triangle. * 

24. Given the 'Vertical .angle, jrerimeter, and radius of the in-^ 
Rcribdd circle; construct tl^o triangle. 

21). Givep *tho vertical .anghr, tire radius of the inscribed circle, 
and the length of the perpchdicul.ar from the vertex to thc' base: 
construct’the triangle. ' , * 

2G. Given #the base, the difference of thc svues containing the 
vertical ung|le, and the radius of the inscribed circle; construct the 
triangle. [See lOx. lb, p. 258.] 

2^. (A veil a vertex, the centre of the cireuiuscribcd circle, and the 
centre of the inscribed circle, cou.stiuet the, triangle. 

28. Ill a triangle ABC, I is the centre of the inscribed circle ; shew 
that the centres of the circles circumsciihcd about thc triangles BIC, 
CIA, AIB lie on thc ciicumb’rciice of •-he circle circumscribed about 
thc«giveii triangle. ' ^ 

' 29. Ill a triangle ABC, the inscribed circle touches the base bC at 
D ; JcidV, rj .arc the«”.adii of the inscribed circle and of the escribed 
‘circle which touchea BC : shew that r , ri = BD . DC. 

30. ABC is .a tri.aijgle, D, E, F the points of contact of its inscribed 
circle ; niuKD'E'F' is the pedal triangb of the triangle DEF : shew 
that thc sidefftf the triangle D'E'F' are parallel to those of ABC. 

31. In a triangle ABC ,the inscribed circle touches BC at D. 

Shew that the crt'cles iiiscr/U'd in thc triangles ABD, ACD touch one 
auotlicr. * 



THKOREMS AND EXAMPLES ON IV. 


f 



On the Nine-Points Chicle. 


32. Tn any truinyh' thi’ uiiiMIe point'i of the feet of the 

perpemlicuhirs draioif jrout the rettices to the ojiposite safes, ofpi the 
middle poihts of the hues joinniy the oithoretitn^ to the i'ertiee^ tire 
com ijclie. 

In the A ABC, ]ct X, Y, Z be the ’ * 

middle points of tlio su^cs BC, CA, ♦A 

AB ; let D, E, F be llie feet of the 
])erij« drawn to Aliose sides from A, 

B, C ; let O be tlic cnthoceiitre, an«i * 
a, j3, ''j the middle points of OA, 

OB, OC: 

tlien shall the nine points X, Y, Z, 

D, E, F, a, /^,7 be cone^'clic. 

Join XY, XZ, Xa, Ya, Za. * 

^Nowfjjom the A ABO, since AZ — ZB, • 
and Aa aC*, J^l/P- 

Zdf^is'fm' to BO. En. 2, p. 111). 

And from the a ABC, since BZ - Z A, “ 
and BX =- XC, 

ZX is par' to AC. 

But BO makes ait. angle with AC ; * ^•Typ. 

.'. the z XZa is a rt. angle. 

Similarly, the z XYa is a rt. angle. i. 21). 

the points X, Z, a, Y are concychc: 

that is, a lies on the cof th 4 ? circle, wliich passes tlnongh X, Y, Z ; 
and Xa is a diameter of this circle. , 

Similarly it may be shew'n that fi and y lie on the 0‘“ oi the cirplc 
, which passes through X, Y, Z. , • ^ 

f • 

u Again, since aDX is a rt. ang\e, Hypi 

the circle on Xa as diameter pa.s.ses through D. g * 

Similarly it may be shewn that E and F lie on the circumference 
of4ihe same circle. ^ • 

the poinj;a X, .Y, Z, D, E, F, a, /S, y are coAliyclic. q.e.u. 

From this projWty the circle whic^i passes thfougli the middle 
points of tlie sides of a triangle is called the Nine-Points Circle ; many 
of, its properties may he derived from the fact of its beiagj,he circle’ 
circumscribed ab(/ut the pedal triangle. , * 




kuclid’s elements. 


‘6\. T 


TAjiVOVV^Jiat I 

the centre of the nine-points circle is tTie middle point of 
the straight line which joins the orthocentre Ukthe circumscribed centre: 

(ii) 'the radius of the nine-points circle is half tile radius of the 
cireumscrihed circle: 

t 

^iii) the centroid is colliiicnr with the circiiniscrdied centre, the 
nine-points centre, and tlie orthocentre. 

* ^ i 

Intthfi ^ ABC, let X, Y, Z bo tho 
inidj’e pdints^of tlir sulos; D, E, F 
the foot of tbo ))orir; O tho ortlio- 
contvo; S and <N Iho conij os oft tlio 
ciiciiinsqibed and niiio-points circles 
respectively. . i * 

(i) To prove that hN is the 
middle point ot'^ffO. * 

« Tt may b(i shewn that tlio ]>erp. 
to XD from its middle point bisi'cts 
SO; ^ » «< iix. 11, j). Its. 

Sif.nilarly the perp. to at its 

mubl/i point bisects SO: ‘ 

that is,«^{‘ese peri)’’ intersect at the middle point of SO: 

And s^ice XD and EY are chords of the nine-jioint} circle, 

,; tho inlorsection Vif tlie lines which bisect XD and EY at'rt. angb^s 



IS its centre; 


the centre N is the middle point of SO. 


III. 1. 


* * (ii) '.iTo prove that tho radius of the nine-points circle is half 
the radius of'tlio circumscribed circle. * , 

By the last Proposition, Xa is a diameter of the nine-points circle. 

, the middle point of Xa is its centre: 

hut the middle point of SO is /ilso tho centre of the nine-points circle. 

’ {Proved.) 

Iloncc Xa and SO bisect one another at N. 

f Tliep from the A" SNX, ONa 
( • SN=:ON, 

Because andNX = Na, * 

(and the L SNX —tlie L ONa; 

SX = Oa 
*■ =Aa! 

And SX is also par* lio Aai 
SA = Xa. 

But 9A is a radj\ij of the circumscribeii circle; 
and Xtt is a diavi^'ter of the nine-points circle; 
the radius of the nine-points circle is half the radius of the circuipi 
scribed circle. * • 


I C 


I. 15. 
I. 4. 


I. 33. 




THEOREMS AND EXAMPLES ON rMk.Iv! 

> ^ 


f. 


- / 

(ill) To prove that the centroid is colliiiear witli jioij^ls iS, O. 

•Join AX and draw art pai' to SO. 

Let AX lueet SO at G. 

TIhmi frtm^the A AGb, since Aa -aO and aif is jiJlr' W OG, 

. A//- r/G. ^ Lx. i:i, p, 08. 

An4 fioui the A Xa</, .sincf* ctN -NX, ami NG is pai' t<i a^/, * 

*fQ G^X. Lx. ij, p. 08. 

AG -;i of AX* 

G.is the eentrcrtd of th<‘ triangle ABC. 

M’hat is^ the cc‘ntn1id is eolhnear \mIIi the pennts S, N, p. ixd. 


.'U. (iiten the nud luntical aiiiilt’ of a t} huofU'^ find llu- Iikus 
of the centre of the nnie-j>oints eirele. * 

The niiie-yniiits eiich'of any Inaii'^le A3C,^i\hyse orl*h<t(“entie 
is O, IS .dse the iilin‘-])eints elieh’ ot each ol the llKini^h'S AOB, BOC, 
COA. • ’ * 

.'UJ. ^ II I, l|, Ij, i, air the erjif'c.s <)! the i tisei iIumI and escrihed 
«iiclcstif a In.iniih* ABC, then tin' (.ode (ireniiisei ihed ahont ABC is 
the nino-jtoinls ciiele of eaidi ol the four tii.m^'h'i^ foinied hy joining 
lime of the poyils I, Ij, L, 1^. , * # 

V>7. All liianiiles wlmdi liave*tlie same orthocentje and tli(^*>.inu* 
(iiciiuiseiihed eiieli-, have also tlu! sanift nine points eifi*?!;. 

;iS, (fiv#n the h.ise and vertical an^tle of a triiJIiifle, shew lha l one 
an^le and one sid(?*>f the pedal tiiau,i;le are const.int. ^ 


oth iliveii the base and veilieal anole, of a trmn^e, lind the 
loi’iis ol the centre ut tlie circle \cliich passes tlnouol) tJu* thri'e 
1 ‘sciihed ccnties. 


For ;inolher impoit.iiit pioperty of tin' Niuc-poiiils’t'nch 
see Lx. 00, p. •‘•82. 


II. 


MISCELI.ANEOUS EXAMPLl.S. 


1 If four circles arc deseiibeil to touch ev^uy 
(piadrilatcral, shew that their c-entres aie concychc. 


three sides of i.* 


2. If the stiaight lines whicli hisect the angles of a rcctihneal 
ligure aie concurrent, a circle may ho irtscrihed in the n^^ifc. 

3 AVithin a juivhu circle describe three eipial circles toiicliiiig one 
another and the giieii circle. > ^ , 


4. The ])erpendienlars drawn front j the centres of the three 
e.‘j,cribcd JL‘irclc.s of a triangle to tlie sides whicli they toiicl^ are con¬ 
current. » • j 




APPENDIX TO BOOK III. 


Al'PKNDIX. 


h‘ ON JMUiE AM) J'OJ.VH 


DKFIMTIONH. 


f 

(ij ir 111 any Iijio ili’.uvD (i'on?‘4l.li(' <’«iiitiv o/a cirt'lt) 

two |»oiii1.s ;in‘ sikIi that ilio r(‘ct.iiiL;l(‘ coiit.-iMinl l»y tli('ir 

(list,•nicies IVoiii^lio o‘ni»i’(‘ i.s n|u.iUi() tlio .S(]ii;o‘(' ciii tin; ivuliius, 
o.icii jioMit i?< N.iid to I'O Uio inverse of tin; otluM'. 

'rhu'ri ill till* l>«‘lo\v, if O is iiu' ci'iilHt of flu; oiu'lo, jirul 

if OP . OO-^iiulius) thcTi c.idi of tJic jiuiuIh P^iiiil Q tlu; immuso 

of ilu! otlicf. ^ 

It is <‘l(';ir tlmf, if oiu; of I.Jiosojjioints i.s within tlu' circle tli'^othcr 
iiiii.'it Ix’ w itliout it. 


# ^ 


;ii) d’h<‘|polar of .i I^ivcn ]i()iiit with iv,sji(^.t to a giAcn circ.ln 
is ilu; str.u.ulit (lra.wii tliioui^di tlu* ijiworw; of t.lio given ; 

.•it mights to the line wliieli joins the gi\(*ii ]ioint to the 

c'-n.re * and wil.li I’clerenee, to the polar tlu; gi\(‘n»])(tint is called 

the' pole. 

'{’huH in tlie adjtiining Jigurc, if OP . OQ = (ra(liiis)% if through 



M 


i< 


P and Q, LM and HK arc drawn perj). ^fOP; tluai HK is tlie polar 
of the jioiiit P, and P is the pole of the lit. lino HK : also LM is Ihe^ 
pblar of tho point Q, and Q the pole of LM. 



11 


* KUCMD’s EJiKMbNTS. 


1^ iff cl^iii tlwil tluj ])oliii' ot .III ('.rtciiKil point must iutiiisoct tlio 
c-in'lc, iw.i(l'that tV' of :iu f/ilt nutl imi.st fall without it: 

also tlia\ the jiolai' of a point tni t/ic circumjeretire is the tangent at 
that point. / *' 

« t 

«>1. Now it hiis h. (’U ]it()\ed [s('o K\. 1, 

])agc th.it il IroiM an (’\tcrnal point P 
two tangent-! PH, PK an'‘(h.iwMi lo a eiiele, 
of which O is tin' eeiitij*, then OP iniir-. the 
ehor«l/if eoiitact HK at light angles at Q, 
so that ' , 

OP^.OQ- (M(lins)^ 

.. HK is tli<‘ jM^'ar of P w ith U‘S,i)(‘ct to the 
eirele.' ^ l>rj. (ii). 

Heiie?’ we coneJinl('/ihat 
The Piildi (If fin erli-nidl fnunt lath 
teJrreiK'e to n i^rrle is (hr rlninl 4f Cfintiirt of 

tiinijrnt,'^ (Inni'ii H'oiit (hr (jicrn poni( (<> (hr < irrir. *’ 

r 

'Die following 'I'heou in is Known :is tlie Reciprocal Property of 
Pole and,I'olai. ‘ 

♦ , 



If A P ftrr aitij fii:o i)oin(s^ dud tf (hr polar of iridt ^ 

rr.sprr( to^iiiit/ citrlr thioiKjh P, (hrii (In' polar i*J P mart pio^t^ 

Ihpj ^pnjtk A. '• , ' 

liot BC he flic ])ol.ir oj tin' point A 
with )‘espeeti'to«'a <Mi<‘le whosi* centre is C 

O, and let BC p:iss thioiigh P : p 

theif Aiall i^’iepolai of P pass tlirough A. 

.Join OP; and fiom A di.iw AQ iieif). 

^o OP» We .shall sliew tliat AQ is the 
polar of P. 

• Now since BO is tlu' p<tlar of A, 
the 2 ABP IS a i t. a/igle ; 

Del. (ii), p. i. 

ami the L AQP is a rt. angle : Coiislr. 

the foivi>i>n*t^ A, B, P^ Qaieconeyelic; 

* • OQ . OP~OA . OB irV. .S(i. 

I - (r.idiiis)-^, for CB is the polar of A : 

P and Q are in\erse points with respect to the given ciiclc. 

, And .sineo AQ is perp. to OP, 



• * 


•. AQ is the jioLar of P. 

That IS, the polar of P passes*throifgh A. 


0. K. 1). 


A similar proof appliesi to the case when the given point A is 
•without t^e circle, and the iiolar BC cuts it. * 



ArrENDix. 


/ 

To prove that the lorua of tjte interseetion of tanfjejitu *<hj(iu'n to 
a circle at the e.rireniities of all chords which 2 hiss ti\ruut)h a tjiven point 
IS the j>olar of that point, * t j 


Let A 1)C Ihe siven point within tlie 
cu(‘lt\, of winch O is the centre. 

Let H K he a/u/ chord passing' through 
A ; •tmd let the tangents at H and K 
intersect at P: , 

iL is V(‘(pilied to pro'^c tluit tiic locus of 
P is (he |Toiar of the })oint A. 

r. To shew tliat P lies on the jKilar 
of A. 

Join OP cuttingjHK in Q. 

Jilin OA : and in pA jiroduccd take the 
l^oint B, 

so that OA'T OB- (radius)-, ii. 11. 
Then siute'A is lixed, B is also fixed. 


. H 



C 


» ;p 




' PB. ^ 

Then since HK is the fhoid of contact of tangents fioin P, 

OP . OQ--(radius)-. • i. p. 


• But OA . OB —(rathus)-; 

.. OP . (3q -OA .OB: 

. the four points A, B,»P, Q an* concfclic. 
the Z" at Q and B together —tv\o angles. • 
4 But the z at Q is a rt. angle; 

the z at B is a rt. angle. • 

And siiice tin* })oint B is the inv(‘rse of^- 
PB is th(' polar of A ; 

that is, the point P lies on the polar of A. « 


2J3. 


Const r. 



Constr. 


• • 


Jl. To shew that any ^oint on the ])olar of A satisfies the givep 
conditions. 

Let BC he the ]iolar of A, and let P be any point on it. J>ravv 
tangents PH, PK, and let be the fJiord of contact. 

Now'Jroni Lx. 1, p. ii, wtv know that the cho/d of contact HK 
is The polar of P, ^ 

and we also know that the polar of P must^j'ia.ss flirough A; for P is 
on BC, the polar of A : • Ex. 5, p. ji. 

that is, HK jiasses through A. ^ 

P is the point of intersecti.m of tangents drawn tift the ex- 
jtremities of a chord passing through A. 

• From I. and II. w’e conclude thal the required Iqqus is the polar 

of A. » • 


Note. If A is without the circle, l4ie theorem demonstrated in 
Part I.^of the above proof still holds goftd ; hut the converse theorem 
in Parrll. is no| true for cifl points in BC. For if A i.without th*e 
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circle,* the iv>lar Bp ’will intersect it; and no point on that part of 
the polarWhich is (vithiu the circle can bo the point of intersection of 

tangents.!^ • 

r 

We now see that 

(i) The Tohir of an external point with rc'-^peet to a circle ta the 
chord of contact of tamjentr drawn from it. 

‘ (ii) The PoUu of an internal the 7ocms of the inter’^ertiona 

of tauffcnt'i drawn at thii extreinitie-i of all chorda which 2 >ns>t through 

it. 7 ^ 

(iiij The polar ot a ]')omt on the circunif6rence is the taniient at 
.hat point. ” 


vi:XAMPLES ^>X VOLK AND POLAU. <- 
< * 

1. The idraifjht line which jonnt ninj two iwints in the jiohr' wUh 
Wspect to a (jiccn t irclc of the point of intersection of their polarn. 

2. ^^'J'lw' })oint of intersection of anij two straiyht lines is tlie^iole of 
the str(,nqht line which joins ihcir poles. 

3. Find tin* hwns of the poles of all stuiiylit lines wh'ich 

through a g,icen point. ' 

« ^ 

Find the locus of the poles^ 7cith respect to a giK encircle, of tan¬ 
gents drawn to a concentric circle. 

.>♦ If two circles cut one another orthogonaUif and PQ, he ani/ 
diame^tr of t'^ne of them: shew that the polar of P with regard to the 
other circle parses through Q. , 

* 0. ff two ctrelrs ent one another orthogonaUif, the centre of each 

circle is the pole of^their common chord with respect to the other circle. 

7. Anif tiro points subtend tit the eenffe of a circle an angle equal 
to o/fd of the angles formed by the polars of the given points, s 

8. O 7s' the ceitirc of 'i given circle, and AB a fixed straight line. 

P ih nuy qioint in AB ; jind the locus of the point inverse to P with 
res 2 )e(^f to the circle. ^ 

9. Given a circle, and a fixed point O on its circumference: P is 

any point on tne circle : find ihe“ locus of%he point inverse to P with 
respect to any d&cle whose centre is O. . ^ 

10. Given two, points A a'Ld B, and a circle ns'iose centre is O; 
shew that the rectangle conUh)ied by OA and the perpendicular from B. 

the polar of A is*equal td the rectangle contained by OB^atid the 
perpendicuiur j^om A on the polar of B. z . ■■ 
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II. Tin: RADICAL AXIS. 

* 

1, To find the locun of innnl^ from icli'ch the tanpents (h’nwn to 
iico (fu'en circle.^ are equal. 





Lot A fci 1)1' tlio coulns of tlio {fivon cii'clo'j \\lu)so n dii are a 
and h\ and Tot P h" any ])oint suoh that the taiiKOut PQ drawn tt^***^ 
ciivlo (A) is ctiual to tlip taiL'pnt PR drawn to the oircL' (B): 

^ it IS r(‘(iniiod to liiul the locus of P. 

Join PA, PB, AQ, BR, AB; and from P draw PS iicri). to AB, 
Then because PQ---PR, pa---PR-. '' 

r>nt PQ-r^PA-- AQ2; and PR^^PB^- BR-: i. 47. 

PA2-KQ'^^PB--BR-’; 

that is, PS- + AS2-^/- = PS2-t-SB=-/^2; i. 17. 

or, ' AS=-r/--SB2-/A 

Hence AB is dnided at S, % that AS^ - SB-=^rt-- 

k S is a ji-red 2 >onit. “ 

Ifc ■nee all ])oints from which equal taiiKcnts caiv he drawn to tile 
rwo circles ho on the straight line which cut?( AB at rt. aiTj'leif, so 
that the difference fe»f the s(iuares on the segments rrf AB is equal to the 
difference of the squares on the radii. # * 

Again, by simply retracing these stejis, it may be shewn that in 
Fig.jl every i)oint in SP, and m Fig. 2"e\oiy point in SP*exterior to 
tJie circles, is sucli tl^t tangents drawn from it to the tVo circles are 
equal. 

^Hence w e conclutle that in Fig. 1 the V^pln line SP is the re(iuired 
loeus, and in Fig. 2 that part of SP whichi^s w'ithont the circles. 

(in eitlfbr case SP is said to be the Radical Axis of the t\w circles. 

« * m 
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(^)UOiJAiiY. !/■ the cirdest cuUone another ns in Fig. 2, it is clear 
that thStlladu'ol iixis is identical iclIJi the strai<jht line tchich pusses 
throuf/hwthe po/jtfs of inter>^et tion of the circles; for it follows readily 
from iir* 86 thatrtangent's drawn to two intersecting circles from any 
2 )Oint in the common choijfl produced are equal. 


2. The llatlical vl.ee* of three circles tahen in j^uirs aie concurrent. 



* Let llure b(i throe circles wlioso centres .ai'c A, B, C. 

Let^’OZ be the radical axis of tlie i.;" (A) and (B); ^ 

and OY tliie Ihuhcij' Axis of the (A) and (C), O being +h'' iioint of 
ilxy' ; intei section; 

then shall the fadical axis of the c-' z'B) and (C) jiass through O. 

It will f*und that the jioint O is either without or . .t,’,.', all 
the eiicU's. 

t 

I. ^Vhef^ O is without the circles. 

From O draw OP, OGt, OR tangents, to the (Ah (B), (C). 

Tlicn bc(;auso O is a ^loint on the radical axis of (A) and fB); IIi/p. 

• .'. OPrzOQ. 

And because O is a iJuint 6n the radical axis of (A) and (C), Hup- 

OP^iOR, 

OQ.--OR; 

i. O is a on the radical axis of (B) and (C), 

i.e. the radical axis of (B) and (C) passes tJ,irough O. 

IT. If the circles intersect in such a way that O is within 
them all; c . j 

the radical sxos arc thim the common chords of the three circlea 
taken two and two; and it is reqnirod to* jirove that the.se common 
chords arc concurrent. This^may be shewn indir'^ctly by in. 35. 

% 

T)EriMTioN. The point of intersection of the radical axes of three 
circles taV.civin 2 >airs is called the radical centre. 

I 
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y. To dnuo Ihc rod/ral axU of two (jivi'ti circles. 



Jf tlio^ivoii ciiclo?< inteisGct, then thfi f.L lino dv.'fw^ tlirou^h 
jjoints of iiitorscclioii aviII bostlio ladical axis. [J-x. 1, Cor. p. vi.] 
JUit j:;i\on circles do not iiitersect, * * , 

describe n«y circle so as to cut them in E, F and G, H: 

Join EF and HG, and ))r^dnce tlioin to inect^ P. 

« Join AB; and fioni P dia\v»PS pcrp. to 

Tlicn PS shall bo the radical axis of the '• y A), (C). • 


9 . 


1 ION, If oaoli ]»air of envies ]n .i .ejivenosy^tem ha\e 
iho sjimo vadic.il axis, tho envies are .sai«l to be CO-axal. 


JoXAM PIJ-IS. 


* • 

1 . ,‘^/o to t/uit the rodicfil (ixi.'i i^f tiio circles hisrcts i^tj oue of tlstir 

cuihiii^tL ^ ^ 

• * 

2 . If tiini/cntit arc drnww to tuo circles fronfi aiiij point on Aeir , 
radical axis ; f>hcw^Jiat a circle described with this point as centre a^d 
tan/ one of the tantjenU as radius^ cuts both the (/tven circles ^rtlio- 
i/onallij. 

• % • 

,M J. O is the radie^d venire of three circles, and jroiiTo a tangent 
is drawn to any one of them: shew that a circle whose centre is O 
OT cuts ^ll the gicen circles oHhogonalhj, • 

If tjirce circles touch one another, ta^en two and two, shew that 
*heiilr common tangents at the points of contact are concurrei^.* • 
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c/rclfii or .^.j,, 

’ dianieLjr,,their hidical centre is the orthocentre of the triniigle 


e described* on the three sides of a trunifi' 

# ll ^ ^ 


I 


6. Ail circles irhii'h pass through a fired point i.nd cut a fin 
circle orthogonallyy jtasS'*hrongh a second Jiredpoint. 


7. Fhid the locus of the centres of all circles vhich pass ihronji 
given point and cut a given circle orthogonally. 

* ‘ «V 

Tivscrile a circle to pass throuyh tuo given poi)i*s and cut 
gideti circle trthogdnally, • 


Find ^ihe locus of the fentre.s of all circles ivhieh cut tiio gU 
circle.s orthogonally. * ✓ 

V* ‘ * 

10. Feheribe a circle 
ir'clesTO't 


given ciVi 


to pass through a gicen^point and cut t. 
hoyonally. . ’ . . 


11. The cft ference of the squares on tlie tannents drawn from o; 
point to t^ivo cir’clps ?s equal to twice the rectangle contained by ti 
strct'ghl line joiniricf their centres and the perpendicular fr'uni the gnu 
poir* 01 'leir radical a.ris. 

m 

12. in a System of co-a ral ritrlc.s which do not intersect^ any pan 
is iahcrl on the i idtcal axis : shew that a circle descr’^'c ’ from fb 
y>o. .it as centre with radius equal to the tauqeut -^rawn from it to an 
out' of the circles^ will meet the line of centres in two fixed 

\Thcse'‘fixcd points are called the Limiting’ Points of the system.\ 





